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PKEFACE. 



The appearance of another text-book on Geometry may 
perhaps be considered to demand an apology, but I venture 
to hope that an examination of the following pages will 
shew them to differ considerably from any existing treatise. 
The extending use of graphic methods in the solution of 
many practical engineering problems has appeared to me 
to demand a corresponding extension in the practice of 
drawing the curves on which such solutions may frequently 
depend, and, though the properties of conic sections have 
been discussed thoroughly both geometrically and analyti- 
cally, there is so far as I am aware no book treating of the 
actual delineation of the curves from given data to any- 
thing like the extent here attempted. Independently how- 
ever of their applied use, the problems generally will, I 
think, be found useful merely as drawing exercises in science 
and other schools. A great deal of attention is devoted to 
the construction of regular polygons, circles packed into 
another circle and similar fancy figures, by methods which 
no practical draughtsman ever uses, while the construction 
of an ellipse is at the most limited to drawing it from the 
principal axes or from a pair of conjugate diameters ; and 
the time spent on these and similar exercises might, I think, 
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be more profitably devoted to work bringing out tne nature 
and properties of this and oilier curves. 

I can 8<iy from experience that the practice of sketching 
a curve freehand through a series of previously found points 
is a moat valuable element in teachiug mechanical drawing, 
while the finding the points furnishes abundant exercise in 
handling square and compasses, and impresses on the student 
in a very striking manner the ' necessity for neatness and 
accuracy in their use. 

Each problem may of course be drawn on paper without 
reference to the proof of the principle on which its con- 
struction depends, but I consider that for the advanced 
student at any rate it must be much more satisfactory to 
work with as complete an insight aa possible into the 
methods he is using instead of groping along by mere rule 
of thumb, so that in nearly all cases notes in proof of the 
property made use of have been added, although such proofs 
may be found in numerous published works, and are indeed 
80 completely common property that I have not thought it 
necessary to give direct references to the pages from which 
they have been taken. 

I cannot however here omit to notice my indebtedness 
to Dr Salmon's classical work on Conic Sections, or to 
Chasles' Giometrie Swp^eure for the chapter on Anhar- 
monic Ratio and the Anharmonic Properties of Conies. 
Chap. viri. will, I hope, convince a draughtsman that he 
can if he likes make use of an engine very little known in 
England and of enormous power. The methods of Modern 
Geometry deserve to be brought into much closer relation 
with the drawing-board than has hitherto been the case. 

The chapter on Plane Sections of the Cone and Cylinder 
involves some elementary notions of Solid Geometry or 
Orthographic Projection, but the explanations given will, I 
hope, enable the average student to work through the chapter 
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without referring to any special treatise on Projection. The 
ordinary pseudo-perspective diagrams usually given in books 
on Conies are I think unsatisfactory, and the method of 
referring the solid to two rectangular planes seems to me 
in every way preferable. When the mental conception of 
a plan and elevation is once thoroughly realised the student 
is well repaid by the exactness with which he is able to 
lay down on paper any point or line on the surface of the 
cone. 

The later chapters cannot be read without some know- 
ledge of trigonometry, but the practice of translating a 
trigonometrical expression into something which can be 
represented to the eye is a valuable one, and the hints 
given in the chapter on the Graphic Solution of Equations 
will I trust be found useful. 

My warmest thanks are due to my friend and colleague 
Professor Minchin for much valuable advice and assistance 
most freely and readily given : without his help the book 
would have been much less complete than it is, whatever 
its imperfections may be found to be. 

It would be too much to hope that a work of this 
character should have been compiled and gone through the 
press without some errors creeping in. I hope they are not 
more numerous than from the nature of the case may be 
considered unavoidable, and I shall be thankful for any such 
being brought to my notice. 



Coopers Hill, 
Oct. 1885. 
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CONSTRUCTIVE TREATISE ON 
PLANE CURVES. 

CHAPTER L 

INTRODUCTORY. 

The Instruments required for the accurate representation on 
paper of almost all known curves are few in number and of 
simple coDstruction. For accurate work however it is essential 
they should be of good quality, and be kept in good order. A 
limited number of good instruments is in every way to be pre- 
ferred to a larger number of inferior articles, and where economy 
is an object therefore, in preference to the usual large and small 
single jointed compasses found in cheap boxes of mathematical 
instruments the author strongly recommends the purchase of one 
medium size, double jointed pair of compasses with pen and 
pencil points, which can be used for both large and small circles 
if care be taken to adjust the legs so that the lower portions of 
both may be perpendicular to the paper. This is a sine quA non 
for good work and it is of course impossible with the ordinary 
single jointed instruments. In addition to the above a pair of 
dividers, a drawing pen for inking in straight lines, a protractor 
which should also contain a diagonal scale of half-inches, a couple 
of set squares (45° and 60°), pencil and paper may be considered 
a complete equipment for the work of the following pages. 

More may be learnt as to the proper way of handling these 
tools by ten minutes' observation of a practised draughtsman 
than from pages of explanation, but failing the opportunity of 
this practical instruction, the following hints may be useful. 
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106. To describe an hyperbola, a focus, tangent with its point of 

contact and a second point on the curve being given . . ib, 

107. To describe an hyperbola, a focus, a tangent and two points 

being given 176 

108. To describe an hyperbola, a focus, two tangents and a point 

being given 178 

109. To describe an hyperbola, a focus and three tangents being given 179 

110. To describe an hyperbola, a focus and three points on the curve 

being given ib. 

111. To describe an hyperbola, two tangents with their points of 

contact and a third point on the curve being given . . 181 

112. To describe an hyperbola, three tangents and two points on the 

curve being given 182 

113. To describe an hyperbola, two tangents and three points on the 

curve being given 188 

114. To describe an hyperbola, five tangents being given . . . 184 

115. To describe an hyperbola, five points on the curve being given . 185 

116. To describe an hyperbola, four tangents and one point being 

given 186 

* 

117. To describe an hyperbola, four points and one tangent being 

given 187 

118. To determine the centre of curvature at any point of a given . 

hyperbola IBS 



G SIMILAR DIVISION OF TWO LINES. 

A similar construction will obviously give a third proportioDsJ 
to two given lines AB, CD ; i e. a line of length (i) such that 

AB : CD :: CD : I, 
or that the rectangle contained by AB and I shall be equal in area 
to the square on CD ; the only difference being that in this case 
the lengths OH and O^'will be equal to each other, 

FfiOBLEU 3. (Fig. 4.) To divide a line of given length (AB) 

nmUarlff to a given line CD divided in any viatiTter as at E,F. 

(TAere may he any maTvner of points of division.) 

Draw any two lines as OG and Off. Make OG = AB, 03^ CD, 
OK^CE, OL=CF... and draw EM, ZJf... jjarallel to BG. The 



I 




I 



ilarly to CD ii 



line OG, i.e. AB will be divided in M, iV... 
£, F.... 

Pbobleh 4. (Fig. 1.) To draw a line thrmigh a given point 
and through tJie inierMetion of two given lines. 

It is of course the simplest possible thing to do this when the 
actual point of intersection of tho two lines is availuhle. As in 
Problem 1 however it ia frequently necessary to draw a line the 
direction of which depends on an inaccessible point. Let AB, CD 
be the two given lines and M the given point {M may be 
between the lines as in hg. 1 or an the fiirther side of either with 
regard to the other.) Draw any line through M meeting the 
given lines in N and 0, and at any convenient distance from M 
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draw a second line parallel to NO meeting the given lines as at 
A and C. If we divide J C, as in Q, in similar segments to those 
in which M divides NO (Problem 3) the line QM will be the 
required line passing through the intersection oi AB and CD. 
The most convenient method for dividing AG \& probably thus : 
join CN, draw PM through M parallel to GD and meeting CN in 
jP, and through P draw PQ parallel to -4^ meeting AG m Q, AC 
is obviously divided in Q similarly to NG in P and therefore 
to NO in M. 

Problem 5. (Fig. 5.) To find the geometric meom between two 
given lines AB, CD, Le. to find a line of length (I) euch thcU 

AB : I :: I : CD, 

or tJuU the square on I shall he equal in area to the rectangle con- 
tained hy AB and CD, 

Draw any straight line EOF and set off on it on opposite 
sides from 0, OB = AB, 0F= CD. On EF describe a semicircle 



Ay 



J. C • 'D 



.* / 



./ / 



,(/ 



Fl£.6. 
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J 



» OK 

and from draw OG perpendicular to EF meeting the circum- 
ference in 6^. OG will be the required mean proportional or 
geometric mean. For, since the angle in a semicircle is a right- 
angle (Euclid III. 31), .'. the angles OEG^ EGO are together equal 
to the angles EGO, OGF, ajid .-. the angle OEG = the angle OGF, 
.'. thd right-angled triangles OEG, OGF are similar and 

.-. EO : OG :: OG : OF, 

i.e. AB : OG :: OG : CD. 

Problem 6. To divide a given line so that the rectangle con- 
tained hy its segments is equal to the square on a given line which 



8 MEAN AND EXTREME PROPORTION. 

JrtMsi ohviou&ly be not greater them !ud/ the line to be divided 
(fig. 6). 

This is the converse of the last problem. Let EFhe the given 
line, on it describe a aeinicircle. Draw the radius KL perpendi- 
cular to EF and on it make KM equal to the aide of the required 
square, Through M draw a parallel to FF meeting the circle in 
G and from G drop a pei-pendicular on EF meeting it in 0, will 
be the required point of diTiaion. 

The construction is obvions from the last problem. 

PBOBLEa 7. (Fig. 6.) To divide a line medially, or in exU-eme 
and niean proportion, i.e. to find a point (F) in a line AB such 
that 
the wJwle line AB : tlie greater aegmmU {BF) 

:: BF : the leaser aegmeia {AF), 
vr that the rectangle contained by the whole liTie and the lesger 
segment ia equal in area to tJie nquare on the greater segment. 

Bisect AB in C, from A draw AD perpendicular to AB and 
make AD = AC-^AB. Join BD and on it from I) cut off 




4 



Also 



DE^DA; from B on BA cut off BF = BE. F will be the required 
point. ThiH construction is simplified from Euclid ii. 11, the proof 
may be shewn thus. 

The sq. on BD = sq. on AB + sq. on AD (EucKd i. 47). 

= sq. on^fi+eq. <mEJ) + 2 rwt. EB.ED, 
ED = AD and EB^FB, (Enclid ir. 4), 

n ^-S - aq. on /"S + 2 rect FB . AD. 

n FB + &q. on AFi-2reet AF.FB 

(Euclid ir. 4), 
aZ-^+rect. AF(AF+FB) 
+ net. AF.FB. 



.: sq. I 
Again sq. c 



^5 = Bq. o 
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. -. 2 rect. FB.AD = rect. AF.AB-^ rect. AF, FB, 

I e. rect. FB {2AD - AF} = rect AF. AB, 
but 2AI) = AB and AB^ AF= FB, 

.'. finally sq. on FB= rect. AF, AB. 

Pboblem 8. (Fig. 7.) To find graphically a aeries of terms in 
geometrical progression^ being given either two successive terms or 
one term and the common ratio. 

Draw two lines Oe, OF meeting in at any convenient angle. 
On one mark off the Ist given term as OAj and on the other the 



Flg.7 
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°! 'b.'a '' 



2nd given term as OB, or if the common ratio be given a length 
0-6= 1st term multiplied by the common ratio. 

[In the figure OA the first term = 2, and 05 = 2*4 ; the com- 
mon ratio therefore is 1*2, the unit being 3'78.] 

With centre and radius OB describe an arc cutting OA in b ; 
through b draw bC parallel to AB cutting OB in C. 00 will be 
the required third term of the series. Similarly make Oc on OA 
= 00 and through c draw cD parallel to AB cutting OB in 2>, 
OB will be the required fourth term, and so on in succession. 
Terms on the other side of OA can also be determined as shown 
at OB^, 00j,&c. 

The construction evidently depends on the similarity of the 
triangles OAB, ObC, &c. 

by which OC : OB :: Ob : OA, 

i.e. since Ob^OB, OB' = OA . 00, 



10 PRODUCT OF TWO RATIOS. 

or each term is a mean proportional between the two on opposite 
sides of it, in other words the series is in geometrical progression. 

Since OB =r, OA, the above expression for OB' becomes 

r\OA = 00, 

and so also r^ . OA = OD and so on. 

Very careful drawing is required to ensure accuracy, and the 
scale should be as large as possible, as otherwise, since errors are 
cumulative, the lengths obtained for the fourth or fifth and suc- 
ceeding terms may differ considerably from their true values. 

Problem 9. Given two ratios r and — to determine the ratio 

m 

nl 

-, — , or to divide a given line so that the ratio of its segments shaU 
eqiud the product of two given ratios (Fig. 8). 

Draw any line AB and on it make AD=a, DB = h, With 
centre B and radius l-^-m describe an arc, and with centre 




A and radius AG the length of the given line to be divided 
describe an arc intersecting the former in G, Make BF on BG = I 
so that FG = m. Draw AF, GD intersecting in and draw BO 
meeting AG in E, E will be the required point of division : 

AE AD BF a I 
EG" 1)B' FG~ h ' m' 

. AD 2,inA0D , DB smBOD 

OD "8^:01)1 OD'smODB' 

AD sin AOD 
DB~ ~^BOD ' 



similarly 



and 
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BF __ sin BOF _ sin B OF 
FG'8mC0F~'BmA~0I)' 

AE sin AOE Bin BOF AD BF 



EG Bin EOG " sin BOD BIT FG ' 

It follows of course that in any triangle if lines be drawn from 
the vertices ABG meeting the opposite sides in F, E, D and all 
passing through the same point 0, AD . BF . GE = DB . FG . EA, 
i.e. that the continued products of the alternate segments taken 
in order are equal. 

Pboblem 10. To determine graphically the aqua/re root of any 
nwniber (w), i,e, to determine a line the length of which : length of a 

line containing n units measv/red on any scale :: 1 : ijn. 

This is sometimes, though misleadingly, called determining the 
square root of a given line. The fact is that the expression the 
square root of a given line has no meaning unless we take the line to 
represent, by the number of units it contains, a given area; and 
then the line to be found is the side of a square, the number of 
square units in which is equal to the number of units contained in 
the line — the same scale of course being used for each. If a triangle 
ABG be drawn, right angled at A and having the sides AB, AG 
each one inch long, the side BG is the side of a square of two 
square inches area, and in this sense BG may be said to be the 
square root of a line two inches long, or of the number 2, the 
unit being one inch, but if the unit be half-an-inch the same 
line BG represents the square root of 8, since (Euc. i. 46) 
BG^ = AB' + AG' = 2' + 2'=S. 

If we use a diagonal scale of half-inches, the length BG 
may be read on it to two places of decimals, and the number 
so obtained is the square root of 8 to two decimal places. 
Any question relating to the square root of a number, must 
therefore always be taken as involving the application of some 
particular scale. The square root of any proposed number can be 
found by splitting the number up so as to make it equal to the 
sum or difference of two or more squares, and then constructing 
right-angled triangles having sides equal to the sides of these 



ht-anded ■ 



12 EXTRACTION OF SQUAKE ROOT. 

Hquarea. Thus »/3 = ^4 - 1, = ^2' — 1' so that if a right-angled 
triangle ABO be drawn, right angled at C and having AB = 2 inches, 
and AC — \ inch, BC represents J^, an inch being the unit. 
(The triangle may be constructed by drawing a aomicircle on AB 
as diameter and making ^C in it- 1 inch.) If the unit is hnlf-an' 
inch BG represents J AW— AW, i.a ^4' - 2' or ^12. 

J 5 - Jy - 2', i,e. ia the perpendicular of a right-angled 
triangle the hypotenuse of which is 3 and the base of which is 2, 
or it may bo determined as the hypotenuse of a right-angled 
triangle one aide of which is 2 and the other 1, since ^5 = •J'2'+ 1'. 
If we halye the unit the same line would represent ^20. 

j6 = -j2' + ^2*, Le. if ^/2 be first determined, ^6 
hypotenuse of a right-angled triangle the sides of which are 2 and 
^2, or it may be determined from ^6 = V3' - ^3' 

^ - Jl' -I- ^3', and can be determined if n/3 i 
J& has already been given. 

J\\= tji' - Jb', and can be determined if ^5 is known. 

^12 has been given aborej and the method is probably 
sufficiently exemplified by the above, but we will take two 
examples of larger numbers 

JH = VS' ->- J\ V, thus being made to depend on J\\ . 

Jl79^J].3'+,JTiy thus being made to depend on ^10, it 
might also be written =-Jll' + JiT or could he determined in 
other ways. No definite instructions can be given as to the best 
mode of working in any particular case, hut as a rule triangles 
having sides of nearly equal magnitude should be selected, since 
the intei-sectiona of lines cutting at very acute angles cannot be 
ccurately determined. 

•I 



the 
and I 
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Defikitiok. Three magnitudes are said to be in harmonic 
progression when the first is to the third as the difference between 
the first and second \a to the difference between the second and 
third : and the second magnitude is said to be an harmonic mean 
between the first and third. 

Thus if the magnitudes represented by the lengths of three 
lines (as AB^ AC, AD, ^g. 9) are in harmonic progression and the 
lines be superimposed with a common extremity as in that fig. : — 
then AB : AB :: BC : CD. 

The reciprocals of magnitudes in harmonic progression are in 
arithmetic progression and conversely : — for, if AB, AC, AD are 
in harmonic progression then by definition 

AB : AD :: BC : CD, or ^ = ?^ , 

AJo AlJ 
and if -7-^, -tfi, -t-j\ are in arithmetic progression then by 

definition, AB-^AD^TC 

but this may be written 

1111 



or 



or 



AB AC AC AD' 

AC--AB _ AD--AC 
AB . AC ~ AC .AD' 

BC CD 



AB AD' 
an identical expression with the above. 

Problem 11. (Fig. 9.) To find the harmonic fnean between two 
given lines AB, AD, i.e. to find a line of length I sicch t/uit 

AB : AD :: the difference between AB and I 

: the difference between AD and I. 

Set off the given lengths from the same point (A) on any line 

and in the same direction along it, as AB, AD. Take any point 

B outside AD and join AE, DE. Through B draw FBG parallel 



r 



HARMONIC PROGRESSION. 



to DE meeting AE in F and makeifff = 5^. Join ffff cutting 
AD in C and AC will be the required harmonic mean. For by the 




similar triangles ABF, ADE, 

AB : AD :: BF : BE. 
Also by the similar triangles CBG, CDE, 

BC : CD :: BG : DE, 
and BG^BF, ' 

.-. AB : JZ) :: BC : CD, 

:: AC-AB : AD-AC. 
Probiem 12. (Fig, 9.) To find the third term of a harmonic 
progression, the first two tertm being given. 

The above conHtniction may be adapted to find the third term 
of a harmonic progression the first two terms being given. Sup- 
pose AB and AC given. Superpose them with a common es- 
tremity aa in the fig. 9. Take any point F outside AG. Join 
FB and produce it to G making BG = BF. Join AF and GC 
producing them to meet in E and draw ED through E parallel to 
/"^ meeting AC (produced if neceasaiy) in D. AD will be the 
required third term, 

Def. When four points in. a straight line as ABCD in fig. 9 
fulfil the condition 

AB : AD :: BC : CD, 
they constitute a Har-monin Ram/e, and if through any point E 
outside the line the four straight lines EA, EB, EC, ED be drawn 
thi'se four lines constitute a Ua-rmonic Pencil, which is denoted by 
E{ABCD\. Any straight line drawn across the pencil is called a 
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Transversal, and every transversal of a harmonic pencil is divided 
harmonically in the points in which it intersects the lines of the 
pencil : i. e. the four points of intersection constitute a Harmonic 
Range. For in fig. 9 draw any transversal as HKLM, and through 
K dra.w/Kg parallel to FD and therefore to FG, meeting EA, EC 
in/ and g. Obviously since £F = BG, . •. Ff= Eg, 

By similar triangles BE/, HME 

HK : HM :: fE : EM, 
and by similar triangles ELg, MLE 

EL : LM :: gE : EM, 
but Ef^ Eg, 

.-. HE : HM :: EL : LM, 
or HKLM constitute a Harmonic Kange. 

A particular case of a Harmonic Pencil is furnished by the 
pencil formed of two straight lines and the bisectors of the angles 
between them, as shewn in fig. 10, where AB bisects the angle 




BAC and AF is drawn perpendicular to AD, and therefore bisect- 
ing the exterior angle between AC and BA produced. For draw 
any transversal as BFGF, and through F draw PF^ parallel to 
AE and meeting AB, AC in P and N. 
Then PF=^ FN and 
BF : BE :: PF : AE, by similar triangles BPF, BAF, 
FG : GE :: FN : AF, by similar triangles FGN, EGA, 
.-. BF : BE :: FG : GE, 
or the pencil is harmonic. 



r 
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HARMONIC RANGES AND PENCILS. 



A line of given length may obviously be diTided harmonically 
in an inBnite number oi ways, Binee a line of length UK -BE 
can be drawn from any point If on AS to terminate on AB and 

II L : HK :: LM : MK. ^H 

Ilamumic Propertiee of a complete Quadrilateral. ^^^ 

If FBeA, FDtfi be hannonic ranges (fig. 11), the Btraight 
lines AG, ee^, BD meet in a point, as also AD, BC and ee,. 




For if BD, AG meet in 
B (AeBF) is harmonic and FC : 
on^e. 

Similarly if AD and £C meet in 0, the pencil 0{AeBF) ie 
harmonic and FC a tranaveraal, so that e, must lie on Oe. 

If A BCD is any quadrilateral, E the intersection of the sides 
AC and BD, F of the Bides AB and CD, the intersection of the 
diagonals AD and BC; it fol]o«-8 conversely that EA, EO, EB, EF 
form a harmonic pencil, as also FE, FC, FO and FA. If EO meet 
AB in « and CD in e,, AeBF and CeJ)F are therefore harmoniB 
range§, and if /"O meet AC in/ and BD in/,, 4/U£ and Bf,DE 
are both harmonic rangea. 

Further if AD meet FE in a and -BC meet it in h, BOCb Is a 
harmonic range since it is a transversal of the pencil F (EG/A), 
therefore AF, Aa, AE and Ah form a harmonic pencil, and there- 
fore FaEb is a harmonic range, i. e. FE is divided harmonically in n 
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Def. a system of pairs of points Aa, Bb, <fec. on a straight 
line such that XA . Xa = XB , Xb = ... = XF' = XQ^ is called a 
system in Involution, the point X being called the cejitrey P 
and Q the foci of the system, and any two corresponding points 
i, a, conjugate points. 

Problem 13. Ttoo pairs of conQugate points A, a and B, 5, 
being given, to find the centre and/oci of the involtUion, 

The existence of a focus is only possible when both points of 
a pair are on the same side of the centre, and hence two cases 
arise, Ist, in which one pair of points lies within the other, and 
2nd in which each pair lies wholly outside the other. 

Case 1. {Fig. 12.) Let oft be less than AB. Through a the 
extreme point of the range draw any line ac, and through B the 



-4?.. 






/ 



y 



---yc 



• / 



Fig.l2. 



^H«; 



Q 



more distant from a of the second pair of points draw a parallel 
line Bd. Make ac-ah, Bd = BA, then dc will intersect ABba in 
X the required centre — for 



Xa : a>c 
Xa : ab 



XB : Bd, 
XB : BA, 
.-. Xa-{-ab : Xa :: XB + BA : XB, 
Le. Xb : Xa :: XA : XB, 
therefore by definition X is the centre of the system. 

Take a mean proportional between either XA and Xa or 
XB and Xb, which determines the distance XF and XQ from X 
of the foci. 

E. ^ 
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CENTRE AND FOCI OF POINTS IN INVOLUTION. 



Case 2. (Fig. 13.) Through the extreme points of the system 
draw any two parallel lines as he, Ad. Make he = ha the distance 



Alr 



Fig.l3. / « \ 
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from h of the nearer point of the opposite pair and make Ad = AB 
the distance from A of the similar pointy then cd will cut ^6 in 
X the required centre — ^for 

XA : Ad :: Xh : 6c, 

i.e. XA : AB :: Xh : a6, 

.*. XA : AB — XA :: X6 : ah — Xhj 

or Z-4 : -X'j? :: .Z6 : Xa. 

The foci must be determined as in Case !• 

Since XA : XP :: XP : Xa, 

.-. XA-XP 2 XA + XP :: ZP-Xa : ZP + Xa, 
i.e. AP : .4$ :: Pa : aQ, 
or each pair of conjugate points forms, with the foci of the system, 
a harmonic range. 

It follows of course that if APaQ be an harmonic range and 
X the centre point of PQ, 

XA.Xa^XP' = XQ\ 

The following relations between two pairs of conjugate points 
Aa and Bh, and their centre X and foci P and Q are sometimes 
useful. 
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Since 


XA : Xb :: XB : Xa, 




/. XA : Ab :: XB : aB, 


or 


XA : XB:: Ab : aB 


and since 


Xb : Xa :: XA : XB, 




.*. Xb : ah :: XA : AB, 


or 


Xb : XA :: ah : AB ( 


therefore, 


multiplying (1) and (2), 




Xb : XB :: Ab,ba : AB.Ba. 


Again, 


f since QbPB is harmonic, 




.-. Qb : QB :: Pb : PB, 


or 


Qb : Pb :: QB : PB, 




.-. Qb^Pb : Pb :: QB^^PB : PB, 


or 


2XP : Pb :: 2XB : PB, 




.-, Pb' : PB^ :: XP» : XB" 
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(1)» 



(2); 



:: Xb : XB 
:: Ab.ba : AB.Ba, 
This determines the ratio in which Bb is divided by P, 

Problem 14. (Fig. 14.) Thrimgh a given point P to draw a 
line meeting tvx> given lines AB amd CD in B and D so that 
PB = PD. 

Through P draw any line meeting one of the given lines as at 
A, On AP produced make Pa = PA and draw aD parallel to BA 



meeting the other given line in i>. The line DPB will be the 
line required, i.e. PB^PD (by the similar and equal triangles 
APB, aPD). 



20 TRIANGLE WITH VERTICES ON GIVEN LINES, &C. 

Problem 15. To draw a triangle with its aides passing through 
three given points -4, B, (7, and vdth its vertices on three given con- 
current lines OD, OH, OF (Fig. 15). 

Take any point (as ^) on any one of the given lines and from 
it draw lines to any two of the given points (as £A, EB) meeting 




the other lines in a and h. Let the lines AB and db meet in M, 
Through M draw a line MC passing through the remaining point 
(C) and meeting the lines Oa and OhvuP and Q, PQ will be one 
side of the required triangle which can be completed by drawing 
the lines PA, QB which will intersect in jR on the third given line. 

There are generally six solutions as lines can be drawn through 
each point terminated by either pair of lines. 

Problem 16. To drav) a triangle with its vertices on three 
given lines AP, BQ, CQP, aiid with its sides passing through three 
given points A, B, C one on each line (fig. 16). 

Let two of the given lines (as AP, BQ) meet in ; the third line 
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meets the others in P and Q, Draw the lines AQ and BF inter- 
secting in Dy and draw OJ) intersecting PQ in E, Take a mean 



proportional PM between OP and PE (Problem 5), and a mean 
proportional QN between CQ and QE, With centres P and Q 
and radii respectively equal to PM and QN describe arcs inter- 
secting in K, Draw a line bisecting the angle PKQ, intersecting 
PQ vcL Z, Z will be one of the vertices of the required triangle 
which can be completed by drawing BZ intersecting AP \\iX and 
AZ intersecting BQ in F. X and Y are the other vertices and 
XT will pass through C 

Problem 17. To determine the locus* of the vertex of a triangle 
on a given base AB cmd with sides BP, AP in a given ratio a : b, 
(Kg. 17.) 

On the given base AB describe any one triangle with sides 

BP : AP :: a : b. 

Bisect the angle APB by PJ) meeting AB in D and di-aw PC 
perpendicular to PD meeting AB in C. 

On DC as diameter describe a circle, which will be the required 
locus of the vertex. 

* For definition of locus, see p. 29 post. 
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SUM OR DIFFERENCE OF TWO RECTANGLES. 



Froof, Take any point Q on the circle, and draw QA^ QD^ 
QB, QE. Since PD bisects the angle APB 



BD : AD :: a : b 



(Euc. VI. 3), 




and since BFC is a right angle and FD bisects the angle AFB 
.'. F{ADBG) is a harmonic pencil (p. 15), 

.*. also Q{ADBC) is a harmonic pencil, and consequently since 
DQC is a right angle, QD bisects the angle AQB, 

.-. BQ : AQ :: BD : AD :: a : b. (Euc. VL 3.) 

Problem 18. To construct a rectangle equal in a/rea to the sum 
or difference of two given rectangles ABCD, DEFG (fig. 18). 

Apply the smaller rectangle to the side of the larger as in the 
figure. Complete the rectangle ABHE, Draw DH cutting FG 

Flg.l8. 
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in K. Through K draw LM parallel to AB and the rectangle 
ABML will be equal in area to the sum of the two given rect- 
angle& (Euc. l 43.) 

The dotted lines and the small letters in the fig. shew the con- 
struction for the difference of two rectangles. 
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Pboblem 19. From a given point P in a given straight line 
PM to draw Ivnea making eqiud angles with PM and cutting a 
second given line CM at equal distances CD, CE from a given 
point G (fig. 19). 

From P and C draw PiV^, CF perpendicular to C^L Make 
the angle MPF equal to the angle iTPiV and let PF meet CF in 

F|g.lO. ^^. ..^ 



F. With centre F and radius FP describe a circle cutting CM in 
D and F which will be the required points. 

Proof. CD = CF since CF is perpendicular to DF. 

The angle BFP is double the angle DEP. (Euc. in. 20.) 

Half the angle BFP together with the angle FPJ) = a right 
angle. 

The angle DEP together with the angle EPN'= a right angle. 

.-. the angle PPi> = the angle ^PiV^, 

and .-. the angle MPI) = the angle MPF. 

The point C must evidently lie on the opposite side of M to -A^. 

This is also a solution of the problem to construct a triangle, 
given the vertex, the bisector of the vertical angle, and the differ- 
ence of the segments of the base made by that bisector : for 

DM'-ME:==2CM. 
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Examples os Chapter L 

1., Draw a circle of radiua 2'87, In it place a chord AB of 
length 4-8, and draw BC making GO" with AB. If C is on the 
circle shew that the aide AC of the triangle ia approximately 4'96. 

Shew that the geometrical mean between 3-76 and 243 is 
3 '02 approximately, 

2. loBcribc a square in a given triangle ABC. 

(Through ,1 draw a parallel AD to BC ; make AD equal in 
length to the perpendicular from A to BC, and join D to the end 
of the base BC that will enable it to cut one of the aides AB 
or AC in ^. ^ is one of the angular points of the required 
square, the base of which will coincide in dii-ection with BC.) 

3. Bisect a given triangle ABC by a straight line drawn 
through a given point D in AG. AB < DC. 

(Bisect BC in B and through A draw AF parallel to DE 
meeting 5C in F. DF -wUl be the required line.) 

4. Given the middle points P, Q, R of the sides of a triangle, 
construct the triangle. 

(The aide through P is parallel to QR, and bo for the otheis. 
Take/'G = 2, QR=\-^, RP^VZ.) 

5. Construct a triangle having given the base AB, the verti- 
cal angle C, and the difference of the sides AC, CB. 

(Construct a triangle ADB having the angle ^^5=90° + ^ , 

Z>J = the given difference and AB the given base. Produce AD 
to C, and make the angle DBC = the angle BDC.) 

6. Construct a triangle, being given the haaeJfl the difference 
of the base angles, and the difference of the aides AC, and BG. 

(Make a triangle DBA, with angle DBA - \ the given differ- 
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ence. BA = the given base and AD the given difference of sides : 
produce AD to C and make the angle DBC = angle BDC) 

7. Construct a triangle, being given the base AB, the vertical 

angle G and the sum of the sides AC and BC. 

ft 

(Make an angle ADB^i^, make DA = AC + BC, and AB = ihe 

It 

C 
given base; make the angle DBC = ^ , and so that BC cats AD in 

C between A and D,) 

8. Let ABC be any triangle, CD a perpendicular from C on 
AB and ^ a point on AB such that DE = DA il^ is the differ- 
ence of the segments of base made by the perpendiciilar, then given 
AE and any one of the following pairs of data, construct the 
triangle. 

a. Sum of sides {AC + BC) and difference of base angles. 

(We are given in the triangle ACE, AC+ CE, AE and vertical 
angle ACE, i. e. base, vertical angle and sum of sides. The triangle 
can therefore be constructed (last example) and from it the required 
triangle ABC.) 

p. Difference of sides and difference of base angles. 

(Make an angle ADE containing 90° + ^ where a is given 

difference. Make DA = the given difference of sides, and AE the 
given difference of segments ; produce AD to C and make DEC 
= EDC j produce AE to B and make CB = CD^ CE. ABC will 
be the required triangle.) 

y. Sum of sides and vertical angle. 

(Construct a triangle AEC on the .given difference of segments 
AE Bs base, with -4C+ (7JF = given sum of sides and the given 
vertical angle as difference of base angles (a above), produce AE 
to B and make CB = CE). 

8. Difference of sides and vertical angle. 

(Make an angle AEF—hsM the given angle, make ^i^ = the 
given difference of sides, produce AF to C and make the angle 
FEC = EEC, produce AE to B and make CB=CE = CF,) 
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9. Given the lengths AD, BE, CF of the biseotors o£ 
Kidea of a triangle ABC, to construct the triangle. 

(Construct a triangle FOG making FG = \AD, GO = lBE, 
FO = ^FC i produce FO to C and make OC = 2 .' 0^ so that FC is 
the given length ; produce GO l>oth waya to B and E and make J^y 
==OE = GO 30 that 5^ is the given lengtL Join BG aod draw 
BF, CE, producing them to meet in A. ABC will be the 
required tiiangle.) 

10. Given the lengths AD, BE, CF o£ the perpendiculai-s on 
the sides from the opposite angles of a triangle ABC, to construct 
the triangle. 

(Determino a length il/6 such thatC/" : BE :: AD : Jtf6,and 
on it construct a triangle Jfiic, making be = BE and Mc = AD. 
From M drop a perpendicular on he and on it make J/ii = JC 
Through d draw BdC paraUel to 6, meeting Mb, Mc in B and C. 
MBG will be the required triangle.) 

11. Given three points Z>, E, F,%o conatruct a triangle of 
vhich these points shall be th« feet of the perpendiculars on the 
sides from the opposite angles. 

(The sides are perpendicular to the bisectors of the angles of 
the triangle DEF.) 

12. Divide a given straight line AB into two parts AG, CB, 
such that the difference of the equates on the parts ma; be equal 
to the square on a given line DE -= AB. 

(Take a thii-d pi-oportional FG (o AB aud DE. FG will be 
the diiTerence between the required parts, and All in their sum, so 
that AC, and CB are known.) 

13. Divide a given line AB into two parts AC, CB, such that 
the square on AC may he double the square on CB. 

(Take v!C : CB : : ^/2 L I.) 

14. Divide a given straight line AB into 
such that the sum of their squares shall be ( 
in a given line DE. 
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(Constmct a rectangle equal in area to 2D£'- AB* (Prob. 
18). Take a mean proportional between its sides which wiU be 
the difference between AC and CB; the sum and difference of the 
parts being known, the parts are known.) 

15. Divide a given straight line AB into two parts AC, CB, 
such that AB* + CB' = 2.AC\ 

(Take AC : CB :: 1 + n/3 : 1.) 

16. Draw any triangle ABC, bisect AB in D, join CD, and 
through C draw CE parallel to AB; shew by drawing a trans- 
versaly that the rays CA, CD, CB, CB form a harmonic pencil 

17. Given the directions of one pair of opposite sides of a 
quadrilateral AB and CD, and the point (F) of intersection of 
the other pair, shew that the locus of the intersection of the 
diagonals is a straight line. 

(If AB, CD intersect in F, and G is the intersection of the 
diagonals, the pendl E{AGCF) is harmonic.) 

18. Find the geometric mean (BD) between two given lines 
(AB and BC) and shew by construction that the harmonic mean 
between AB + BD, and BC-hBD is 2BD. 

19. A line AB is divided harmonically in C and D, and a 
part CB of the line which contains two terms CD and DB is 
bisected in E. Shew that EC is the geometric mean of EA 
and ED. 

20. Divide a given straight line AB medially in the point C, 
and produce the line so that the part produced is equal to ^C 
the smaller segment; shew by construction that the rectangle 
contained hj AC and the whole line thus produced, together with 
the square on ^^ is equal to four times the square on CB, 
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Euclid's well known definition is " A circle is a plitne figure 
contained by one line, which ia called the circumference, and ia 
auch, that all straight lines drawn from a certain point within the 
figure to the circumference are equal to one another : and thi* 
point ia called the centre of the circle". A radius of a circle is a 
straight line drawn from the centre to the circumference, and 
therefore by the above definition all radii of a circle are equal. 

Hence a cii-cle is completely determined if we know its centre 
and the length of its radius, and it might seem at first sight that 
(km geometrical conditions would be sufficient to determine it. 
The position of the centre however must be counted as two con- 
ditions, and a circle can generally be drawn to satisfy three 
geometrical conditions, and three are in general necessary and suffi- 
cient for its determination. Thus an infinite number of circles 
can be drawn to \miss through two points, or to touch two lines, 
and some other condition, such as the position of a third point 
through which it must pass or of a line which it must touch in the 
first case, or of a third line vhich it must touch or of a point 
through which it must pass in the second, or such as the length of 
the radius in either, must be given \a make the exact solution of 
the problem possible. 

The above limitation "in general" is necessary because it is 
possible to give certain special positions to the lines and points 
which would render the problem impossible : thus e.g. in the first 
case a circle cannot be drawn through three points in the same 
straight line, or at least no circle -^f finite radius, or if the given 
conditions are "to pass through two given points and fonch a 



THE CIRCLE. 29 

iven line" the line must obviously lie outside the points, ie. it 
lust not pass between them^ and similarly if the conditions are 
'to touch three given lines" one at least of the lines must not be 
)arallel to the other two, but notwithstanding these special cases 
t is generally true that a circle can be drawn to satisfy any three 
Geometrical conditions. 

Definition. When a point is restricted by conditions of any 
kind, to occupy any of a particular series of positions, that series 
of positions is called the hcua of the point. 

Problem 20. (Fig. 20.) To describe a circle through three 
given poirUs A, JB, C, not in the same straight line. 

If the line joining A,B is bisected in D and DO is drawn per- 
pendicular to ABy DO will obviously be the locus of the centres of 
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all circles passing through A and By i. e. any circle through A and B 
must have its centre on DOy since in the equal right-angled tri- 
angles ADOy BDOy AG is equal to BO, Similarly, bisecting BC 
in E and drawing EO perpendicular to BC, EO is the locus of 
centres of circles passing through B and C, Hence the centre of 
the circle passing through A, B and C must lie simultaneously on 
both these loci, i. e. must be at their intersection, and the distance 
from this point to either Ay B or C will be the radius of the 
required circle. 

Euclid in definition 2 of Book iii. defines a tangent to a circle 
in these words. ** A straight line is said to touch a circle when it 
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meets th.e circle, and being produced does not cut it," and shevB 
ill Corollary to Prop, 16, Bk, iii. that the line drawn perpendictt- 
lar to a i-adius at Its extremity fulfils the condition of this 
definition. This is the most convenient way in which to draw 
the tangent at any point on the circumference, and the tangent so 
drawn can easily he shewn to agree with the general definition of 
a tangent usually given as applicable to all curves, which is as 
follows ; — 

Definition. If two points be taken on a curve and a chord 
drawn through them ; then, if the first point remains fixed while 
the second, moving along the curve, approaches indefinitely near 
to the first, the chord in its liuii ting' position is called the tangent 
to the cui've at the first point. 

To shew that auch chord in its limiting position will in the 
oircle be perpendicular to the radius at the point, take two points 
P, P„ (fig. 20) on the curve, and driiw PP^, then since OP^OP^ 
the angles OPP, and OP,P are equal and will remain equal how- 
ever close P, may be taken to T. But when P, coincldea with JP 
each of these angles becomes a right angle, i.e. the tangent at P 
will be pei-pendicular to OP. 

To draw a tangent to the given circle from an external point 
^. Join OQ and ou it as diameter describe a circle cutting the 
given circle in M and M,. (It will necessarily do bo in two points 
on opposite sides of its diameter.) 

Then QM, Qif^ will be tangents to the circle since QSfO is a. 
right angle being in a seraicii-cle. (Euclid, Prop. 31, Bk. iii.) 
It is always possible t« draw two tangents to a circle from any 
fxtemal pobit. 

Pole and Polah. (Fig. 20.) 
Tlie line jT/J/, is evidently perpendicular to OQ for the tri- 
angles QOSf, QOM^ are equal in all respects, i.e. the angle MOQ 
. the angle MfiQ ; then if AUf, nieefa OQ in N we have in the 
two triangles NOM, .VOJ/„ OM-^ OM,, ON common and the 
angle, A'OJ/ = the angle KOM^, .: the angle 0-iV'.U"=tho angle 
"'M^^ and .-. each is a right angle. 
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The triangle MOX is .*. similar to the triangle (^OJ/and 

.-. ON : OM :: OM : OQ, 

or ON. OQ = r*, 

where r is the radius of the circle. 

Now whether the point Q be taken inside or outside the circle, 
it is always possible to find on the line OQ a point ^V fulfilling the* 
aboye condition, and a line MNM^ drawn perpendicular Ui OQ 
through the point N so determined is called the polar of Q with 
respect to the circle, while the point Q is called the poU of MM^ 
with respect to the circle. 

To draw the jtoZot of any point Q with respect to a given circle. 
K the given point be without the circle the polar is, by the 
previous definition, the chord of corUcLct of the tangents drawn from 
Q to the given circle. If the given point be within the circle, 
draw OQ and produce it, and through Q draw MQM^ perpendicu- 
lar to OQy and meeting the circle in M and M^ and at either if or 
M^ draw MN or MiN a tangent to the circle, meeting OQ pro- 
duced in N, then a line through i7 perpendicular to OQ will be the 
required ^Zar. 

Cor. 1. If the given point be on the circle its polar is the 
tangent at the point, L e. the polcur passes through the pole. 

Cor, 2, If a point A lie on the polar of Q then Q lies on the 
polar of A, For draw OA and on it drop a perpendicular Qq from 
Q meetlog it in g and the circle in ni and m^ : then the triangles 
OQq, OAN are similar and 

.•. Oq : OQ :: ON : OA, i.e. Oq,OA = OQ, ON = r^, 

by definition, r being the radius of the circle, i. c. inQrn^ is the 
polar of A which consequently passes through Q. 

Cor, 3. The pairs of tangents drawn at the extremities of any 
chord through Q intersect in the straight line AB the polar of Q. 
Hence the pola^ may be defined as the locus of the points of inter- 
section of tangents at the extremities of chords through a fixed 
point. 
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SELF-CONJDGATE TRIANGLE. 
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Given a, circle aud a triang-le A£C, if we take the polars ma 
respect to tLe circle, of A, B, C, we form a new triangle A'B(T 
called the caajugats triangle, A' being the pole of BC, S of CA, 
and C of AB. In the particular case where the polars of A, B, 
respectiTeiy are BC, CA, AB, the second triangle coincides with 
the first, and the triangle is called a adf- conjugate triangle. 

Fbobleu 21, (Fig. 31.) Tadeseribe a circle to pagt through two 
gveen points and touch a given straight line, lying outside tfiepoinlt. 

Let A and B be the given points and BD, the given straight 
It will be observed that the point of contact of the line is 
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not given — this would he a foiuth geometrical condition and 
therefore if a circle is required to touch a given line at a given 
point, it can only in general fulfil one other condition as e.g. pasi 
through one point outside the line. See next problem. 

Join AB and pi-oduce it to cut DD^ in C and indefinitely be- 
yond as to a. It is a known proposition {EncUd 36, Book in.), 
that "if from any point without a cii-cle two sti-aight lines be 
drawn, one of which cuts the circle, and the other touches it ; 
the rectangle contained by the whole line which cuts the circle 
and the part of it without the circle, shall be equal to the square 
on the line which touches it." 

If therefore a mean proportional cd be taken between CA and 
CB, and its length be set off from C along -DDi ba CD, then 
obviously a perpendicular to DD^ through £) will be the loons of 
the centres of circles touching the given line in I). If AS be 
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bLsected in E, and EO be drawn perpendicular to AB^ EO will 
be the locus of centres of circles through A and B, The required 
centre will therefore be at 0, the intersection of these loci and 
the distance to A, B, or D will be the required radius. Since 
the length CD may be set off on either side of G there are 
obviously two solutions as shewn. 

If the line joining A and B be parallel to the given line, this 
solution fails, but the point of contact can be at once determined, 
since by symmetry it is obviously where EO cuts the given line, 
and a third point through which the circle must pass being thus 
obtained the solution can be completed by Problem 20. 

Pboblem 22. (Fig. 21.) To describe a circle to pass thnmgh a 
pom point A and to touch a given straight line DD^ in a given 
point D, 

The straight line BO through 2) perpendicular to DD^ is 
obviously the locus of centres of all circles touching the straight 
line in D, and the straight line FO through F the centre point 
of AD, perpendicular to ^2> is the locus of centres of all circles 
through A and D, The centre of required circle is therefore at 
Oj the intersection of these loci, and the distance from to ^ 
or D will be the required radius. 

Problem 23. (Fig. 22.) To describe a circle to toicch two straight 
lines ABy CD, one o/tliem in a given point A. 




E. 
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S4 CIRCLE TO TOUCH TWO LINES AND PASS THUOUGH A POINT. 

A lotus of t!ie centre ia of course the line AO perpend icukr 
to AB. A Becond locus will obviously be the line £0 bisectiuf; 
the angle AJiC, and the required centre wUl therefore be at 0. 
If at a perpendicular OG be drawn to MC, the triangles OBA 
and OBC are equal in ait respects and therefore OA = OC = the 
Teqnirod radiua. Tlie given lines make with eacli otlier the angle 
A£D as well aa the angle ABC, and therefore biaeoting the 
angle ABD, the centre 0^ of a second circle ia obtained touching 
the other side of AB. 



{Fig. 23.) To describe a circle to pass tkniuijh a 
given point G and to touch two given, lines AC, DF. 

The centre must obviously lie on the Hue KH bisecting the 
angle between the given linea in which the given point lies. 




[See Problem 1.) Di-aw also the line GL passing through G and 
the intersection of the given lines (Problem 6). Take any poini 
A' on I!K &a centre, and describe a circle touching ylC and DF, ami 
cutting GL in M and L. This ia always possible, since KU is thi' 
bisector of the angle between these lines. Draw GO parallel Im 
MK and GH parallel to EL, O and // will be centres of circles 
fulfilling the required conditions : for if yl is the point of contact 
of the trial circle, KA will be perpendicular to AC, and if OB, 
nC be drawn iierpendicular to AC, KA, OB and HC will all U- 
parallel, and therefore the triangle GOB will be similar to MKA 
and GHC to LKA, but the triangles MKA, LKA are isosceles. 
therefore also OG must Iw equal to OB and HG to HC. 
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Problem 25. (Fig. 24.) To describe a circle to toiLch thrfe 
given lines A By BC^ CA, not more tJuin two of which are parallel. 

The line AO bisecting the angle BAC will be the locus of 
centres of circles touching BA and CA^ the line CO bisecting the 
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angle BCA will be the cori'esponding locus for BC and CA, 
Hence will be a centre for a circle touching all three lines. 
Since BA makes with BC and CA not only the angles ABCy BAC 
respectively, but also the angles ABEy BAD, a second solution is 
obviously obtained by bisecting the exterior angle BAD as shewn 
by AO^y and similarly for the remaining sides. Hence four circles 
can be drawn touching three straight lines. The exterior circles 
are said to be escribed to the triangle ABC, 

Problem 26. (Fig. 25.) To describe a circle to touch a given 
circle {centre (7, radius CD) and a given straight Ihie AB in a given 
point A, 

The line AO drawn through A perpendicular to AB is a locus 
of the required centre. Draw a diameter DD^ of the circle 
parallel to ^0. Join AD cutting the given circle in E, and join 
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GE producing it to cut AO isx Oy will be the centre of a circle 
fulfilling the given condition. A second solution is possible, since 
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and 



(Euc. I. 29.) 

(Euc. I. 5.) 

(Euc. I. 15.) 

(Euc. I. 6.) 



A may be joined to either extremity of DD^. 0, is the centre of 
a second circle. 

Proof. The angle OAE= angle GDE, 

CED = „ CDE, 

CED = „ OEA, 

OAE= „ OEA, 

OE = OA. 

Hence a circle through A from centre will pass through E and 
will there touch the given circle, since they will have a common 
tangent perpendicular to CO, 

Problem 27. (Fig. 26.) To describe a circle to Umch a given 
circle (centre A, radivs AD) and pass through two given points B, 
C, which must be either both inside, or both outside the circle. 

Draw a line through BC; bisect EC in E and draw EO per- 
pendicular to BC, EO is the locus of centres of circles through 
B and C, Take any point such that a circle described with 
centre and radius OB, or OC will cut the given circle as in 
MN". Draw a line through 3fiV cutting BC in T, and from T 
draw tangents TD, TD^ to the given circle (Prob. 20). Lines 
joining AD, AD^ will cut EO in points 0,, 0^ which will be the 
centres of circles fulfilling the required conditions. 
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Two circles can generally be drawn. If the line joining the 
given points lie wholly without the given circle, one circle will 
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touch the given circle externally and one internally (as in the fig.) ; 
if the line joining the points cut the given circle, and both points 
lie on the same side of the circle, both circles will touch the 
given circle externally, and if the points lie on opposite sides of 
the circle both will touch it internally. If the line joining the 
given points touch the given circle one circle only can be drawn. 

Proof. The rectangle TM. TN:=Tect. TB . TG (Euc. iii. 36, 

Cor.), 
„ „ = sq. on TD, (Euc. iii. 36). 

.-. sq. on TD = rect TB . TG 

.-. TD is a tangent to the circle going through B, Z>, G, 

Pboblem 28. (Fig. 27.) To describe a circle to touch a given 
circle (centre A, radius AR) and two given straigJvt lines BG, DE, 

There are several solutions depending on the relative positions 
of the lines and circle. If the lines are parallel the problem is 
impossible unless some part of the circle lies between the lines. 
In this case the line drawn midway between the lines parallel to 
either of them is evidently a locus of the required centre ; a 
second locus will be the circle described with centre A and radius 
equal to the sum oi AR and half the distance between the lines, 
and since these loci intersect in two points, either may be taken as 



CIRCLK TO TOUCH A CIRCLE AND TWO LINES. 



irallS^ 



the centre of the requii-eil circle. If the given lines are not parall 
and the given cirele cuts one of them, as in the fig., then, by 




drawing liiiea ])ar«llel to the given, lines at a distance from thetu 
equal b) the radius of the given circle, the problem may be reduced 
to dcacribing a circle to touch these lines (in pairs) and to pass 
through the centre of the given circle, i.e. may be reduced to 
Problpin 24. Let the given lines intersect in F and consider first 
the circles which can be drawn in the angle EFC Draw Gil, LK 
parallel to FM at & distance from it equal to J.fl and similarly HK 
and GL parallel to FC. FK will bisect the angle CFE and will 
be the locus of th« required centi*ea. Take any point on it as 
centre and describe a. circle to touch OH and GL cutting GA in M, 
Ml. Then AO, drawn parallel to M^O to cut FK in 0, determines 
0, a required centre and AO^ parallel to 3f0 determines £>, a 
Kecond required centre. Similarly for the circles lying in thi^ 
angle DFC. Any point 0, on FL being taken as centre and a 
circle described to touch GU and flK cutting HA in iV and -V^ ; 
AO^ |mrall«l to JV^O^ Uetennines 0^, the centre of a third drcte 
fulliUing the required conditions and a line through A parallel to 
.VO, would determine a fourth centre. It is of courae accidental 
that in the figure 0, falls nearly on GA. 

Jf the given circle did not cut either of the given lines, it 
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would still be possible to draw four circles touching the lines and 
the circle, but two of them would have internal contact with the 
given circle, instead of all touching it externally as in the figure. 

If the given circle cut both lines there would be six possible 
solutions. 

Problem 29. (Fig. 28.) To describe a circle to touch a given 
circle (centre -4, radius AF) to touch a given line BG and to pass 
through a given poirvt D, 

If the given point be within the circle, the given line must 
not be whollv outside the circle. 

From A draw AG perpendicular to the given line and meeting 
the circle in E and F. First join ED and on it determine a point 
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G such that the rect. ED.EG= rect. EG . EF, L e. take EG a fourth 
proportional to ED, EG, EF, [Making Ef (on ED) = EF, draw 
fg pai-allel to DG meeting EG in g and make EG = Eg,'\ Then a 
circle through D and G and touching the given line will also touch 
the given circle and the problem is reduced to Problem 21. If 
ED, BG intersect in T, a mean proportional {TB) must be taken 
l>etween TG and TD so determining the point of contact. TB 
may be set off along BG on either side of T and hence there are 
two solutions giving external contact. Second. — Join FD and on 
it determine a point G^ such that rect FD . FG^ = rect. on FG, FE, 
i. e. take a fourth proportional to FD, FG, FE. G^ must be taken 
on the opposite side of F to D because G and E are on opposite 
.sides of F. Then circles through D and G^ touching the given line 
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ices to 
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will also touch the given circle, and thin case also reduces t 
Problem 21. There are again two possible circles because if 
7JF and SC intereect in ?", the mean proportional (T,!/) between 
T^D and T^G, may be set ofi'on either aide of T,. 

Proof. Join E the point of contact of cij-cle through D and G 
to E Dieeting the given circle in K and join FK. Then the tri- 
anglfs EEF and ECB are similar 

.-. EC : EB :: EK : EF, 
or rect. EC . EF= rect. EB . EK, 

but „ = rect. ED . EG (const.). 

.-. rect. ED . ^5 = rect. EB.EK. 

circumference of circle through BDG. 



(Eu, 



-■. K must 

HI. 36 Cor.) 

Join OK, then angle f>-Br= angle 0KB (Euo. i. 5), 

„ AKE:^ „ AEK{ ). ^M 

„ AEK= „ 0KB (Euc. i. 29), ^| 
„ AKE= „ OBK, ^H 

and therefore OKA is a straight line, i.e. the two circlea will 

loueh at K. 

Problem 30. On, a given, straight line AB (o describe a segment 
of a circle tchich gJndl contain a given angle (Fig. 29). 

Bisect AB in C and through C draw CO perpendicular to AB. 
(CO ia of courae a locus of the centre.) Make the angle OCD 

FlB-29. 
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equal to the given angle (p. 4) and tlirougli A draw AO par&l 
to C£> meeting CO iu 0. will be the centre of the required 
circle, (Euc. ui. 20.) 
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Paoblem 31. (Fig. 30.) To draw a line touching two given 
circles^ neither of which lies wholly inside the other, 

A and AB are the centre and radius of the larger circle and C 
and CD those of the smaller circle. 

Join AC, cutting larger circle in B, 

From B on AC make BM-BN=CD, and with A as centre 
describe circle MM^M^. From C draw tangents CM^^ CM^ to 
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touch this circle (Prob. 20). Produce AM^, AM^ to meet the circle 
in E and G, and lines ED, GF through E and G parallel to CM^, 
CAf^ will be tangents to both circles. These tangents meet in (0^ 
a point lying on AC produced, and are the only pair that can be 
drawn if the given circles intersect. If the smaller circle lies 
wholly outside the larger, as in fig. 30, a second pair can be drawn 
by describing a circle through -A^ with A as centre, drawing tangents 
C-tVj, CN^ to it, and drawing HJ, KL parallel to these lines re- 
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spectively, whicli will intersect in (0) a point on AC between T 
given circles. The construction is obvious, since £M^ = BM= CD. 
Common tangeiits to two circles may be drawn practically with 
fill attainable accuracy by adjusting a set square to touch the 
circles, and drawing a line by its edge ; but the points of contact 
Khould always be determined by drawing the radii perpendicular 
to the tangent. 

Properliea of a system of Two or more circles. 

The points 0, 0^ in ■which common tangenta to two circles 
intersect are called the centres of similitude of the two circles. 
As is easily seen, they are the points where the line joining tlie 
centres is cut externally and internally in the ratio of the radii : 
and ill this sense both exist when the circles cut each other, in 
which case of course only one pair of common tangents can be 
drawn, and even when one ciiyjle lies wholly inside the other, so 
that it is impossible to draw any common tangent. 

If through a centre of similitude we draw any two lines mee^g 
the first circle in the jjoints H, R^, S, S^, and the sBcond in the 
points p, p,, (T, o-,, then the chorda JiS, ptr will be parallel, as also 
the chords S^S^ and p^a■^ ; and the chords RiS and P|(r„ Jl^S^ and 
pir will intersect I'espectively in points P and Q on a lino perpen- 
dicular to the line joining the centres of the circles. 

This line is called the ritdicol axis of the two circles. 

The rectangle OJt. OR^ is constant, since it equals the square 
on Off the tangent from (Euc. in. 36), Le. 

and 0p.0p, = 0(T.0rr,. 



Proof. In the triangles OAR, OCp, the i 
angle COp and OA : OC :: AR : Cp, 
.-. also OR : Op :: Alt -. Cp (Euc. vi. 7; 



Qgle AOR^lXw 



s constant a,nd equal to the ratio of the radii ■ 



if the circles wherever the line ORp be drawn, 
• ■. OR : OS :: Op ; 0<r 
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and the angle liOS = the angle pOa- ; 

.*. the triangles JROS, pOa- are similar in all respects, so that the 
angle OUS = the angle Opa- and pa- is parallel to US, 

Similarly B^S^ is parallel to p^a-^, which proves the first part of 
tlie proposition. 

Again, since SRB^S^ is inscribed in a circle, the angle PIiO=the 
angle SS^R^ = the angle Scr^P, The triangles PUpi and Pa^S are 
therefore similar, since the angle PPp^ is common to both. 

.-. Pi? : Pp^ :: Pa^ : PS, 
Le. PE . PS = Pp, , P(r,, 

but PP . PS = square of tangent from P to circle A, 

and Ppi.Porj= „ „ „ C; 

.'.the tangents from P to the two circles are equal, and 

.-. PA\'--AB\'^PC\^-aD\'; 
similarly tangents from Q to the two circles are equal. 

But the locus of the intersection of equal tangents to two 
circles is a straight line perpendicular to the line joining their 
centres, and dividing the distance between them so that the differ- 
ence of the squares of the parts is equal to the difference of the 
Mjoares of the radii: for if X be such a point and PX perpendicubir 
to AC, at every point on it we shall have 

PA' - AX' = PX' = PC\'- CX', 



.'. PA\'--PC\' = AX'-CX'; 

and as above PA'-PC' = AB'--CB'~AX'-CX', 

Hence the line PQ in the figure must be such locus which proves 
the second part of the proposition. 

Definition. A line drawn perpendicular to AC, the line 
joining the centres of two given circles, through a point X on it, 
guch that the difference of the squares oi AX and CX is equal to 
the difference of the squares of the radii of the two circles is called 
the radical a^xia of the two circles. 

As already shewn, it is the locus of the intersection of equal 
tangents to the two circles. 
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It may be constructed as in the lost proposition or immedlatdf 
from the ilelinitiou by biaectiDg AC in a (fig. 30), and making aX 
towards C, the centie of the smaller circlB, a fourth pro|iortionftl 
to 2AC,AB + CD,&adAB-CJ), 

i.e. by making aX : H-r ;: li + r : 2AC, 
where H and r are the radii of the circle, and drawing a line 
through X perpendicular to AC ; for in this case 

ACx 2aX == I^ -]^ bat AC = AX + XG and 2aX=^AX-CX 
.: {AX + GX) {AX- CX) = E'- r' = AX' - CX\ 

The i-adical axis bisects the distance between the polara with 
respect to the two circles, of either centre of similitude, which fur- 
nishes another method of constructing it. 

Given three circles (centres 0, C„ C,, radii r, r,, r,); the line 
joining a centre of similitude of C and f , to & centre of simili- 
tude of C and C^ will pasii through a centre of similitude of (7, 
and C,. Let S, and S,' (fig. 31) be the centres of similitude of 




C and C| , and 5", a centre of aimDitude of C and C^, and let 5^5,, 
C,C, meet in 6', S wil! be a centre of similitude of (7, and C,. j 

For since CS; : C,5,' :: r : r, :: CS, : C,S„ ' 

.-. «'.' : CS, :: G^S,' : G,S,, 
or CS^C,S^ is a harmonic range ; therefore S {GS,'C,S^) is a har- 
monic pencil, and therefore if CC, cut» SS^' in S^', 

CS,'C,S^ is a harmonic rauge, and niuce S, is a centre of 
similitude of C and C,, S' mast be the other. 
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Through C, draw CJL parallel to CS^ and meeting SS^ in Z. 
Then by similar triangles 

C^ : C,S :: C.Z : C.^",, 

and C,Z : C^ "' C-^. = ^-ip or C.X = -»^^', 

.-. e,5 : C,^ :: ^^' : ^.^., 
C,S_C,S, GS, r. r 

or /S' is a centre of similitude of C^ and C^, 

Since for each pair of circles there are two centres of similitude, 
there will be in all six for the three circles, and these will be dis- 
tributed alongyimr axes of similitude, as represented in the figure. 

Corollary, If a circle (centre A) touch two others (centres C 
and Cj) the line joining the points of contact will pass through 
a centre of similitude of C and C^, For when two circles touch, 
one of their centres of similitude will coincide with the point of 
contact. If A touch C and C^ either both externally or both 
internally, the line joining the points of contact will pass through 
the external centre of similitude of C and C^, If A touch one 
externally and the other internally, the line joining the points of 
contact will pass through the internal centre of similitude*. 

Given any three circles, if we take the radical axis of each pair 
of circles, these three lines will meet in a point, which is called 
the radical centre of the three circles. 

For let the radical axes of A and C and of B and C intersect 
in E (fig. 34), then the tangents from jB to ^ and C are equal, as 
also the tangents from B to B and C; therefore the tangent from 
B to A must be equal to the tangent from M to B^ i. e. Ji must be 
a point on the radical of A and B, which proves the proposition. 

If two circles have a common radical axis, and points L and L^ 
be taken on the line joining their centres at a distance from its 

* Salmon's Conic Sections, 
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4(i LIMITING POINTS OF A SYSTEM 01 CIRCIES. 

iuteraection (,Y) with, the radical aitiB equal to the tangent 
pan be dmwn from X to either circle, these point* are called tin- 
Ihiiiting points of the entire systeni of circltjs ■whitli have tlie 
same (common) nidical asia. Xhev have many remarkable 
propertieH in the theory of these circles, and are such tliat the 
lK>lar of either of them, with regard to any of the circles, ia a line 
drawn through the other perpendicular to the line of centres. 
These points are real when the circles of the system have common 
Iwo imaginary points, and are imaginary when thoy have real 
points common*." 

When they are real it is evidently impossible for the centre of 
any circle of the system to lie between them, and the more nearly 
the centre approaches to either of tlietij the smaller must the cor- 
responding radius be. The limiling points themselves may there- 
fore be considered as circles of the system of iufinitely small radius. 

If a system of circles have a common radical axis, and fi-oni any 
point on it tangents be drawn to all the circles, the locus of the 
points of contact must be a circle, since all these tangents are 
equal ; and it is evident that this circle cuts any of the given 
system at right angles, since its radii are tangents to the given 
system. It is the circle passing through the limiling piiliils of the 

Conversely all circles which eut the given system at nght 
angles pass through the limiting; points of the syateni. 

Problem 33. (Fig. 33.) To detcrilie a cirele to touch two given 
cirelea (eenlret A and B, radii AD, BE rp.tpeclively) and to pott 
through a given point C. 

Take S a centre of similitude ([>. 43) of A and B ; dmw CS 
and find the poles P and i*, of this Hue with respect to each circlf, 
(i.e. draw AP, ISP^ perpendicular to CS and intersecting the 
chorda of contact of tangents from S in P and P^). Draw X/i 
the radical axis of the given circles (p. 44) : draw AC, bisect it 
in »rt and make mil on it towards C of length such that 
AC : AD :: AD : 2mJH ; 
* Snlmon's Conic Scetiotit. 
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dmw MR perpendicular to AC meeting the radical axis in B. 
The lines RP, RP, vdU cut the circles in the ixiiiits of contact 
a,b; a ft, of the required circles and their centres can he at once 
found by producing Aa, Ba, ic. to meet in and 0^. 




In the figure tlie oirclea touch one of the given circles in- 
ternally and one e!(.ternally becanne S is the intenial centi'C of 
umQitnde. If the external one be taken two more circles can be 
drawn, one touching both externally, the other both internally. 

FrOBLGu 33. To describe a circle to tmich Itco given, dreUn 
{centres A and B, radii AC, BD respeclivelj/) and a given straight 
line EF (fig. 33). 

Draw the radical axis of the given circles, meeting EF in R, p. 44. 
From A and B drop perpendiculars on the giren line meeting it 
ill E and F and the circles in C, C,, D and D^ respect ivel}'. 
Join C,Z>, cutting AB in 5 a centre of similitude of A and B. 
Find P and /*, the poles of this line with respect to the circles 
(p. 31). Draw BP, SP^ ciittii.g the circles in ab, afi^. Then 
OCTj, bb^ are the points of contact of circles fulfilling the required 
conditions, and the intersections of Aa, Ba, and of Ab, Bb, give 
the corresponding centres. The above circles each touch botli 
of the given circles externally or both infernally since S is the 
exterDul centre of similitude ot A and B (p, 46). If C, be joined 
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to D OT C to Zt, cutting AB in the interunl centre of similituJJ 
the poles of these linea give the pointa o£ contact of circles touch- 
ing one of the given circlea iotemally and the other externally — 




and if £7 ba joined to D the poles of thia line give another pair of 
circles touching both externoilj or both internally. One of these 
latt«r ia shewn in the fig. There are altogether 8 solulions. 

Second Solution. This problem may also be solved by 
dropping perpendiculars from A and B on the given line as AE, 
BF, bisecting the parts lying between the circles and the 
lines OS GB, DF, in G and H and dpscribing parabolas having 
A and B as foci and 6 and H as vertices respectively (Prob. 36). 
The first wUl necessarily be the locus of the centres of circled 
touching the line and the circle A externally, and the second wiU 
be the locus of the centres of circles touching the given line and 
the circle B est«i-nally, and hence their intersection (0) will dfr- 
tenuine the centra of a circle touching both cireleB externally 
and the given line. Similarly if C^E be bisected in ff, and D,F 
in I/^ and jiarabolas be described having A aud B as foci and 
G|, If^ as vertices respectively, each of these curves will be tlie 
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locos of centres of circles touching the line and the corresponding 
given circle vnterrudly. Hence the points of intensection of 
these four parabolas determine the centres of circles fuliilling 
the conditions of the problem. 

0^ gives internal contact with both circles, 

0^ gives internal with A external with J5, 

0^ gives external or internal „ „ 

and so on. 

The proof of the construction is obvious from the definition of 
a parabola subsequently given. 

Problem 34. To describe a circle to touch three given circles 
(centres ABGy radii AD^ BE, CG respectively) (Fig. 34). 

If the circle be required to touch the three either all externally 
or all internally draw the external axis of similitude SS^ p. 45, 




E. 
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uid take the poles PP,P^ of tliia line with respect to each c 
p. 31. 

Find the radical centre R of the three circles (p. 45). Then 
the lines RP, RP,, RP^ cut the circlea in the points ai>, afi, , a^b^, 
in which the required circles must touch them ; and the centre of 
the circle touching all three externally is given by the intersection 
of Aa, Ba^ , Ca^, which three lines will meet in a point, and the 
centre of the circle touching all three internally ia given by the 
interaeotion of Ab, 56,, Cb^. 

A aimilar construction with the remaining three axes of 
similitude, will determine the circles touching one internally and 
the remaining two externally and vice versa. 

There are altogether eight solutions. 

Second solution. Join AB cutting the circlea in D, D^, E and 
E^. Bisect DE in K and i),£", in A',. BK will necessarily be 
equal to AK^. With B and A as foci, and K, K^ as vertices de- 
scribe an hyperbola (Prob. 89), the branch of which through K 
will be the iocus of tlie centres of circlea touching circlea A and B 
externally, and the branch of which through £", wUl be the locu8 
of centres of circlea touching these circles internally. Similarly, 
join BG cutting the correspondiug circles in F^, F, G, &,, Bisect 
FG in i, and F,(?, in i, and with C and .B as foci, and £, i, aa 
verticea, describe an hyperbola, the two branches of which will be 
the loci of centres of oircles touching circles B and C externally 
and internally. The intersection of corresponding hi'anchea of the 
two hyperbolas will therefore determine fJ,, 0,, the ceotrea of 
circlea touching the three given circles all externally or all in- 
ternally, 

Again bisecting PE^ in Af and D^£ in if, and taking B, A 
as foci and Af, M, aa vertices, an hyperbola can be described thu 
branches of which will be the loci of centres of circles touching 
circles A and B, the one internally and the other externally, and 
the intersections of this byperljola with that through L and Z, in 
0,, 0, will give centres of two more circles fulfilling the given oon- 
ditions. The hyperbola through # and N, , points corresix>nding to 
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if, Ji/j, will determine 0^ and 0^, two additional centres corre- 
sponding to O3, 0^ and lastly, by its intersection with the two 
branches through M and M^ will determine 0^ and 0^, 

The construction is obvious from the definition of the hyper- 
bola subsequently given. 

Problem 35. (Fig. 35.) To draw a circular arc throiigh three 
given points A, B, C vnthout vising tJie centre. 

Let AB be greater than either AC or BC, With centre A 
and radius AB describe an arc BD meeting AG m D, and with 




centre B and the same radius describe an arc AE meeting BC in 
E. From D on each side of it set off on the arc any equal 
distances 2)1, and set off the same distances from E on the arc 
EA^ similarly make i>2 = ^2, and so on. The line joining A to 
any point above D will intersect the line joining B to the corre- 
sponding point below ^ and vice versa in points (as F, G) on the 
required arc. 

Proof, It is easily seen that the angle AFB = angle AGB = the 
angle AGB, <fec., and therefore AFCGB all lie on a circular arc. 



^-^ 



5S EXAMPLES. 

EXAUPLES ON Chaptbe II. 

1. Describe a circle to pass through two given pointa, P and 
Pi, and to bisect the circumference of a given circle (centre C, 
radius CA). 

(Draw PO and produce it to i) so that PC .CJ) = AC. The 
circle through 7', D, P^ fulfils required condition.) 

2. I>raw two circles cutting orthogonally, and shew by con- 
struction that any line through the centre of either cutting both 
circles is divided harmonically at the pointa of intersection, 

3. Given the liaae AB of a triangle and the sum of the squares 
of the sides AC + BC, draw the locua of the vertex. 

(A circle, centre at E the middle point of AB, and radius 

/ac^bc 



V^- 



-~AE\\) 



4. Draw two circles (centres A and B) cutting orthogonally, 
and draw their common chord meeting AB in C. Draw DE a 
chord of the first circle passing thi'ough B, and shew that a circle 
can be described thi-ough ADEG. 

5. The centre J of a circle lies on another circle which cnts 
the former in B, C\ AD is a chord of the latter circle meeting BC 
in E, shew that the polar of D with respect to the first circle passes 
through E. 

5. At two fixed points j1, B are drawn ^C, BD&t right angles 
U> AB and on the same side of it, and of such magnitude that the 
rectangle AC, BD is equal to tie square on AB : prove that the 
circles whose diameters are AC, BD wiU touch each other, and that 
their point of contact will lie on a fixed circle, 

(The circle on AB as diameter.) 

7. With three given pointa A, B, C not lying in one straight 
line as centres describe three circles which shall have three ct 
tAngents. 

(Bisect the angle BAChy AD meeting BC in D, 
„ CBA by B£ „ CA in £, 
„ ACBhyCF „ AB in F, 
then ED, DF, FE wiU be the required common tangentii.) 
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The question is obviously, given the centres of the escribed 
circles of a triangle, to draw the triangle. 

8. A and B are two given points on the same side of a given 
straight line CD, which AB meets in C, Determine the points on 
CD on each side of C at which AB subtends a greater angle than 
at any other point on the same side. 

(The points of contact of circles through A and j5, and touching 
CD. Prob. 21.) 

9. ^ and j5 are two given points within a circle ; and ^ j5 is 
drawn and produced both ways so as to divide the whole circum- 
ference into two arcs. Determine the point in each of these arcs 
at which AB subtends the greatest angle. 

(The points of contact of circles through A and B touching the 
given circle. Prob. 27.) 

10. Shew by construction that the circle which passes through 
the middle points of the sides of any triangle ABC will pass through 
the feet of the perpendiculars from A, B, G on the opposite sides, 
and if be the intersection of these perpendiculars, will also pass 
through the middle points of OA, OB, DC. Shew also that it will 
touch the inscribed and escribed circles of the triangle, and that its 
radius is half that of the circumscribing circle. 

(The circle is called the nine point circle.) 

11. Given four points ABCD in a straight line taken in order. 
Shew that the locus of the point F moving so that the angle 
APB = the angle CPD, is a circle which may be constructed in 
the following manner. het'AB be less than CD, and take b be- 
tween C and D so that bD ^AB, The centre is on the given 
straight line at a distance from A, such that 

AG : AG :: AB : (76, 
and the radius (r) is such that 

7^=GB, GG=OA, OD, 

12. Find the locus of a point such that the area of the triangle 
whose angular points are the feet of the perpendiculars from it on 
the three sides of a given triangle, has a constant area. 
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[It is a circle ot radius p, concentric with the circle 
Boribing the given triangle i and p ja determined from the equation 

,_-..(M_,), 

where S is the radius of circumscribing circle, k is the 
constant area and A is the area of the given triangle. If 1A^<A, 
p is given by the equation 

{Salmon's Conic iSectiong, Chap, ix.)] 

As a numerical example, draw any triangle ASO, and take 
p : R :-. •J'f : 1, 
shev that in this case k — -. 

13. Given on astraight line four points iutlie order /", J, 5,^; 
describe a circle passing through A and B such that tangents 
drawn to it from P and Q amy be parallel. 

[With centres !•■ and Q ajid radii JPA, PB, JQA, QB 
respectively describe two circles. A circle passing through A and 
B, and through the points of contact of a common tangent to these 
circles will be the one required.] 

14. Given a fixed circle and an external point 0. Draw the 
tangent at any point P of the circle and complete the rectangle 
which has OP for aide and the tangent for diagonal. Shew that 
the angular point opposite will lie on the polar of 0. 

15. From the obtuse angle A of a triangle ABC draw a line 
taeeting the base m D aa that AD shall be a moan proportional 
between the segments of the base. 

[Find the centre of the circle circumscribing ABC On AO 
as diameter describe a circle cutting the base in D, the required 

16. Find on a, given line AB a point A such that its polar 
with respect to a given circle aliall pass through a given point C. 

[Find P the pole of AB, then the pole of CP will lie on AB 
Le. will be the required point A,'\ 
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17. Given a point A, a line through it AB^ and a circle centre 
C; draw a triangle APB which shall be aelf-conjiigcUe with 
respect to the circle (p. 32). 

Take F the pole of the given line and from C draw CB perpen- 
dicular to AF meeting AB in B, APB will be the required 
triangle ; for since ^ is on the polar of F the polar of B will pass 
through P, and is perpendicular to CB^ i.e. is the line AP. 

18. Given a triangle APB obtuse-angled at F, to draw the 
circle with respect to which tlie triangle shall be self-conjugate. 

The centre {€) of the circle must evidently be the intersection 
of the perpendiculars from the angular points on the opposite 
sides. Let the perpendicular from F on AB meet it in i>. The 
radius of the circle will be a mean proportional between CF 
and CD. 

19. Given a circle, describe a triangle which shall be self- 
conjugate with respect thereto, and with its sides parallel to those 
of a given triangle abp, obtuse-angled at p. 

Through C the centre of the given circle draw CA perpendicu- 
lar to 6p, CB perpendicular to ap and CM perpendicular to ah. 
The vertices of the required triangle will lie, one on each of these 
lines. Through any point m on CM draw dme perpendicular to 
CM meeting CA in d and CB in e, and through d draw df perpen- 
dicular to CB and Bf perpendicular to CA ; f will necessarily lie 
on Cif. 

If Z> is the point on Cm through which the side of the required 
triangle perpendicular to Cm passes : — 

where r is the radius of the given circle, i. e. CD is a mean pro- 
portional between r and a length I determined by taking a fourth 
proportional to Cfy Cm, and r\ for if 

Cf : Cm :: r : ly 
^ = r-7yjr, and .'. CJ)\^ = lr. 




If a line be drawn through the centre of a given circle perpen- 
dicular to the plane of the circle, the surface generated by a 
straight line which passes through a fixed point on the first line 
and moves round the circuniference of the circle is called a right 
circular cone. It will be shewn in Chap. ix. that the intersection 
of this surface with any plane must be one or other of the follow- 
ing:— a point, a pair of straight lines, a circle, a parabola, an 
ellipse or an hyperbola. The construction of these last three 
curves from their definition as the sections of a cone seems d 
priori to be the natural way of treating the subject; but the fact 
is they are more ea.sily constructed from some of their known 
plane properties, and therefore, deferring the consideration of 
them as lying on the surface of a solid, each will at first be defined 
as the locus of a [>[)int moving in. a plane so that its distance from 
a fixed point is always in a constant ratio to its distance from a 
fixed line, both point and line being in the plane of motion. 

The fixed point is called tie focus, and the fixed line the 
directrix. 

In the parabola the ratio is one of equality, i. e. the distance 
from the fixed point is always equal to the distance from the 
fixed line. 

In the ellipse the ratio is one of less inequality, l e. the dis- 
tance from the fixed point is always less than the distance from 
the fixed line. 

In the hyperbola the ratio is one of greater inequality, i.e. the 
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distance from the fixed point is always greater than the distance 
from the fixed line. 

The eccentricity of a conic is the numerical value of this ratio. 

A parabola can generally be drawn to satisfy four geometrical 
conditions, and four conditions are in general necessaiy and suffi- 
cient to determine the curve. Thus an infinite number of para- 
bolas can be drawn to pass through three given points or to touch 
three given lines, or to pass through two points and touch a given 
line, or to fulfil any three similar conditions, and in each case a 
fourth condition must be added to make the exact solution possi- 
ble. At the same time four conditions may sometimes lead to 
more than one solution, just as, more circles than one can fre- 
quently be drawn satisfying three given conditions; and occasion- 
ally some limitation as to the position of the points or lines given 
as data of the problem, is necessary to enable a real curve to be 
drawn. 

If the focus is given in any particular problem, this is equiva- 
lent to two geometrical conditions, and therefore in general only 
two others can be fulfilled, i.e. given the focus and two points 
through which the curve is to pass, the problem is completely 
determinate and a parabola cannot be drawn to have a given point 
as focus and to pass through any three random points. The direc- 
trix being given is also equivalent to two geometrical conditions, 
and therefore along with it, only two others can be fulfilled, such 
as, e. g. to pass through a given point and touch a given line, or to 
touch two given lines, or to touch a given line at a given point, 
Ac. 

Problem 36. (Fig. 36.) To d/raw a parabola the focus F and 
ike directrix MX being given. 

Draw FX from F perpendicular to MX, Bisect FX in A 
and A will be a point in the curve. With F as centre and any 
radius greater than FA (as F 3) draw a circular arc J)3I)^ set off 
from A towards Fa, distance ^3' equal to A3, and at 3' erect a 
perpendicular to FX meeting the circular arc in JDJD^. These will 
be points in the curve, and similarly drawing any number of arcs 
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with F as centre and setting off from A towards F^ distances 
equal to the distances of the arcs beyond -4, and erecting per- 
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pendiculars to FX at these points meeting the corresponding 
arcs, any number of points on the curve may be determined and 
the curve drawn through the points thus obtained. 

The construction is obvious : at any point as P draw PN per- 
pendicular to AX meeting it in iV; then the distance FP from the 
focus is to be equal to PM the perpendicular distance from the 
directrix. But FP—FA +the distance of the arc beyond A\ and 
PM— XN = XA + the same distance. 

.\ FP = PM since FA = AX, 

m 

(See also the next problem.) 

Dep. From the construction the curve is evidently symmetri- 
cal about FX which is called the axis. The point A where the 
curve cuts the axis is called the vertex, and any line parallel to the 
axis is called a diameter of the curve. 
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The parabola consists of one infinite branch. Like the focus 
and the directrix, the vertex and axis are each equivalent to two 
conditions in the construction, but it should be noticed that certain 
pairs of these lines and points given together are equivalent not to 
four but only to three conditions. This apparent anomaly may 
be thus explained. Suppose directrix and axis are given, these 
are two lines at right angles to each other and hence the direction 
of either is implicitly involved in that of the other, and thus in- 
stead of the two conditions of position and direction being given 
independently along with the second line, one only, namely posi- 
tion, is really given, and the two lines together are therefore 
equivalent to three conditions only. Similarly focus and axis, or 
vertex and axis make only three conditions since the position of 
the axis is partly involved in that of the focus or of the vertex. 

To draw a tangent at any point, 

P and D {^g, 36) being any two points on the curve, if the 

line through PD meet the directrix in R and DK is parallel to 

PM, then 

FP : FD :: PM : DK 

:: PR : BR 

by similar triangles, and .*. FR bisects the exterior angle between 
fP and FB (Euc. vi. Prop. A). Hence if the point B move up 
to and coincide with P so that the chord PB becomes the tangent 
at P (Def. p. 30), in which case FB of course coincides with 
fP^ the line FS drawn from the focus to the point in which the 
tangent at P meets the directrix, must be perpendicular to FP, 
The triangle 8FP is therefore equal and similar to the triangle 
8MP^ Hence the tangent at any point P of a parabola bisects the 
angle hetwe&n the focal distance FP and the perpendicular PMfrorri 
P on the directrix. It can therefore be drawn either by bisecting 
the angle FPM or by making FT on the axis equal to FP, and 
joining PT \ for in this case the angle iTjr= angle FTP^ which 
is equal to the alternate angle TPM, PM, FT being parallel. 

Dep. The perpendicular PN from P on the axis is called the 
ordinate of P. The double ordinate through the focus is called 
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tlie laltig-rectum of the curve, and its length is always equal to 
iAF. It is Bomotimes oalled the prijicipal parajoeter of the 

FP = PM= ZiV = FT and FA = AX, 

XN~AX=FT~FA, 
i.e. AT^AN or NT=% AN. 
Def. The line NT is called the mb-ttmgent at the point P. 
The line PG perpendicular to the tangent at P is called iAe 
normal at P. 

It has been shewn that the tangent bisects the angle FPM, 
.-. PG bisects the angle FPL where i is a point on if i' produced, 
Le. the angle /"/*& = angle £/*(? = angle PGF, 
and .-. FG=FP=PM=XN, 
.: FG~FN^XN-FN, 
i.e. NG = FX = 2AF. 
Def. The line NG is called the stii-^wrmal of the point P. 
The tangent at the vertex in perpendicular to the axis, as is 
ohrious from the symmetry of the curve, and a perpendicular 
Irom the focus oti any tangent intersects it and the tangent at the 
vertex in the same point. 

The focus and directrix being given, tangents to the carve cos 
he drawn from an external point Q thus (fig. 36). With centre P 
and radius equal to the dihtitnco of Q from the directrix describe 
a circle j draw tangents to it from Q, and join F to the points of 
contact a, a,, producing the lines to meet the curve in f''',- QVt 
QV^ will be tangents, for, if VM^ be the perpendicular on the 
directrii:, and the diameter at Q meet the directrix in X^ and YQ 
meet it in S , , 

VM^ : QX, :: VS, : Q,S,, > 

or FV : Fa :: VS, : Q,S„ 
.-. FS, ia parallel to aQ, but aQ is perpendicular to FV, .-. FS_ is 
perpendicular to FV, and .'. TjS, or FQ is a tangent through the 
point Q ; similarly for V,Q. 
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A tangent to a pa/rahola pa/raMel to a given line may be drawn 
by constructmg tbe angle GFP = twice tbe angle which the line 
makes with the axis, so determining the point of contact P. 

Problem 37. (Fig. 37.) To draw a parabola, the vertex A, tJie 
axis AH and a point P on ths cu/rve being given. 

This might be solved by first finding the focus and proceeding 
as in the last problem. It can however be solved independently 



FIg.37. 




without using circular arcs, and the method is evidently applicable 
to the last problem after any one point on the curve has been found. 

Draw the tangent at the vertex and a diameter through P 
meetmg it in M, Divide MP into any number of equal parts 
(say four), and AM into the same number. Then diameters 
through the several points on AM will meet lines joining A to the 
corresponding points on MP (counting from A in the first case 
and from M in the second) in points of the curve as JB, C, D, As 
the curve recedes from the axis the points found get more and 
more distant from each other (compare C to J) and D to P), but, 
if desirable, points can be interpolated between any two points 
already found by subdividing the corresponding spaces on MP and 
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AM. In the figure points are thus interpolated between C and J) 
and between D and F. The curve can be carried beyond P by 
carrying on the divisions on the two lines as in the figure. 

The other half of the curve can be put in by symmetry. 

The tangent at any point D can be drawn by drawing the 
ordinate DN", and making AT on the axis equal to JJV, on the 
other aide of the vertex ; DT wiU be the tangent at B, as has 
already been shewn. 

The focus F is found liy drawing the normal at any point D, 
bisecting the sub-normal NG and setting off AF= JjVff. 

The construction for the curve depends on the fact that if a 
diameter be drawo through the centra point of any chord, the 
tangents at the extremities of the choid intersect on the diameter, 
and the curve cuts the diameter at the ceutre point between the 
chord and the intersection of the tangents. Thus AP is a chord, 
the diameter through 2 {on AM) will interKect it in its centre 
point V, A2 is the tangent at A and therefore the tangent at P 
will also pass through 3, and C, which bisects F3 since 

02 : CY :: M'l : P2 
will be a point on the curve. 

Similarly £ may be shewn to bo on the curve, since it bisects 
the diameter between 1 and the centre point of the chord AC, and 
Z> may be shewn to be on the curve as bisecting the diameter 
between (73 the tangent at (7, and the centre point of the chord 
(!P. 

Problem 38. (Fig, 37.) To draw a parabola the foeua F, 
the axis FN, and a point P cm the curve being given. 

The directrix and consequently the vertex can at once be de- 
termined by drawing PM parallel to the given axis, measoring 
along it a length PL equal to FP and from L dropping ft 
perpendicular on the axis intersecting it in X. This per- 
pendicular is, of course, the direetiix, and the vortex biaeotS 
F£. The curve can then be drawn by either of the precGding 
methods. 
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Problem 39. (Fig. 38.) To draw a curve formed of cir- 
cular arcs a2)proximating to a parabola the focus F, and vertex A 
being given. 

The following method depends on the fact that in the 
parabola the sub-normal is constant and equal to twice AF, 
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Draw the axis AFN" and on it take Fl equal to FA, and draw 
any ordinates as BB^, 00 ^, DD^, &c. With 1 as centre de- 
scribe an arc through A, extending as far as the centre or- 
dinate between A and BB^, from L the foot of ordinate BB^ 
make X2 equal to twice AF, and with centre 2 and radius to 
the point where arc through A meets the centre ordinate be- 
tween A and B describe an arc extending to half-way between 
B and O ; from M the foot of ordinate CO^ make M3 equal to 
twice AF and with centre 3 and radius to the point where 
arc through B has been stopped describe an arc extending to 
half way between C and D, Similarly from the foot of the 
ordinate I>D^ measure a distance on the axis equal to twice AF 
so determining the centre (4) for an arc through B, and con- 
tinue the process for any number of successive ordinates. It 
will be seen that the centres are determined by measuring a 
constant distance from the foot of the successive ordinates 
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equal to the known constant length of the sub-normal in the 
parabola (p. 60), but that the radius of each arc depends 
entirely on the arc previously drawn, so that the curve must 
be commenced from the vertex. Each successive arc extends 
some distance on each side of the ordinate from which its 
centre is determined. It is convenient, though not essential, 
to commence with ordinates dividing AF into equal parts, and 
tolerably close together, and as the curve recedes from the 
vertex and cuts the ordinates more nearly at right angles the 
distance between them may be increased. Carefully drawn, the 
method gives a remarkably close approximation to the real 
form of the curve, as may be seen by comparing the dis- 
tance of the point P in the figure from F with the distance 
NX, its perpendicular distance from the directrix. The half dis- 
tance between the ordinates to which each successive arc has to 
extend, and which furnishes the starting point for the next arc 
can generally be estimated with quite sufficient accuracy by the eye. 

Problem 40. (Fig. 39.) To draw apa/rabola, the focus F, and 
two points A and B on the curve being given. 
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With centre A and radius AF describe a circle CFD, and 
with centre B and radius BF describe a circle C^FD^. Draw 
common tangents CC^ and DB^ to the two circles. (Prob. 31.) 
These will be the directrices of two parabolas fulfilling the 
given conditions, and the curves may be drawn by any of the 
preceding methoda 

The construction is obvious. 

Problem 41. (Fig. 40.) To draw a parabola, the focfm F, a 
point Aon the curve, amd a tangent YT being given. 

The point of contact of the tangent is not given, as this 
would be a fifth condition. With centre A and radius AF 
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describe a circle FM, and on FA as diameter describe a circle 
EFE^, the centre being C, From F drop a perpendicular FY 
on the given tangent, and from Y draw tangents YE, YE^ to 
the given circle. Join FE, FE^ and produce them to meet the 
larger circle in M, M^, then MX, M^X^ drawn parallel to YE, 
YE^ respectively will be the directrices of two parabolas fulfilling 
the given conditions. 

Proof. It is known that the perpendicular from the focus 
on a tangent passes through the point of intersection of that 
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tangent and the tangent at the vertex, hence F is a point on 
tangent &t the vertex. 

The directrix muBt evidently touch the circle MFM^ and 
must meet the perpendicalar on it from the focus at a point 
double the distance &om F that it is from the tangent st the 

In the triangles AEF, A EM, AF = AM, AE is common 
and the angles AEF, AEM are equal, each being a right 
angle; 

.-. FE=EM and .-. AM ui parallel to EG, since FC=CA\ 
but EC is perpendicular to YE, and therefore MX which is 
parallel to YE is perpendicular to MA, and therefore touches 
the circle jyyjf,. 

Draw FX perpendicular to MX and let YE meet it in F, 
then FY : FX :: FE : FM; 

.-. FX=2FV, since FM=2FK 
Hence two parallel lines have been found, one of which touches 
the circle MFM^, while the other passes through F and bisects 
the distance between F and the first. 

Problem 42, (Fig. 41.) To draw a parabola, the/oma F and 
two tangents JIT, RT^ being given. 

(The problem is impossible if the given lines are parallel, i.e. 
they must always intersect in some point R; and F must not lie 
on either of them.) 

Join RF, and at F on each side of RF conBtmct an angle 
RFT, liFT^ equal to T^RS, the angle between the given lines 
alternate with that in which F is situated. T and 7", will be the 
points of contact of the given tangents and the problem is reduced 
to Problem 40. As in that problem two lines can be drawn touch- 
ing circles with centres T, 1\ and radii TF, r^/' respectively, which 
will be the directrices of parabolas hitving F us focus and passing 
through Teind T^, but only one of these will in addition touch the 
given lines at those points. 
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Proof. Tte construction depends on the well-known property 
of the parabola, th&t tA« exterior angle hetveeen any two tangtnU it 




equal to the angle avhtended at the focus, by the eegment of either 
hettoeen the point of intersection and tlie point of contact. For if 
be any point in Jli^ produced, the angle TFO = twice angle FTB, 
since (Frob. 36) the angle FTB ^ angle which TE makes with the 
axifl. Similarly angle T^FO = twic» angle FT^S^; 
. ■. angle T,FO - angle TFO = twice (angle FT,S^ - angle FTR), 
le. y^T, = twice angle Pfi2'= twice angle T,RS. 
Through F draw FD parallel to the directrix meeting TS in D, 
then FD = FS, since TS bisects the angle between FS and the 
directrix. Let FR meet the directrix in K. 
By similar triangles 

KS : FD :: KR : FR, 
KS : KR :: FS : FR; 
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and aJTnilarly, if 5, denote the intersection of RT^ witli directrix, 

ES, -.ER-.-.FS^: FR, 

.-.KS-.ES^ v.FSiFS,. 

Hence the angles KFS, KFS^ are either equal or supplemen 

tary. In the figure they are supplementary, i.e. angle iE'/'^=angle 

RFS^ 

But angle RFT is the complement of angle EF8 
and „ RFT^ „ „ „ EFS,, 

.-. angle ^7i'r = angle RFT^, 
and .-. each of them = i angle T^r, -angle T^RS, 
which proves the property above referred to. 
Second Solution. 
The problem may alao be solved by dropping perpendiculars 
from the foouB on the given tangents, their points of intersection 
determining the tangent at the vertex. 

Phoblem 43. (Fig. 39.) To d/raw a parabola, t!i£ directrix 
CC^ and two pointg A omd B on ilte curve being given. 

This is merely the converse of Prob. 40. With the given 
points as centres and vrith radii equal to the distance of each 
from the given directrix describe arcs intersecting in F and F^, 
either of which may be taken as the focus. 

Froblbai 44. (Pig. 40.) To draw a parabolu, the directrix 
MX, a point A on the curve and a tangent YT being given. 

With centre A describe a cii'cle MFM, touching MX. This 
will of course be a locus of the focus. At S, the point of inter- 
section of the given tangent and directrii, conBtmot an angle TSF 
equal to the angle between J/6' and TS produced, i.e. - the angle 
MSK. SF will be another locus, i.e. the focus will be at F, the 
intersection of the line and cu-cle. The line A'/' will evidently 
meet the circle again beyond A and this point of inteinection will 
be the focus of a second parabola fulfilling the given conditions, 
the point of contact of tangent and the point A being on the same 
side of the a 
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Proof, That the circle is a locus of the focus needs no demon- 
stration: that the line is a locus of the focus is proved, since it has 
been shewn (Prob. 36) that FS is always perpendicular to the line 
joining F to the point of contact of the tangent through S^ and 
that therefore the two triangles FST^ LST, where TL is perpendi- 
cular to MS^ are equal and similar in all respects; and that therefore 
angle ^aS'I'= angle ZiS'^= angle MSK. 

Pboblem 45. (Fig. 41.) To draw a pa/rahola^ the di/rectrix 
KX and two tcmgenta BT, RT^ being given. 

At Sy the point of intersection of RT with KX, construct an 
angle TSF equal to the angle TSK. As in the last problem SF 
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will be a locus of the focus. Similarly, if RT^ meet the directrix 
in S^i construct an angle T^S^F equal to the angle T^S^X, and S^F 
will be a second locus, therefore the intersection of these lines deter- 
mines F, the focus. In the figure the directrix and the tangent 
RT^ do not intersect within any reasonable distance, but the line 
through their intersection making the same angle with the tangent 
as the tangent does with the directrix can easily be drawn, as shewn 
in fig. 41a. Let ah, cd be any two converging lines; from any two 
points (a, h) on the one, drop perpendiculars a>c, hd on the other 
and produce them: make ce = ca, d/= db, then obviously ab and ef 
will pass through the same point on cd and will be equally inclined 
thereto. 

Problem 46. (Fig. 42.) To dra/iv a parabola, the aods AN and 
two points P, Q on the cv/rve being given. 

[The two points must not be at equal distances from the axis 
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whether on the same or on opposite sides of it, nor must they be 
on the same perpendicular to the axis.] 

Draw the ordinates PN, QN[, of which let PiiT be the greater; 
the vertex will then obviously lie on the same side of iV as i^i 
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and beyond it. On JSfF produced make Pn equal to Q^i, and on PN 
make Pm also equal to Q^i. Then Nm is evidently equal ixiPN—QN^. 
On the axis make No=Nm and on the same side of ilTmake Np=NP, 
Through o draw ox parallel to pn meeting PN in x, and through 
P draw PA parallel to N^x meeting the axis in -4. A will be the 
vertex of the required parabola and the problem is reduced to 
Prob. 37. 

Proof. It is a well-known property in the parabola that 

PNV = 4:AF, AN where -P is the focus, PN an ordinate and A the 

vertex. _ 

.-. PN\' : QN^^ :: AN : AN^, 

PNY'-QNI^ : PN]"" :: AN^AN, : AN, 



or 



I.e. 



or 



{PN^QN,){PN--QN^ : Pi\1* :: NN^ : AN, 
AN PN 



NN, (PN + QN^) (PN - QN^) 



PN. 
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If a fourth proportional be taken to 

PF, PN-\-QN,, and PN-QN^, 

L e. if a length I be determined such that 

PF i PN ^ QN^ :: PiV- QN^ : Z, 

the above equation may be written 

AN PN 

'FN," l' 

Le. -4/V is a fourth proportional to such length Z, NN^ and PN. 
But this is really what has been done, for 

Np : Nn :: No : Nx^ 

Le. PN : PN+QN^ :: PN--QN^ : Nx, 

ie. Nx is the required length l, 

and Nx : NN^ :: PxV : AN. 



That Pi\7|* = 4^i^.^iV may be shewn thus: Join PA and let 
it meet the directrix in JS. Join JSF (F being the focus) and pro- 
duce it to meet the diameter through P in Z, while the diameter 
meets the directrix in M. Then since FA = AX, PL = PM= PF, 
for ML is parallel to FX, therefore the circle on ML as diameter 
goes through F, and therefore the angles MFL, MFE are both 
right angles and 

EX.XM=FX\^ = ^AF\\ 

also AN : AX v. PN : EX by similar triangles, 

PNV : EX. MX 
'PN\^ : LU\\ 
.'. PN\'=iAF. AN, since ^2^=^Z. 

Pbobleu 47. (Mg. 43.) To draw a pa/ra^olay the axis AN, a 
point P on the curve and a tangent OT being given. 

[The tangent must not be parallel to the axis, and the point 
must lie within the angle formed by the tangent and a sym- 
metrical line on the other side of the axis.] 

Draw the ordinate PN and let it meet the given tangent in 0. 
Make NP^ on the other side of the axis equal to PN, and P^ will 
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by symmetry be a point on the curve. Find a mean proportional 
between OP and OP^ (Prob. 5) and set off ita length OE on OP 




from towards the axis. Draw through £ a parallel to the axis 
meeting the tangent in Q. Q is the poitU of contact of aaoh 
tangent. Draw QN"^, the ordinate of Q, and the vertex. A, will 
bisect N,T, the subtangent of Q (Prob. 36). The problem is there- 
fore again reduced to Prob. 37. 

Proof. That the diameter through Q, the point of contact of 
the given tangent, meets OP in E such that OE' = OP . OP,, may 
be shewn thuB. Let PAP^ he a. parabola aud OQ a tangent at Q. 
Take any point a on the given tangent, and draw any two chords 
as dbc, ah'P, and let q and q^ bo the vertices of the corresponding 
diameters, and let the diameter through q meet he rav. through 
a draw ad parallel to qv meeting the [larabola in d, and draw dv 
parallel to he meeting ita diameter in u. 
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Then oft . ac = ovj' - hv\* (Euc. ii. 6) 

= 4:Fq . {qu - 5«) (p. 71) if -^ is the focus, 

= ^Fq . ad, 

and similarly ah' , aP = ^Fq^ . ad, 

,\ ah.ac : ab\aP :: Fq : Fq^, 

Le. the ratio of the rectangles depends only on the positions of q 
and q^ , and is independent of the position of the point a. 

If the lines abc, ah'F move parallel to themselves until they 
become the tangents at q and q^, we shall then obtain, if these 
tangents intersect in t^, 

and /. ah , ac : ah' .aP :: ^^^'j* : t^ql\*, 

but the tangent aQ may be regarded as a chord catting the para- 
bola in two coincident points, and therefore if the tangent at q 
meet aQ in t and vq meet it in m 

ah,a>c : aQ\^ :: qt^ : tQ\^ 

:: qt\^ : lm\^. 

Also if Qk is the diameter at Q meeting oc in yfc, by similar 

triangles 

qt : tm :: ak : aQ, 

.'. ab , ac : aQ\' :: ^^' : aQ\', 

or a6.ac = a^l', 

which justifies the construction. 

Problem 48. (Fig. 44.) To draw a pa/rahola, the aads UN and 
two tcmgents PT, QT being given, 

[The point T must not be on the axis.] 

If from the point U in which either of the tangents (as QT) 
cats the axis, a line UR be drawn making the same angle with 
the axis as QT but on the opposite side of it, this will, by sym- 
metry, be a third tangent to the curva Let it meet the other 
tangent {PT) in V, Describe a circle through the three points 
T, U^ V (Prob. 20), cutting the axis in F. F will be the focus of 
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I the required parabola, and FU will be the distance from F of 

I the point of contact of either of the tangents QCT, RIJ. With 




centre F and radius FU describe an arc cutting UR in R, with 
centre R and the same radius describe a circle, and the directrix 
will touch this circle and is of course perpendicular to the axis. 
The problem is therefore reduced to Prob, 36. 

Proof. The fact that the circle through the points of inter- 
section of three tangents is a locus of the focus is generally true, 
and is not confined to the caae of two taugeuts meeting on the 
axis. For draw any tangent jooJ meeting the parabola in •p, the 
two given tangents in a and h and the axis in c, and let Tb meet 
the axis in I. It has been shewn (Frob. 42) that thu angle abt 
is equal to either of the angles j>Fb, FFb, also the angle Fpc -- the 
angle Fcp - the angle bet, 

.'. the remaining angle Fha of the triangle Fpb, 
„ „ btc „ bet, 

L e. if Ptco ta/ngejite inlffrsect in b t/te angle which eillier maie* wiiA 
Fb is equal to l/ie attgle which t/te other viakea with the aais. 
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Similarly, since QTy FT intersect in T, the angle FTa is equal 
to the angle Ftb, ie. btc^ 

,\ angle Fba = angle FTa, 

or a circle goes round aFTb, (Euc. iii. 27.) 

Problem 49. (Fig. 45.) To draw a parabola, two tangents AT, 
BTy amd their points of contact A and B being given. 

First method. Divide AT, BT into any (the same) number 
of equal parts ; the lines joining opposite points on the two tan- 
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gents, (ie. supposing each divided into 8 parts, the lines joining 
1 on ^r to 7' on BT, 2 on ^T to 6' on BT, and so on,) will be 
tangents to the curve, which can easily be drawn to touch them 
alL Or points on the curve may be found successively thus. 
Bisect AT, BT in the points 4, 4'. The line joining these points 
is a tangent to the curve at its centre point, i. e. bisect 4, 4' in i* 
and -P is a point on the curve. Similarly the line joining the 
point of bisection (6) of 4: A and the point of bisection of (m) iP 
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will be a tangent to the curve at its centre point, and the line 
joining the point of bisection f 6) of i'B and the point of hiaection 
(n) of i'P will be a tangent to the curve at Us centre point, and 
the method of bisecting the tangenta aucceasively may be con- 
tinued. It is obvioua that the point m, found by bisecting iP 
is identical with the point of intersection of the line 4i' and 
the line joining G on A ta 2' on £. The focus may be found 
as the interaection of the circle circumscribing the triangle formed 
by any three tangents with that circumscribing the triangle 
formed by any other three, as e.g. the triangles iTi' and 5T3', 
and the directrix may then be determined by Prob. 40. 

Second method. The focus may be determined independently, 
without drawing additional tangents, thus. Join A£, bisect it 
in V and join VT. FT will be a diameter of the curve, and 
the curve will pass through F the centre point of VT. Bisect 
FT in P. Find a third proportional to VT, AV {Prob. 5), the 
length of which will be equal to 2FP if F is the focus. [This 
may conveniently be done by making Tv ou TV eqnal ta AV 
and drawing a line through v parallel to ji F" to meet AT. The 
length {1} of this line will be the required third proportional, 
since TV: VA::Tv or FA : L] 

Describe a circle with centre P and radius equal to ^l which 
will be a locus of the focus, and the directrix will be a tangent 
MX to this circle perpendicular to the diameter TV. Then F 
may be determined aa the intersection of a circle, with centre A 
and radius AAf, the distance of A from the directrix, and the 
previoualy drawn circla 

Third method. It has been shewn (Prob. 41) that the exterior 
(ingle betioeen any two tangents is eq^ial to the angle which either 
iubtendi at the fociin. Therefore if on jIT" as chord a a^ment of 
a circle be described on the aide towards S, containijig an angle 
AFT equal to the angle ATX (Prob. 30), where K is on ST 
produced, this segment will be a locus of the focus. Similarly if 
H segment containing the same angle be described ou ST towards 
A, it will be a second locua and the focus will be at the inter- 
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section of the two, and the directrix may be determined by 
Prob. 40. 

Proof, That the line joining the intersection of tangents to 
a parabola to the point of bisection of the chord joining their 
points of contact, is a diameter may be shewn thus. Let AB be 
two points on a parabola, AT^ BT tangents at the points, F the 
focus and AN^ BN^ perpendiculars on the directrix meeting NTN^ 
parallel to the directrix in N and N^, Join FA^ FB and draw 
Ta perpendicular to FA and Th perpendicular to FB, Then the 
angle T-4a= angle TAN, 

.-. ^iV^= Tb, and similarly ^iV^j = ^Tft. 

But Ta=^Th, since it has been shewn that angle Ti^il«= angle 

TFB. (Prob. 42.) 

.-. TN=TF^. 

If TF be drawn parallel to -4iV or BN^ , i. e. to the axis, meeting 
.ij5 in F, it wiU make AY i VB x\ TN x TN^, i.e. AV=VB,, 
or the diameter through T bisects AB. Since TN'= TN^ it follows 
that any straight line through T terminated by the diameters 
A and B is bisected in T and more generally that every line 
ihroiLgh the point of intersection of two tangents terminated by 
diameters through the extremities of the corresponding chord of 
contcLct, is bisected by such point of intersection. 

That P, the point in which the curve meets TVy bisects TV 
and that the tangent at P is parallel to ^^ maybe shewn thus: — 
Since AN^ TV and BN^ are parallel lines, it follows that every 
line meeting the three is bisected by 5 F; and therefore if the 
tangent at the point P be drawn meeting AN va. G and BN^ in 
Q^, PG = PG^ ; but if it meets AT, BT in 4 and 4', it follows as 
above that P4 = W, P4:' = ^'G^, and therefore Gi, 4:P, P4' and 
i'G^ are all equal, which is only possible if GPG^ bisects TV and 
is parallel to AB, 

Hence T4: = 4^, ^4' = 4'^ and 44' = ^AB, 

To shew that -4 F is a mean proportional between VT (or 2PV) 
and 2FP, draw FU parallel to il^ or to 44', meeting PV in U, 
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then the angle FUT = B,ng\Q ^PU, 

= angle F4T, (Prob. 48), 

and therefore the circle which it is known can be drawn (Prob. 
48) through ^4^4', will pass through U. 

Hence, -4 F being twice P4, 

TFl" = 4?4| ' = ^FU. FT. (Euc. iii. 35.) 
But the angle UFF= angle FF^\ since FU is parallel to P4', 

= angle 4TT = angle FUF, 
and therefore FF = FU; also PT = P F, 

therefore AV\ * = ^FF . PF 

Definition. A chord through the focus parallel to the tan- 
gent at P is called the parameter of the diameter through P, and 
it follows from the above that its length is always equal to 4FP. 
(See definition of latus-rectum, p. 60.) 

Problem 50. (Fig. 46.) To draw a pa/rahola, three tangents, 
TU, TV, UV am.d the point of conta^et F of one of them TU being 
given. 

Describe a circle through TUV (Prob. 20), then F the focus 



F1g.46. 
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lies on this circle (Prob. 48). On PT describe a segment of a 
circle containing an angle equal to the exterior angle between the 
tangents meeting in T^ i.e. the angle VTY, (Prob. 30.) This 
s^ment will be a second locus of the focus (Prob. 42), which will 
therefore be at the intersection of the segment with the previously 
drawn circla 

If -P (as in the figure) lies beyond U the segment must be 
described on the side of TF towards V : but if P lies between T 
and Z7, the segment must be described on the other side of TP^ 
since the focus can never lie inside the triangle TUV and the 
angle it contains must be the angle UTV, since that would then 
be the exterior angle between the tangents. 

[The centre for the segment may conveniently be found by 
drawing TO perpendicular to VT to meet the perpendicular 
bisector of PT in C] 

Construct the angle UFQ equal to the angle PFU. Q will 
be the point of contact of UV, and the direction of the axis is 
determined since it is parallel to the diameter joining U to the 
centre point of PQ. (Prob. 49.) It can then of course be drawn 
through F. 

Lastly, the vertex may be found since it is the centre poiut 
between N the foot of the ordinate from P and the point in which 
PT cuts the axis (p. 60.) 

The point of contact R, of TV, may of course be determined 
without drawing the curve by making the angle ^i^i?= angle TFP, 

The construction is evident from preceding problems. 

Pboblem 51. (Fig. 47.) To draw a parabola, three points 
A, B, C7, on the curve, a/nd the direction of the aads, as JBD, being 
given. 

Draw lines through AB, BG, GA, and let BD parallel to the 
given direction of axis meet AG in 2). Bisect AG in E and draw 
JUL parallel to BD to meet BG in Z. Draw LO parallel to AG 
to meet BD in G, Join AG and it will cut EL in H, the vertex 
of the diameter through E. 
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If HK-HE^ AK will be the tangent at A and the focus may 
be found by taking HU such that a3\^^^HE .HUy ie. taking 
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K^-fn: 



2iGri7a third proportional to "lEE, AE-, drawing UF parallel to AC 
and making HF= HU. [If we take a third proportional to EKj 
AE it will be 2HU, This may conveniently be done by making 
Ea = EA and drawing au parallel to AK, Eu will be the 
required third proportional The problem reduces to Prob. 40.] 

Froqf, To shew that H is the vertex of the diameter through 
E, Draw BN^ parallel to AC meeting EH in N. BN = ED, 

and DA . DC = AE\^-ED^ = AE'^BN^ (Euc. ii. 5) ; 

but in any parabola 

AE^=^4t.FH,HE, 

and BN^^4:.FH.HN, 

.-. AE'^BN^ = 4tFH.EN = 4:FH.BD, 

.-. DA.DG :AE':: BD : HE ; 
but in the figure 



BD '.EL :: DC \CE ov EL = 



BD.AE 
DC 



and 
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AE lEEv.AD \DG, 
::AD : EL, 

BD.AE 
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\iAD : 



DC 



ie. DA.DG : AE' :: BD : HE, 
or JETE has been determined of the proper length. 

Pboblem 52. (Fig. 48.) To dra/w a parabola, three tangents 
UT, TV, VU amd ike direction of the axis, as AN, being given. 

Through T draw MTM^ perpendicular to the given direction 
of the axis. It is a known property of the parabola that if the 
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paHaon of any tangent UY intercepted between two others TJTy 
TY be projected on any line parallel to the directrix as on MM^ 
by lines Um, Vm^ perpendicular to MM^ , then any other tangent 
to tiie curve between the points of contact of TV, TV will have 
the same projected length mm^ on the axis. If therefore TM, 
TM^ be each made equal to mm^, lines through M and M^ perpen- 
dicaJar to MM^ will intersect TV, TV respectively in Q and ©, , 
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the points of contact of TU and TV. The problem is therefore 
reduced to Prob, 49, or it may be completed by utilising other 
known properties of the curve already demonstrated, e.g. — malting 
the angle TQF equal to angle TQM, QF is a locus, of the focus; 
similarly Q^F (the angle TQ^F being made equal to angle TQ,M^) 
is a second locus, and F, the focus, is therefore the intersection of 
QF, Q,F. 

Again, the circle round UT, TV, VV is known to be a locua 
of the focuB (Prob. 48), and the angle UFQ ia known to be equal 
to the angle TUV. Prob. 42. Therefore, if on PO a segment of 
a, circle be described containing an angle equal to the angle TUV 
(Prob, 30), the intersection of this segment with the above circle 
will determine F. An y number of tangents to the curve between 
Q and Q^ can be at once drawn without previously determining 
tha focus by measuring the length mm^ anfftehere on MM^ between 
M and M^ and from the extremities drawing perpendiculars to 
MM^ to meet TQ, TQ^. Any pair of such points being joined 
■will of course give a tangent to the curve. 

Proof. That the projected length on ifM^ of the portion of 
any tangent intercepted between TQ, TQ^ is constant may be 
shewn thus. Let R be the point of contact of UV and let the 
diameter through R meet Mif^ in /. Draw Qn, Q^n^ parallel to 
U7 meeting (if in n and «,. Then UR=lQn. (Pi-ob. 49) and 
therefore (m = J tM. Similarly tm^ = J (J/, . 

Therefore jjwi*, = ^MM^ - constant, since MM^ is the projection 
of the chord of contact of two fixed tangents. 

Problem 53, (Fig. 49,) To draw a paraiola, two point* A, B 
071 the curve and two tangents TL, TM being given. 

[The tangents must not be parallel and the points must not be 
on opposite sides of either tangent.] 

Draw a line through A and B meeting the given tangents in L 
and M. Take LC on LM a mean proportional between LA and 
LB (Prob. 5), and MD on ML a mean proportional between MB 
and MA. Bisect CD in E. TE will be the direction of the axis 
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of a parabola falfilling the required conditions and GQ^ DQ^ drawn 
parallel to TE to meet the given tangents will determine Q and Q^ , 
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their points of contact. The problem therefore reduces to Prob. 49, 
or may be completed similarly to the preceding. Since LG and 
MD may be set off on either side of L and M^ as LG^, MD^ in the 
figure, the point of bisection E^ of G^D^^ determines TE^ the 
direction of the axis of a second parabola fulfilling the required 
conditions. Farther, either GJD or GD^ may also be taken as the 
segment to be bisected, and there are consequently ybt^ solutions. 

The proof depends entirely on the property of the parabola 
already referred to in Prob. 47. 
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Pboblem 54. (Fig. 50.) Todrawaparabola, three points A, B, 

0, amd a tangent LM being given. 

[The points muat all be on the same aide of the tangent] 
Join two pairs of tlie given points as AM, SO and let the joining 

lines cut the given tangent in L and M. On LB take LD a mean 




proportional between LA and LB (Prob. 5), and on MS take ME 
a mean proportional between MC and MB. Then hy the property 
of the parabola already referred to (Prob. 47) a line through D 
paraUel to the axis of a parabola through A and B and touching 
LM, will pass through the point of contact of LM with such 
parabola ; and a line through £ parallel to tlie axis of a parabola 
through B and C and touching LM will pass through the point of 
contact of LM vdtfi such parabola. Hence the line joining DS 
will be parallel to the axis of a parabola which can be described 
through AB and C to touch the given line, and its intersection 
with LM will determine the point of contact of such parabola. 

Since LD, MB can be set off on either side of L and M (aa 
LD^, ME^), similarly the line joining D^ and E, will he parallel to 
the axis of a second parabola fulfilling the wnditious of the 
problem ; its point of contact lieing P : and similarly DE^ and 
D^E will determine the direction of the axes of two more such 
parabolas. The line D£^ detemnines P, as the point of contact. 
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Hence there are four solutions, and the problem in either case 
is reduced to Prob. 51. In the fig. two of the four parabolas are 
drawn, viz. those whose axes are parallel to D^B^ and DE^ respec- 
tively ; the necessary construction in each cajse being indicated. 

It might be considered at first sight that if a mean proportional 
were taken between the segments iO, iTC of the line joining AC, 
the third pair of the given points, cutting the given tangent in i^, 
two additional points would be obtained which, being joined to 
either D, D^, E or E^y would give the directions of axes of ad- 
ditional parabolas. This however is not so, since it will be found 
that the points thus obtained coincide with the intersections of 
ED, E^D^y and of DE^y ED^ respectively, and therefore no more 
solutions than the four already mentioned are obtainable. 

Problem 55. (Fig. 51.) To draw a paraholay a point A on 
the curve and three tcmgents BC, CDy DB being given. 

[No two of the tangents must be parallel, and the given point 
must not lie within the triangle formed by the tangents, nor so 
ihat any one tangent lies between it and either of the remaining 
tangents.] 

Let C be the vertex of the triangle formed ty the tangents, 
which cannot be reached from the given point without crossing 
BD. Through B draw BE parallel to CD and through D draw DE 
parallel to OBy meeting BE in E, Through C draw CK parallel 
to BD and join EA meeting OK in K, CB in Z, and BD in M, 

First let A lie between E and K-, complete the harmonic 
range KAEA^y i.e. find a point A^ beyond E on KL such that 

KA : EA^ :: AE : EA^ (Prob. 12.) 

[Through Ay K draw Aa, Ka any two lines intersecting in a, 
produce aA to a^ making Aa^ — Aa. Join a^E and produce it to 
meet Ka in b. Draw bA^ parallel to a A and it will intersect KA 
in the required point.] 

Then -ij will be a point on the curve and the problem reduces 
taProb. 53. 

Second, let the given point lie beyond E as -4j, then, com- 
pleting the harmonic range A^EAK (Prob. 11), A will be a 



second point 
Prob. 53. 
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curve and the pixjlilem again reduces to 






In completing the figure, one of the tangents employed should 
be the one situated as BD in the figure, because it is necessary to 
take a mean proportional between the segments of the chord AA^ 
included between the tangent and the curve, i.e. to take a mean 
proportional between MA and Mii^: but it will he found that 
ME, MK are each equal to such mean proportional, and therefore 
E and A' can he at once used without any further conBtruction. 
If CB is the second tangent made use of, a mean proportional LG 
or iff, must be determined between LA, LA^ (Prob. 5), and 
two of the four parabolas which can be constructed by means of pairs 
of the points K, E, G, C, to pasa through A and A, and to touch 
B£, BD will also touch CD. There is an ambiguity as to which 
particular pairs of points must be selected, but this can easily 
be settled by trial in any given case. In the fig. it will be found 
that the (lairs E, G and E, G, are those required, and that 
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the pairs K, G and K, G^ give parabolas which while touching 
BG, DB, do not touch CD. 

There are in general two solutions. 

Proof, It is shewn at the end of Chap. iv. among the har- 
monic properties of conies, that the three diagonals of a complete 
quadrilateral circumscribing a conic form a self-conjugate triangle. 
It is easily proved analytically that every parabola touches the line 
at infinity, i.e. has one tangent situated at an altogether infinite 
distance. Now BE and DE meet CD, CB respectively in in- 
finitely distant points, pass, that is, through the points in which 
this infinitely distant tangent meets CB and CD, they are there- 
fore diagonals of the circumscribing quadrilateral formed by the 
three given and the infinitely distant tangent, and its third 
diagonal must be the line CK since this meets BD in infinitely 
distant points. E is therefore the pole of the line CK, and con- 
versely the polar of K passes through E. 

But a straight line drawn through any point is divided har- 
monically by the point, the curve and the polar of the point 
(see end of Chap, iv.), therefore A^ must be a point on the 
curve. 

Pboblem 66. (Pig. 52.) To draw a parabola to posa through 
fowr given points A, B, C, D. 

[The points must not lie at the angles of a parallelogram, and 
must be so situated, that being joined in pairs, the two points 
of each pair are both on the same side, or on opposite sides of the 
point of intersection of the joining line*.] 

Join BC, AD to meet in E, Through C draw CK parallel to 
AB meeting AD in K, Take a mean proportional EG between 
ED and EK (Prob. 6) and CG will be the direction of the axis 
of the required parabola. The Problem is therefore reduced to 
Prob. 61. 

Since the distance EG may be set off on either side of E as 
B&^, the line CG^ will be the direction of the axis of a second 
parabola fulfilling the given conditions. 

* Paokle's Omic Sections. Fourth Edition, Art. 313, Ex. 1. 
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Proof. From the construction 

EB : EA :■ EG : EK, 




and EE -.EG :: E& 


ED; 


.: EB -.EA •.-.EC 


EG' 

ED ' 


or E&' : EO :: ED .EA 


■.EB, 


whicli may be written 




EG' -.EC -..ED.EA 


EC.EB, 


a relation 'which is known to hold in 


the parabol 


Geom. Conies, 3rd Ed., Art, 213.) 





Problem 57. (Fig, 53.) To draw a parabola to touch /our 
given Unea AB, BG, CD, DA, no two of which are parallel. 

Let CD meet JS in .ff and AD meet BG in G. 

The circle circumacribing the triangle formed by any three 
of the linea will be a locus of the focua (Prob. 48), which may 
therefore be determined as the intersection of the circles circum- 
scribing any two o£ snch triangles. In the figure, the circles 
circumscribing BCE and ABG are drawn. They intersect in /*, 
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the focus. The tangent at the vertex can be at once determined, 
by dropping perpendicnlarB from F on any two of the given 
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tengects as FY, FY^ perpendiculars on AB, BC ; 7 and F, are 
points an the tangent at the vertex. (Xotes to Problem 36.) 

Fboblbh 58, (Fig. 54.) To determine the centre of curvature 
of any point Pofa given parabola. 

[A circle can be drawn through any three points of a curve, 
bnt cannot in general be drawn through a greater number taken 
vbitrarily. If a circle be drawn through three points of a curve 
and the ontaide points be conceived to gradually move up to the 
centre one, the circle in the limiting position it assumes when 
the points approach indefinitely near to each otherso as ultimately 
to ooincdde^ is called the eirde of ntmature at the point, and its 
centre is called the cenire of curvaiure. The circle is said to 
pan ihrongh three consecutive points of the carve, and obviously 
has closer contact with it at the point than any other circle can 
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have, ainoe it is not possible to draw a circle througli Jou 
aecutive pointa. The centre of curvature will necessarily lie on 
the normal at the given point, and any cii'cle having its centre 
on the normal and passing through the point really passes through 
two consecutive points of the curve, since curve and circle have a 
common tangent.] 

F is the focus, PT the tangent, and PG the normal at the 
point F of the given pambola. 

Join PF and produce it to £, making FK equal to FP. Draw 
A'O perpendicular to FK to intersect the normal at f in 0. 
will be the cenlre of curvature at P. 




If the circle of curvature cuts the parabola again in Q, it wil! 
be found that FQ, the common chord, makes the same angle wiUi 
the axis as PT, the tangent, does, and that 
FQ = iFT. 

The focal chord FM of the circle of curvature is known to be 
in length equal to iFF, and it is on thia known value of the 
focal chord that the construction depends. 

The chord (PV) of the circle of curvature through P parallel 
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to the axis is also equal to iFF^ since this chord and FF are 
equally inclined to the tangent at F. 

The length FO of the radius of curvature may also be deter- 
mined by taking a fourth proportional to FY, FF and 2FF, where 
FT is the perpendicular from F on the tangent at F, 

The locus of the centre of curvature of any curve is called the 
EvohUe of that curve; and the original curve, when considered 
with respect to its evolute, is called an Involve. The chain- 
dotted curve in Fig. 54 is the evolute of the portion of the parabola 
lying above the axis. 

Normals to the curve are tangents to the evolute ; and since 
the focal radius of curvature at the vertex = 2 . AF, the evolute 
must touch the axis at a point = 2, AF from A, 

K the ordinate of the point of intersection of the curve and 
evolute be drawn meeting the axis in Ny it will be found that 

iii\r= 8 . AF= twice the latus rectum. 

The evolute of the parabola is a curve known as the semi- 
cabical parabola. 

Problem 69. To draw a pa/rahola to touch two given circlesy 
the axis being the line joining the centres. 

Let G be the centre of the larger circle, c that of the smaller, 
B and r their radii. Determine a fourth proportional to 2(7c, 
i? + r, and H-r. From G towards c set off on Gc a length (7iV^ 
equal to this fourth proportional, i.e. a length such that 

(7ir : JK-r :: JK + r : 2Gc, 

Draw JfF perpendicular to Gc meeting the circle in jP, and F 
will be the required point of contact of the curve. The problem 
therefore reduces to Frob. 47, the given point being also the point 
of contact of the given tangent. 
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Examples on Chapter IIL 

1. Draw a parabola, the focus Fy the position of the axis 
{FT) and a tangent {PT) being given. 

(From F draw FT perpendicular to PT meeting it in F, and 
from Y draw YA perpendicular to FT meeting it in ^1. A will 
be the vertex of the required parabola.) 

2. Draw a parabola, the focus F, a tangent PT and the 
length of the latus rectum being given. 

(With centre F and radius equal to one-fourth of the given 
latus rectum, describe a circle ; from F draw FY perpendicular to 
the given tangent meeting it in F, and from Y draw tangents to 
the circle. Either point of contact will be the vertex of the re- 
quired parabola (two solutions). The given tangent must not cut 
the circle.) 

3. Draw a parabola, two points (jP, Q), the tangent at one of 
them (PT\ and the direction of the axis being given. 

(Bisect PQ in F, draw VT parallel to given direction of axis 
meeting the given tangent in jTj QT is the tangent at Q, and 
problem reduces to Prob. 49.) 

4. Draw a parabola, the vertex {P) of a diameter, and a cor- 
responding double ordinate QQ^ being given. 

(Bisect QQ^ in F. jPFwill be a diameter j on VP produced 
make PT=PV. TQ and TQ^ are the tangents at Q and ©„ and 
problem reduces to Prob. 49.) 

5. Draw the locus of the foci of the parabolas which have a 
conmion vertex (A) and a common tangent PT, 

(The parabola which has A for vertex, the perpendicular on 
PT as axis, and the distance of PT from A as latus rectum.) 

6. Inscribe in a given parabola a triangle having its sides 
parallel to three given straight lines ABy BCy CA. 

(Draw BD parallel to the axis of the parabola meeting ^(7 in 
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D and CE parallel to the axis meeting AB in E, Draw a tangent 
to the parabola parallel to DE (p. 61) and from P its point of 
contact draw FQy FB parallel to AB, AC meeting the parabola 
again in Q, B. FQB will be the required triangle.) 

7. Draw a parabola with a given focus, and to touch a given 
circle at a given point. 

[Let F be the focus, F the point on the circle, draw FT the 
tengent, and construct an angle ^jPif=the angle FFT. The axis 
of the required parabola will be parallel to FM,] 

8. Shew that if tangents be drawn to a parabola from any 
pdnt Oy and a circle be described with the focus as centre, passing 
thiDugh and cutting the tangents in F and Q, FQ will be per- 
pendicular to the axis, and its distance from is twice its distance 
from the vertex. 

9. I>raw a circle to touch a parabola in P, and to pass through 
tiie focus. Let it meet the parabola again in Q and Q^ : draw a 
focal chord parallel to the tangent at P, and shew that the circle 
on this chord as diameter will pass through Q, Q^ , and that the 
kal chord and QQ^ will intersect on the directrix. 

10. Draw any right-angled triangle DEF (E being the right 
iDgle). Describe a parabola with focus F and to touch ED at 2), 
and shew that if any circle be described to pass through 2) and F 
and cutting EB produced in P, the tangent to it at P will also be 
a tangent to the parabola. 

11. Given two lines FB, QE, and a point P on one of them, 
ihew that any point on the circumference of the circle passing 
through F and B and touching QB may be taken as the focus of 
a parabola passing through P and to which the given lines shall 
be tangents. 

12. AB IB the diameter of a circle; with A as focus and any 
point on the semi-circumference of which A is the centre as foot of 
directrix describe a parabola, and shew that it will touch the 
diameter perpendicular to AB, 
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13. If APC be a sector of a circle of which the radius CA is 
Bxed, and a circle be described touching the radii CA, CP and the 
arc AP, shew that the locus of the centre of this circle is a parabola 
and describe it. 

14. Given a segment of a circle, describe the parabola which 
is the locus of the centres of the circles inscribed in it. 

15. If from a point /" of a circle PC be drawn to the centre, 
and R be the middle point of the chord PQ drawn, parallel to a 
fixed diameter ACB, describe the locus of the iotei-seetion of CP, 
AR, and shew that it is a parabola. 

16. Describe a parabola with latus rectum - 2-7 units, and in 
it draw a series of parallel chords inclined at 60° to the axis. 
Shew that the locus of the point which divides each chord into 
segments containing a constant rectangle = 4 sq. units in area, is 
a parabola, the axis of which coincides with the axis of the original 
parabola and with the latus rectum = 2-1 units. 

17. Draw a parabola to touch the three sides of a given 
triangle, one of them at its middle point ; and shew that the per- 
pendiculars drawn from the angles of tlie triangle upon any 
tangent to the parabola are in harmonica! progression. 

1 8. Given two unequal circles (centres G and g, radii R and r) 
touching each other est«mally, from G the centre of the larger 

circle make ON on Gg towards g = —^ . Draw I/P perpen- I 

dicular to Gg meeting the circle in P and describe a parabola 
with Og as axis and to toiich the circle in P (Prob. 47), and 
shew that it will also touch the smaller circle. 

19. Given a point F and two straight lines intersecting in ; 
describe a parabola with F as focus and to touch the given lines 
(Prob. 42) ; and shew that if any circle be described passing 
through and F and meeting the lines in P and Q, PQ will be a 
tangent to the parabola. 
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20. Draw the parabola which is the locus of the centre of a 
circle passing through a given point and cutting off a constant 
intercept on a given straight line. 

(The point is the focus and a perpendicular to the line the 
axis.) 

21. Given four tangents to a parabola, shew that the directrix 
is ihe radical axis of the system of circles described on the diagonals 
of the quadrilateral as diameters. 

22. Given the focus F^ a point P on the curve and a point 
L on the directrix, describe the parabola. 

[Tangents from L to the circle described with centre P and 
radius PF are the directrices of two parabolas fulfilling required 
conditiQns.] 

23. Given a focus F^ a tangent PT^ and a point L on the 
directrix, describe the parabola. 

[From F draw a perpendicular FY to PT meeting it in Z; 
piodace FY to / and make Yf= FY : / is a second point on the 
directriz.] 

24. Given three tangents to a parabola and a point on the 
directrix, draw the curve. 

[The ortho-centre of the triangle formed by the tangents is a 
aeoond point on the directrix.] 




The ellipse has already been defined (p. 56) as the locus of a 
point which, niovea Id a phme so that its distance from a fixed 
point in the plane is always in a constant ratio, less tiian unity, 
to its distance fi-om a fixed line in the plane. The corrcaponding 
definition in the case of the parabola furDiahes immediately file 
best condition for the geometrical construction of that curve, but 
tbia is not so with the ellipse. The ellipse can be more easily 
constructed geometiically from a property which will be shewn 
immediately to be involved in the above definition, and in virtue of 
which the curve may be defined as follows ; — 

Def. The ellipse is the locus of a fixed point on a. line of 
constant length moving so that its extremities are always on two 
fixed straight lines perpendicular to each other. 

In Fig. 63 let AGA^, BOB, be two straight lines intersection 
each other at right augles in C If a length (as ab) be marked off 
on the smooth edge of a slip of paper, and the slip be moved 
round ho that the point a ia always on the line BCB^ and the 
point h on AGA,y then any point as P on the edge of the paper 
will ti-ace out an ellipse. Wten the edge of the slip coincides 
With ACA^ the tracing point will evidently be at a distance CA 
from C equal to aP, and when, it coincides with BCB^ the tracing 
point will be at a distance CB from C equal to bP. By this 
method of construction the curve is evidently symmetrical about 
both the lines ACA, and BCB^, i.e. if CA^ be made equal to 
CA, j1, will be a point on the curve, and if CB^ bo made equal 
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to CB, B^ will be a point on the curve. It is moreover obviouH 
that ACA^ is the longest and BCB^ the shortest line which can 
be drawn through C and terminated by the curve. 

Def. The line ACA^ is called the major axis, the line BCB^ 
the minor axisy the point C the centre, and the points A, A^ vertices 
of the curve. 

From B, the extremity of the minor axis, as centre witli 
radius CA (the semi-major axis), describe arcs cutting tlie major 
axis in F and F^ ; through B draw B3f parallel to CA , from F 
draw FM perpendicular to BF meeting BM in M, and draw MX 
perpendicular to CA meeting it in X, 

F will be the fo<m» and MX the directrix (see definition, page 
56> 

Prom the similar triangles FBM, CFB, 

FB : BM :: CF : CA :: CA : CX, 
rince FB = CA and BM= CX; 

.-. CF : CA-CF :: CA : CX-CA, 
Le. CF : FA :: CA : AX, 

or FA : AX :: CF : CA :: FB : BM; 

il»o since CF : CA :: CA : CX, 

.-. CA-CF: CF+CA :: CX-CA : Cii + CX, 
or FA : -F^^ :: AX : A,X, 

Le. i^^ : AX :: JF'J, : A,X ; 

therefore ^, J? and ^i are points satisfying the original definition. 

Def. a circle described on the major axis as diameter is 
called the a/uxUia/ry circle. 

Through any point P on the ellipse draw the ordinate PN 
(perpendicular to major axis) meeting the axis in N and the 
•oziliary circle in Q. Since QN is parallel to BC and CQ = aP, 

.'. aP is parallel to CQ, 
.-. PN : QN :: Ph : QC 

:: BC : AC, 

or PN\' : QN\' :: ^^l" : AG'; 
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but it is known that in the circle 

.: iM^i' : ^iV".jV.'l, :: ¥c\' : I^' 
This is & very important property of the ellipse and will now be 
shewn to result from assuming the ratio FP : MX to be con- 
stant 

Through P draw PA, PA^ meeting the directrix in E and //. 
Join FH and draw PLK perpendicular to the directrix meeting 
^S in L and tbe directrix in K. 
Since PK is jiarallel to A ,X, 

I, ; A,X 



FP : PJC 
md tlie 



FA : AX. 
FA : AX, 
.ngle LFP^FLP=\ih& alternate 



StlDg I 

mate 1 
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But by Buppositio 

therefore FP ^ I 

angle LFX ; 

i.e. FL bisects the angle PFX; 

similarly FE bisects tlie angle between FX and PF produced, 
therefore the angle EFH is a right angle, since it is made up of 
the two angles EFX and HFX. 

By the similar triangles PAM, A EX, 
FN : AN :: FX : AX, 
also PM : A,K ;: EX : A,X, 

.: PN\' ; AN.NA, :: EX.HX : AX.A,X 
:: FX' : AX.A.X, 
since FFff is a right angle ; 

i. e. PiV' is to AN , NA , in a constant ratio. 

Hence taking PN coincident with BC, in which case 
AN^NA, = AO, 
MVl' : AC^' :: FX' : AX.A,X, 
and .-. PN' : AN.NA, :: PC : AC\ 
This of course shews that the point P is the same whetlier deter- 
mined as the locus of a fixed point on a line of constant length 
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sliding between two fixed rectangular axes or as the locus of 
a point which moves so that its distance from a fixed point {F) is 
in a constant ratio to its distance from a fixed line [MX), i.e. the 
two definitions of the ellipse already given are really identical. 
From the symmetry of the curve it is evident that F^ is a second 
focus and M^X^^ a second directrix. 

Five geometrical conditions are generally necessary to deter- 
mine an ellipse, and the ellipse shares with the hyperbola the 
property of satisfying five geometrical conditions. One or other 
of these curves can generally be drawn to pass through five given 
points or to touch five given straight lines, or to pass through two 
given points and touch three given lines, or to fulfil any five 
similar conditions. Which curve will satisfy the given conditions 
depends of course upon the relative positions of the given points 
and lines, and the necessary limitations will be noticed in discuss- 
ing the separate problems. As in the case of the parabola the 
giving of certain points and lines is really equivalent in each case 
to the giving of two geometrical conditions; of these may be 
mentioned the centre, the foci^ and the axes. 

The eccentricity of the ellipse is (p. 57) the numerical value of 
the above fixed ratio ; it is generally denoted by e and calling 

CA=a 

and (7j5 = 6, 

its value IS c= , 

a 

as is evident from the similar triangles FBM, FOB. 

Problem 60. (Fig. 55.) To describe an ellipse having given 
axes AA^y BB^. 

First Method. Draw two lines perpendicular to each other 
intersecting in C. Set off CA, CA^ each equal U> \AA^y and CBj 
CB^ each equal to ^ BB^, Take a smooth edged slip of paper and 
mark oflT on it Pa = CA and Ph — CB (a and b may be on the 
same or on opposite sides of P), Keep the point a on the minor 
axis and the point b on the major axis and (as already demon- 

n—'L 
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atrftted) the point P wiil bo on the curra Any number of pomta 
may thufi be detormmed. In the lower portioa of the figure the 




lengths CA, CB are shewn aet oS on opposite sides of P, and this 
arrangement is the better when the lengths AA^, BB^ are nearly 
equal, as in that case, when set off on the same side of P, the 
distance ab is too short to determine the direction of Pa with 
accuracy. 

Second Method (fig. 56), Arrange the axes as above, and on 
each BS diameter describe a circle. Draw any number of radii ax 
(71, C2, Jtc. From the extremities of the radii of the circle on tbe 
major axis draw lines parallel to the minor axia, and from the ends 
of the radii of the circle on the minor axis draw lines parallel to the 
major axis. The lines drawn from corresponding points (aa T P, 
TP) will intersect on the rei^uired ellipKe, which can therefore 
be drawn through the points thus determined. 

The proof is at ooce obvious by drawing through any point P 
on the curve a lino parallel to the correspouding radius CI, 
cutting the axes in b and a. Then 

CaPl ia a parallelogi-am, and.-. Pa^Cl = CA, 
Cb PT is a parallelogram, and .-. Pb = CT = CB, 
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so that the points found by this construction are identical with 
those found by the first. 

Third Method (fig. 56). Determine the foci; — i.e. from the end 
of the minor axis {B^ as centre describe an arc with radius = CA 




cutting AA^in F and F^, Stick a pin firmly through the paper 
at each of the three points B^^ F^ F^^ and tie a fine thread or piece 
of silk tightly round these pins, keeping it down in contact with 
the paper while doing so. Take out the pin at B^ and keeping 
the string stretched with the point of a pencil, the curve may be 
drawn by moving the pencil round the circuit. This method is; 
theoretically perfect, but it fails in practice to give a very exact 
result chiefly owing to the extensibility of the string and the 
impossibility of keeping it at a constant tension. It is difficult 
moreover to tie up the loop of the string to exactly the proper 
length and to keep the string continually in contact with the 
paper. Its use therefore cannot be recommended, but it illustrates 
a very important property of the ellipse, viz. That tlie sum of the 
focal distances of any point on the ellipse is constant and equal ta 
the major aads, which may be proved thus : 
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TANGENT AT ANY POIST. 



In fig, 55, P ia nny point on the ellipse, 

FP : PK :: FA : AX; 
aJao F,P : PA\ :: F,A : AX„ 

.-. FF + PF,: PK+PK,:: FA ■¥ F,A : AX + Ai 
: XX, ■: AA, XX„ 

i.e. FP-\-FP,^AA,. 

To draw tlie tangent at any point oj' ike curve. 
If Q, aud Q^ (fig. 55) be any two adjacent points of the curve, 
and the straight line drawn through them meeta a directrix in 
f, draw QJc„ QJc, perpendicular to the directrix and dr&w fF^ to 
the corresponding focus. 

Then F^Q, : F,Q^ :: Qfi, : QJc^ 

■■■ QJ ■■ QJ\ 
therefore /',/ bisects the exterior angle between Q^F, and Q^,. 
(Eua Tl. Prop. A.) 

Hence, exactly as in the case of the parabola (p. 59), when 
Q^ moves up to and coincides with C, s" t'lat the line through 
Q^Q, becomes the tangent at Q, (Def. p. 30), the lino .F,/become» 
perpendicular to the line joining tlte focus to tho point of contact 
of the tangent. Tlis tangent at any point Q, of an ellipse wki_'/ 
therefore be drawn by di-awing a line from <?, to either focus, 
erecting a perpendicular to this line at the focus meeting the 
directrix, and drawing tho tjingent thi'ough this point and the 
proposed point of contact. It may also be drawn by using the 
known property that the normal bisects the angle between the Jbcal 
distaneeg, which may be proved tius. In fig. 56 Q ia any point of 
the curve, .P ia a focus, and FS ia perpendicular to QF meeting the 
corresponding directrix in A' so that QS is the tangent at Q. 
Draw the normal QG perpendicular to QS meeting the major axis 
in O, and draw FD perpendicular to the major axis meeting QS in 
D, and QK perpendicular to the directrix. Join FX. 

The angle QFG is the complement of QFJ) and is therefore 
equal to tlie angle SFB ; the angle FQG is the complement of 
SQF and is therefore equid to the angle FSB, and therefore the 
triangle QFG is similar to the triangle SFB. 



\ 
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Hence FG : FQ :: FD : FS (1). 

But since SFQ, SKQ are right angles, a circle can be described 
round FSKQ, and therefore the angle FSQ = the angle FKQ. 

Also the angle QFG = the angle FQK since GF is parallel 
to QKy therefore the angle FQK = SFB, therefore the triangle SFD 
is similar to the triangle KQF, and 

.-. FD : FS :: FQ : QK 



similarly 
and 



FG 
Ffi 

FG 



FQ 
F,Q 
Ffi 



FA 
FA 
FQ 



FA 
AX 
AX, 

F,Q, 



AX, 



from (I); 



or the angle FQF^ is bisected by the normal QG, (Euc. vi. 3.) 

Hence SQT being the tangent the angle SQF is equal to the 
angle TQF^ or the tangent is equally inclined to the focal distances 
of the point of contact. It follows that if F^Q be produced to L 
the tangent bisects the angle FQL, 

Pboblem 61. To describe approxifnately by means of circular 
arc8, an ellipse having given axes. 

First Method (fig. 57). CA, CB, CA^, GB^ are the semi-axes. 
Draw A^M parallel to GB and BM parallel to CA meeting in M, 
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Bisect A^MinD. Join BD and draw MB^ cutting BD in P. P 
will be a point on the true ellipse with axes AA^ and BB^. Bisect 
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APPROXIMATE ELLIPSE BY CIRCULAR ARCS. 



1 



PB in E. Draw BO, perpendicular to PB meeting BB, in 0„ 
with ceiiti-e 0, and radius to B or P draw the arc PBF meeting iii 
/''a line tbrough 0, parallel to Jji,. Draw FA and produce it to 
meet the arc in G. Draw GO, cutting AA, in 0,, and witli centre 
O, and i-adiua Ofi draw an arc wLich will be found to pusa 
thi-ougli A, since ly the similar trinngles GO^A, GOJ'\ 
GO^ : AO, :: GO, : F0„ 
i.e. 0,G^O,A. 

The two arcs AG and C-S form one quadrant of the approximate 
ellipBe and the remainder can of courao bn put in by symmetry, 
taking centres 0, and 0, in corresponding positions to those 
already obtained. 

Second Method (fig. 58). Draw A if, EM parallel respectively 
to BC, AC, meetiDg in M. Draw MO, perpendicular to AB, 




cutting BB, in 0, 
(BD) between CA aud CB. 
making Be on MB produce< 
circle on Mc cutting BC ir 



Find a mean proportional 
(Tills may conveniently be done by 
eq«al to BC, and describing a semi- 
i>.> Make AE equal to BD. With 



centres 0„ 0^ and radii 0,D, O^E describe area intersecting ia (?,. 
Tiien 0,, Oj, 0, are points which can be used as centres for 
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successive arcs of the required curve. The arc struck from 0, will 
pass through B and extend of course to F on the line Ofi^, that 
from O^ will pass through F and extend to (r on Ofi^^ and that 
from O^ will start from G and pass through A. Thus each 
quadrant will consist of three arcs, and the centres for the 
other three quadrants can be taken by symmetry. 

The arc struck with centre 0^ and radius Ofi will evidently 
jjass through A, since GO^ = FO^ = BD = AE axid 

GO^=GO^-Ofi^^GO^-0,E = AE-0,E'-=AO^. 

It will be shewn hereafter that the points 0^ , 0^ are the centres of 
curvcUure at B and A respectively ; the circular arcs struck with 
these centres through B and A coincide therefore more nearly with 
the true ellipse at those points than any others which can be 
drawn. 

Deftnition. Any line drawn through the centre of the 
ellipse and terminated both ways by the curve is called a dia- 
metery and a semi-diameter CD pai*allel to the tangent at the 
extremity of a semi-diameter CF is said to be conjugate to CF, 
Every diameter is evidently bisected by the centre. 

The following impoi*tant properties of the ellipse should be 
carefiiUy noticed. 

Prop. 1. Tangents drawn at the extremities of any chord sub- 
tend eqtLol angles at the focus. 

Let FF^ (fig. 59) be any chord of an ellipse, and let the 
tangents at F and P, meet in T, Let F be the focus, and from T 
draw TMy TM^ perpendicular to FF^ FF^^ and draw TN perpen- 
dicular to the directrix XS, Let the tangent at P, meet the 
directrix in S^ then FS is perpendicular to FF^ and therefore 
parallel to TM^, 

.-. FM^ :FF^ ::ST:SF^ 

:: TJ^ : F^K, 

where P^K is perpendicular to the directrix ; 

.-. FM, : TJSr :: FF^ : F^K 

:: FA : AX, 
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FM: T:^::FA -AX, 
.-. FM^Fif^. 



1 




Hence in tlie right-angled triangles TFM, TFM,, FM=FM^ and 
TF in common, therefore the triangles ara equal in all respects, 
ie. the angle TFP equals the angle TFP^ and TM= TM^. 

Pbof. 2. A diameter bisects all ckorth parallel to t/te tangent* 
at iU extremities, i.e. all chords parallel to its conjugate. 

l*t QQ, (fig- 69) be any chord o£ an ellipse meeting th<' 
directrix in It and let be the centre point of QQ^ and F^ the 
focus. Join F^Q, Ffi^ and draw i^'jl' perpendicular to QQ,, then 

= 1QQ,.0Y. (1): 

but smce Q and Q^ are on tlio ellipae 

r,Q ■ '','?. " fi* : QA 



..(2); 



therefore from (1) and (2), 

or_™'_727|" 
uji Qji] ji,\r\ ' 

where ^, IT is drawn through the vertex parallel to QR, meeting 
the directrix in IF j i.e. OF : 0£ in a constant ratio. 
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Take any second chord qqy^ parallel to QQ^^ meeting F^ Y in Y^ 

and the directrix in R^y let 0^ be its centre point, then since 

OY O Y 

77^ = y^-^ , it follows that the line 00 must pass through the 

OJi ^i-^x 

point jTj in which F^ Y meets the directrix and is therefore fixed 
for all chords parallel to QQ^. This line Tfi will pass through 
the centre (i.e. will be a diameter), because the chord through 
the centre parallel to QQ^ is bisected by the centre and also by 
Tfi, Let Tfi meet the ellipse in P^ and suppose qq^ to move 
parallel to itself till it approaches and ultimately passes through 
P^ Since O^q = O^q^ throughoufc the motion the points q, q^ will 
evidently approach P^ simultaneously, and in the limiting position 
qq^ will be the tangent at P^, It follows that if Pg be the other 
extremity of the diameter through P^, the tangent at P^ is 
parallel to QQ^, and therefore to the tangent at P^. 

Corollary. The perpendicular on the tangent at any point 
from the/ocu8 meets the corresponding diameter in the directrix. 

Prop. 3. If PGP^ he a diameter and Q VQy^ a chord parallel 
to the tangent at P and meeting PP^ in F, and if tJie tangent at Q 

meet PP^ produced in T, then CV . CT=1JF\^ (fig. 60). 

Let TQ meet the tangents at P and P, in R and r, and F 
being a focus draw RN perpendicular to the focal distance FP 
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meeting FP in N, m perperpendicular to PP, meeting it in n, 
and EMy rm perpendicular to the focal distance FQ. 
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i.e. the right-ai 
But 



Let F, be the other focus and join FJ', F,P,. 
Since CF=CF„ CP^CP,, and the angle FCP = the angle 
F,CP„ therefore the triangles FGP, F,CP, ure equal ia all reapecta, 
and therefore the angle CPF^the angle CP^F, ; 
siraikrly CPF, = the angle CP,F, 

and therefore the whole angle FPF,-tke whole angle F,P,F. 
But the tangeuts are equally inclined to the focal distances, and 
therefore also the angle FPJi = the angle F,P^r, 
.: the angle FPB = fhe angle FP^r, 

i triangles RPN", rP^n ate similar, and there- 

SP : rl'. :: RN : rn. 
\'= RM and rn = rfn (Prop. 1}, 
.-. RP : rP, :: liM : rm 
:: RQ : rQ. 
But TR : Tr :: HP : rP„ 

.-. TP : TP, :: PV : P,V, 
or CT-CP : CT+CF :: CP-CV : GP + PV, 

.: CT : CP :: CP : CV, 
.-. CT . CV-^CP'. 
Cor. 1. Since CF and C/* are the same for the point ^|, the 
tangent at Q^ passes through T or the tangents at t/te exlremitiai 
of any chord internect on the diameter which bisects thai diord. 

Cor. 2. Since TP, : TP :: P,V : IV, it follows that TPVp is 
lianuonically divided (p. 13). 

The above proposition has been proved generally; it therefoi-e. 
liolds when the diameter CP coincides with the major axis. Let 
P^ be any point on ma ellipse (tig. 56) and draw the ordinate J*,ir 
perpendicular to CA, producing it to meet the auxiliary circle i 
p, and draw the tangent at P, meeting CA in T, then 

CJ^.CT=CA'=Cp', 
and .'. C/^r is a right angle, 

HQd therefore pT ia a tangent at p to the auxiliaiy circle ; hence 
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Cor. 3. The tangents at the extremities of corresponding 
ordiruUes of the ellipse and auociliary circle intersect on t/te major 
axis. 

Draw CD (fig. 56) the diameter conjugate to CP^, dDn tlie 
oorresponding ordinate meeting the auxiliary circle in d, and the 
tangents at D and d meeting the major axis in t. 

Then F.NipJST:: BC : AC :: JDn : dn, 

and P^N iNT wDniCn, 

since CD is parallel to P^Tj 

.-. pN:NT \\dn : Cn, 
and therefore Cd is parallel to pT, i. e. pCd is a right angle, or 

Cor. 4. Conjugate diameters in the ellipse project into dia- 
meters at riglU angles to each other in the auxiliary circle. 

If the tangent at d meet the major axis in t, since dt is 
parallel to Cpy Dt (the tangent at D) will be parallel to CP^, or, 

Cor. 5. If CD he conjugate to CP^, CP^ is also conjugate to CD. 

Since pCd is a right angle, the angle dCn is the complement 
of the angle pCN, and therefore equals the angle CpN, therefore 
the triangles CpN, dCn are equal in all respects, i.e. Cn=pN 
and dn = CNy 

CP,' = P, xV« + Cy* and CD' = C71' + Dn\ 
.-. C¥^' ^CD"^ =^(J^' '^^\' •rF;N\' -^'D^^ 

= CZ|« + ]^|^ + J9«' (1). 

But P^N : pN w Dn : dn :: BG : AC, 

. •. PjiV : Dn : : pN : dn, 
.-. P,N' + Dn' : P,N' ::pN'-hdn' : pN', 
and p]!^' + dn' = AC; 

or P,N' + Dn' ric]' :: BC : AC'y 

.-. P;Ny + Dn' = BC'. 
Therefore, from (1) 

Cor. 6. CF^\'+lJD\'=rCA\' + VB^'. 
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Prop. 4. If PCP„ DCD^ bo conjugate diameters and (?Fbc 
drawn parallel to CD meeting the ellipse in Q and CP in F, then 
QV : PV. VP, :: CD' : CP". 
an ordinate of the diameter POP^.] 
;ent at Q (fig. 60) meet CP, CD in T and (, and 
to CT meeting CD in U. 
OT^CP' and GU.Ct = CD' (Prop. 3). 

CU= QV, 
CD' : CP' :: QV. Cl : CY . CT 
■.■.~QV\' : CY. YT. 
Ct : Q7 :: CT : YT, 
CY. YT=CY.CT-CV 

= CP'-CV = PY. YP„ 
QV : PV. VP, :: CD' : CP*. 
Given a pair of conjugate diameteri to determine 



[OF is called 

Let the tang< 
draw 0^ parallel 

Then 
But 



Problem G2. 

(Aea«M(fig. 61). 
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PCP^y DCD^ are the given conjugate diameters. Through D 
draw Q^DQ perpendicular to CP, Make DQ and DQ^ each equal 
to CP and draw the lines CQ, CQ^. Then the major axis ACA^ 
bisects the angle QCQ^ and the minor axis (BCB^) is of course 
a line through C perpendicular to ACA^, The axes are therefore 
determined in direction. To determine them in magnitude : — 
On Q^C on opposite sides of C make Cq and Cq^ each equal to CQ, 
then Q^q will be the length of the major axis AA^ and Q^q^ will 
be the length of the minor BB^, Bisect each of these lines and 
CA, CB will be given respectively. 

Proof. Since CQ= Cq and BC bisects the angle QCq, therefore a, 
the point in which Qq cuts BC, bisects Qq and therefore Da is parallel 

to Qj^ and = ^- = CA, Similarly b the point in which Qq^ meets 

CA bisects Qq^ and Dh is parallel to Q^q and =—^^ = CB, and 

2), h, a are in the same straight line. Hence i> is a point on 

the ellipse described with CA, CB as semi-axes. Also DQ is 

the normal at D, since Q is the instantaneous centre of rotation 

for the line ab moving along the axes. Therefore the tangent at D 

will be parallel to CP, Lastly, to shew that P will also be on the 

curve 

CQ" + CQ,' = 2CD' + 2Dg' (Euc. n. 12 and 13), 

= 2{CD'-hCP'y 

But CQ, = AC + BC, 

and CQ=^AC-BC, 

..'. CQ' + CQ,' = 2{AC' + BC% 

.'. CD' + CP'^AC-^BC, 

a known property of conjugate diameters. (See Cor. 6, p. 109.) 

Problem 63. To describe an ellipse having given conjugate 
diameters PCP,, DCD^. 

This might of course be done by the last problem : the curve 
may however be drawn independently, though none of the follow- 
ing constructions give any information as to the position of the 
axes, foci, or directrices. 
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First Melhod. By continuous motiou (fig. G2). From C draw 
C'a perpendicular to CD tmd through P draw Pa parallel ■ 
CD meeting Co in a. 



^ 




On CP make Cd = CD and on Ga make Cp=CP. Through 
a draw ab parallel to pd meetiug CP in b. If a triiingle equal 
and eimilar to the triangle abC be moved round so that the 
angle a is always on the diameter DCD^ and the angle b on PCP^, 
the angle C will be on the curve. The moat convenient way ni 
proceeding practically is to cut a atrip of paper of breadth equal 
to the perpendicular distance between C and ab. The points 
a and b can then he marked off on one edge (as at a,b^) and the 
jKiint C on the other edge (as at C^). The slip can easily be 
adjasted in any n\imbcr of positions and the correspondinj; 
jmaitions of C^ marked. Any number of [Kiinta on the curve may 
thus be determined*. 

Second Mettiod (fig. 63). Draw PM, FJf^ parallel to CD and 
DMM^ parallel to CP meeting PM in M and P^M^ in -V,. 
Divide MD into any number of equal parts 1, 2, 3... and CD 
into the same number of equal parts. Then lines drawn from P 
to any of the points on MD intersect lines drawn from /*, through 
the corresponding points on CD in points on the curve, and thua 
any numl)er of points in the quadrant PD can be determined. 



* la 



I indeblecl to Ptaf. MiocMii lor tbia conBtrnctioa. 
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Similarly if M^D be divided into any number of equal parts 
r, 2', 3'... and CD into the same number 1, 2, 3... lines drawn 
from jPj to the points on M^D intersect lines drawn from P to 




the corresponding points on CD in points on the required curve, 
and thus the quadrant DP^ can be determined. When half the 
curve is drawn the remainder can be put in by symmetry, since 
every diameter is bisected by the centre \ thus if QCQ^ be drawn 
and CQ^ be made equal to CQ, Q^ will be a point on the curve 
and similarly for any other points on the semi- ellipse P, D^, P^, 

Third Method {^g, 64). PCP^, DCD^ are the given conjugate 
diameters. Draw PM, P^M^ parallel to CD and MDM^ parallel 
to CP meeting PM in M and P^if , in M^ , 

Draw the line PD and take on it any number of points 1, 2, 3. . . 

Draw the lines la, 26, 3c... parallel to CD meeting DM in 
0^ 5, c... j and the lines J/^l, J/j2, M^3.,, meeting MP in a\ h', c'.... 
Then the lines aa\ hh\ cc\,. will be tangents to the curve, which 
must be drawn in to touch these lines, so giving the quadrant PD. 
A similar construction will give a second quadrant DP^y and 
the remaining semi-ellipse can of course be put in similarly or by 
drawing any number of diameters. 

Fourth Method (fig. 64). Draw PM^, P.MJ:: parallel to CD^ 
and MJ)^M^ parallel to PP^ meeting PM^ in M^ and PM^ in M^. 
Make M^E^P^M^ and divide PM^ into any number of equal 
parts as at 1, 2, 3.... Draw E\, E2, E3... cutting D,M^ in/,^,/* 

E. % 
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I'espectiTely. Then tlie lines joining corresponding jtoints on PM^ 
and Mfi„ as/S, g2 and ao on, wi 11 be tangents to tlie curve, whiclj 
must therefore be drawu touching these linea. 

Siniilavly for the rernaiiiing quadrants, or as before, when half 
the ellipse is obtained the other can be put in by symmetry. 

To draw a tangent at any point of an dlipm luiving a girri' 
pair of eovjugate diamfters. 

Let Q {fig. 64) be the point, POP,, DCD, the given conjugate 
diameters. Draw QA^ parallel to CP meeting Ci>, in N, so that 
Fig,a4. 




C'y ia the abscissa and QJV the ordinate of Q referred to the given 
conjugate diameters &a axes. Make Cn on C'Pi equal to OX' anrl 
Cd-CD, and draw throngh d a line dT parallel to nD^ cntting 
C/>, in T. The lino QT will be the tangent at Q, for by airailai- 
tnanglea 

CT-.Cd :: CD, : Cn, 
i.e. Cr : CD, :: CD, : CjV (Prop. 3, p. 107). 

Problem 64. To describe an ellipse, one axis and a point {I') 
on t/te curve being given (Fig, 55). 

The axis ia of course given in direction and magnitude, and 
this really involves the centre of the curve and the position of 
the other axis. 

First, suppose the major axis AA^ given. Bisect it in C and 
draw BCB, perpendicular lo AA^. From P with AC as radius 
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mark the point a on BB^ and draw Pa cutting AA^'inh. Ph will 
be the length of the semi-minor axis, which can therefore be 
marked off from C to B and B^ . 

Second, if the minor axis BB^ is given. Bisect it in C, through 
C draw ACA^ perpendicular to BB^, From P with radius BC 
mark off the point 5 on -4-4 ^ and draw Pby producing it to meet 
BB^ in a. Then Pa will be the length of the semi-major axis, 
which can be set off from to -4 and A ^ . 

The construction is obvious from the original method of draw- 
ing the curve. 

Problem 65. To describe an ellipse^ an axis ACA^ and a 
tangent Tt being given (Fig. 65). 

Ty t are the points in which the given tangent cuts the axes. 
Draw the second axis BCB^, 

Take CN on CA^ a third proportional to CT, CA (i.e. on CB 
make Ca = CA, dr&w An parallel to Ta, cutting CB in n, and 
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make CiV= Cn), Then iT is the foot of the ordinate of the point 
of contact of the given tangent (Prop. 3, p. 107), and therefore by 
drawing i^P perpendicular to CA meeting the tangent in P, a 
point on the curve is determined and the problem reduces to 
Problem 64. 

8—2 
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Problem 66. To describe an ellipse, Ike direcliuns of a pair 
of eoiijugnte diametere CA, CB, a ta7igetU,PT and it n point of 
contact P being given (Fig. 65). 

In tbe figure the given conjugate diameters ai'e the axfs, 
but the construction holds in any case. 

Tlirough F draw Py parallel to OB meeting CA in iV. Take 
GA a mean proportional between CjV" and CT, which determines 
tlie length of the Bemi-dianieter CA, Similai'ly determine the 
length CB. 

Frobleu 67. To describe ran ellipse, tlie centre (<7), two points 
on the curve {P and Q), and the directiong of a pair of conjugiit'- 
diaTiieters {CA, CB) being givert. The lengtiia GA, CB are luil 
given (Fig. 66). 

From P and Q dmw PM, (?iV piirallel to ^C meeting CA in 
M and J'. [In order that the problem may be possible, if P.U is 




! 



less than QiV, CM must be greater than CN.] Produce PH tu 
E and /*,, making MP^ equal to MP; P, will evidently be « 
point on the curve, Similarly, drawing £QiiQ, parallel to CA 
meeting PM in £! and CH in n, and making tiQi - 7iQ, Q, will be 
a point on the curve. Through M ilraw MX parallel to PQ and 
,1/r imrallel to P,Q, meeting i'(?, in ^ and Y resiiec lively. Find 
ND a mean proportional between EX and EY and set it up froiu 
-Fan a perpendlctihir to CA. [The mean proportional may con- 
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veniently be found by producing XE to y, making Ey = EY^ and 
on Xy describing a semi-circle cutting Ed perpendicular from E 
to Xy in d, Ed is the required mean proportional.] Then a 
circle described with centre C and radius CD cutting CA in A 
and A^ will determine A and A^ the extremities of that diameter, 
and if Cd^ be made = ND on CA „ and a parallel to d^n be drawn 
through A ^ cutting CB in B, this will determine an extremity of 
the other. The curve can then be completed by preceding problems. 

Proof. The construction depends on the known proposition 
that EP. EP, : EQ . EQ, :: CB' : (7i«; PP, and QQ^ being any 
chords parallel to the conjugate diameters CB, CA and inter- 
secting in E, Admitting this, then by Prop. 4, p. 110, 

QN* '.AN.NA, :: EP.EP^ : EQ , EQ,. 

By the construction 

EX : EQ ;: QIST : EP, 
and EY : EQ, :: QN : EP,, 

.-. EX.EY : EQ.EQ, :: QN' : EP.EP,; 
but j^Z . EY^-ND' = ilif. ir.1^, 

.-. AN.NA, : (?#" V, EQ.EQ, ; EP.EP,, 
which proves that AA, is the diameter parallel to EQQ, . 

Also by construction 

CB : Ciij :: QN : ND) 
.-. (7J5» : C^,« y,QN' : AN. NA, , 
or CB is the semi-diameter conjugate to CA,. 

That ^/^ . EP, vEQ . EQ, :: C5' : CA"" may be proved thus :— 

Through E draw the diameter ERR, and draw the ordinate 
RU parallel to PP, or to (7i?, then by Prop. 4, p. 110, 

CB'-RU' : C^» :: C^^ : CA', 
and Pif* : CA' -• CM' :: C'i?' : 0.1'; 

.-. CB'-PM' : (7if» :: 0^' : CA', 
so that CB'^RU' : CU' :: CB'-PM' : Cif » ; 

but 72^7'* : CU' :: EM' : 6\¥' ; 

.-. CJ?' : CU' :: CB' -^ PM' ■\-EM' : Cif', 
or CjB* : CB'-'PM' + BM' :: CU' : CJf* v. GR* \ CE* s 
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or CB' : EP. EP, :: CR' : ER. EI/, . ^| 

SimUarly C.V : EQ . EQ, ■.: CR' : ER . ER, , 
or EP.EP, : EQ . EQ, :: CD' : CA'. 

Problem 68. To deeeribe an etlipae, (As centre (C), direction of 
■major axis CT, and two tangenta {PT, Pt) being given (Fig. 67). 

Bisect the angle TPt between the given taugenta by PR 
meeting CT in R, and draw 2'lf ptrpendicular to PR meeting CT 
in U. 




Describe a circle round the triangle RPl^ and draw a tangent 
from C to this circle meeting it in E. OK will be the diwtance 
of either focus from C, i.e. malce CF= CF, = CK, And F and F, 
will be the foci of the required ellipse. From F draw FY per- 
jiendicular to Pt meeting it in Y, and make YL on FY produced 
= YP. Draw F,L cutting Pt in Q, and Q will be the point of 
contact of Pt, i.e. Q will lie a point on the ellipse, which can 
therefore be completed by preceding problems. 

Proi\f. Since CK is a tangent to the circle RPU, 
CK : CU :: €U : CK; 
.-. CK+CH : CK-CS :: CU+GK : CU-Ci 
or FR : RF, :: FV : F,U, 

i.e. FU ia divided harmonically in R and F, or P{FRF,U\ is 



■4 
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a harmonic pencil. But the angle RPU is a right angle, and 
therefore PF and PF^ make equal angles with PR (p. 15). 
Therefore also the angle FPQ =t\iQ angle F^PT since PR 
bisects the angle QPT; or the tangents from, P make eqiud angles 
unth the focal distances of P: a known property of the ellipse. 

F^L is evidently the length of the major axis, for, by the con- 
struction QL = FQ, and therefore F^L = F^Q + QF^ the sum of 
the focal distances (Prob. 60, p. 101). 

It follows that Y is on the auxiliary circle, for CF = CFy^ and 
FY =YL', therefore CY is parallel to and equal to \FJ. = CA : 
and similarly if F^Y^^ FZ and F^Z^ are perpendiculars from the 
foci on the tangents, Y^, Z and Z^ are all on the auxiliary circle. 
Produce YF to meet the auxiliary circle in F^, then FY^ is equal 
to i^j Fj , and therefore 

FY.FJ^ = FY.FY^=^AF.FA^, (Euc. in. 35.) 
Similarly FZ , F^Z^ =AF. FA, = FY, FJ^ , 

i.e. FY : FZ :: F^Z^ : FJ^) 

and since the angle YFZ is equal to the angle Y^F^Z^ , therefore 
the tariangles YFZ, Z^F^ Y^ are similar (Euc. vi. 6), i.e. the angle 

FZY=FJ^Z,, 

Circles can be described about the figures 

YFZP and F.Z^PY^ , 
and therefore the angle FPY^th^ angle FZY, 

F^PZ^^ „ FJ^Z^, (Euc. in. 21.) 

therefore the angle FPY= the angle F^PZ^ , which proves the 
property above referred to. 

Pboblem 69. To describe an ellipse, the centre C, the direc- 
tions of a pair of conjugate diameters CTy Ct, a tangent Tt, and a 
point P being given (Fig. ^^y 

[P must lie between the line Tt and a parallel corresponding 
line on the other side of C] 

Draw PCL meeting Tt in Z, and make CP^ = CP, P^ is a point 
on the curve, 

Take a mean proportional {Lm) between LP and LP^ and 
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make LM on LT equal to L-m. On Tl describe a semicircla 
draw Mn perpendicular to LM and make Mn-C'P. 
Draw Ln cutting the semicircle in q and q^. From q draw qQ 




perpendicular to LT meeting it in © ; then Q will he the point of 
contact of Tl, ami Qq will be the lengtli of CD the semi-diameter 
conjugate to CQ ; the curve can therefore be completed by 
Problems 63 or 63. 

Since Ln cuts the semicircle in two poink, there arc two 
eolations. 

Proof. TliB eonfltruction depends on the property of tlie 
ellipse proved in Problem 67, that tho rectangles contained by 
the segments of intersecting chords are in the ratio of the squares 
of the parallel diameters ; and on the fnrther pro[iei'ty tliat if the 
tangent at Q meet a pair of conjugate diameters in T and (, and 
CD be conjugate to CQ, 

QT.Qi^ ay. 

If Q be the ]>oint of contact of Tt it follnws that 
LP. LP, : LQ" :: CP' : CD'; 
but LP. LP^^LM' by construction, 

.-. LM : LQ -.: CP : CD; 
but by construction 

LM : LQ :: Mh : Qq, 
and Ma = CP, so that Qq = CD; al.so Qq' = QT . Ql, 
semicircle, therefore Clf ~ QT. Qt in tlie figure as d 



I 



p Tqt is a 
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To prove that it does so in the ellipse, draw the ordinates 
QN^ DKy parallel to Gt^ and let the tangent at 2> meet CT in /?, 
then by similar triangles, 

. QT : QN :: CD : DK, 
and Qt : GN :: GD : GK; 

.-. QT.Qt : QN.GJ^ :: .GD' : DK.GK, 
But GN.GT= GA' = GK. GR (Prop. 3, p. 107), 

.-. GN : GK :: GR : GT 

: GD: QT 
: DK : QN', 
.-. GN.QN=GK.DK, 
and .-. QT.Qt ^GD". 

Pboblem 70. To describe an ellipse, the centre C, two tangents 
PTy QTy and a point on the curve (R) being given (Fig. 69). 

Fl«.69. 




fit is of course possible to draw at once two more tangents by 
producing TG to T^, making GT^ = GT, and drawing through T^ 
parallels to TF, TQ. The point R must lie within the quadri- 
lateral thus formed Let the parallel {T^t) to TP meet TQ in <.] 
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Draw RCR^ and produce it to meet TQ in Z; make C/?, = CR. 
Take a mean proportional (Zm) between LR and LR^ and make 
LM on TQ = Lm, Draw Mr^ perpendicular to TQ and equal to 
GRy and join Zr^, cutting the circle described on Tt as diameter 
in q and q^ ; from q or ^^^ drop a perpendicular (9^) on T'^, and Q 
will be the point of contact of Tt. CD drawn parallel to Tt and 
equal to Qq will be the semi-diameter conjugate to CQ. 

Proof, By construction, 

LM' : LQ' :: Mr^' : Qq", 
i.e. LR.LR, : ZQ' :: OR' : Qq' ; 

therefore if Q is the point of contact of Tt, Qq must be the length 
of the semi-diameter parallel to Lt : and since 

QT.Qt=Qq'=CD% 
Q is such point of contact. (See last problem.) 

Problem 71. To describe an ellipse, tJis centre C and three 
tanjents {SV, SW, VW) being given (Fig. 70). 

Flg.70. 



Through C draw TCT^ meeting SV in T bhA SW in T^ so that 
TT^ is bisected in C (Prob. 14, p. 1 9). CT will be conjugate to CS. 
Draw T^v parallel to CT meeting VW in v, then Tv will be an 
ordinate of the diameter CV, for if it meets CV in m, Tm = mv, 
since TC = CT^. 
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Similarly, if Tw be drawn parallel io CW meeting VW in w, 
T^w will be an ordinate of the diameter CW, 

Let Tv, T,w intersect in F. Draw SE cutting FIT in P, and 
P will be the point of contact of VW, Also PQ parallel to To 
meeting ST in Q will be the chord of contact of the pair of tangents 
VT^ VW, Le. P and Q are points on the curve; and the problem 
reduces to one of several previously given, or may be completed 
thus : — Draw QN" parallel to CS meeting CT in j^. Q^ is an or- 
dinate of the diameter CT, and therefore CA the length of the 
semi-diameter is a mean proportional between CiVand CT (Prop. 3, 
p. 107). Similarly if Qn be drawn parallel to CT meeting CaS' in 
II, CB must be taken a mean proportional between Cn and C7aS^. 

Proof. The only point in the construction requiring proof is 
that SE cuts VW in its point of contact. 

Now the chords of contact PQ, PR, RQ of the given tangents 
are parallel respectively to TE, ET^, T^T, which is impossible 
unless EP passes through S the intersection of TQ and TR, 

Problem 72. To describe an ellipse, th4i centre C, two points 
[A and B) of the curve and a tangent Tt being given (Fig. 71). 



[A second tangent can at once be drawn parallel to Tt on the 
opposite side of C, and at the same distance from it; A and B 
must lie between these lines.] 
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Through C draw CT parallel to AB meeting the given tangent 
in r, Bisect J Bin i\' and draw JVCi meeting K inf. €T, Clare 
a pair of coujugate (lia.inetera, and the problem reduces to Prob. 69. 
Draw the diameter ACA^ meeting Tt in L. Take Zm ft mean 
pro[)ortional between LA and LA^. Make LM nn Lt equal to Lm, 
draw Mn perjiendicular to Lt and equal to CA and Ln cutting a 
circle on Tl as diameter in p and p^. Perpendiculma from p and 
p^ on Tt will determine two points, either of which tan be taken 
as the point of contact of Tt, and the length pP will be the oorre- 
aponding conjugate diamvler CQ. 

The construction ia obvious from preceding problems. 

PltOBLEM 73. To describe an dlipm, iJie centre C and three 
}>oints P, Q, R beiju/ ffivmi {Fig. 72). 

[Any one of the three points, as Jt, must lie beluKen one pair of 
the parallel lines furnished by the remaining points and tjieir cor- 
responding points on the other side of tlie centre, and outside the 
other pair.] 

Bisect PQ in p, QR in q, and RP in r, and draw Cp, Cq and 
Cr, producing each iadefinitelj. Pli is a double ordinate of the 




diameter Cr, and therefore the tangents at P and R will intersect 
on Cr produced ; similarly the tangents at P and Q will intersect 
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on Cp and those at Q and It on Gq, If therefore a triangle be 
drawn the sides of which pass through P, $, R and the vertices of 
which lie on 6^/?, Cy, and Or respectively, the sides of this triangle 
will be the tangents at P, Q and R, This can be done by Prob. 
15, p. 20 : — Take any point a on (7r, draw Pa, Ra cutting (7p, Cq 
in 6 and c respectively ; join he cutting PR in JT, and draw XQ 
catting Ch in ^' and (7c in < : Pr, T^, and Rt will be the tangents 
at P, ^, and /^ respectively, and the problem may be completetl 
by preceding problems, or thus ; through C draw DCD^ parallel 
to Tt so that CD is conjugate to CQ ; let TF meet CD in r,, 
draw FN parallel to CQ meeting CD in JT. Take CZ> a mean 
proportional between (7iV and CT^^ and (7Z> will be the extremity 
of the diameter CD (Prop. 3, p. 107). 

The construction is obvious. 

The given data are evidently equivalent to a diameter and two 
points of the curve. 

Problem 74. To describe an ellipse, tlis foci F and F^ and a 
point Q on tlie curve being given (Fig. 56). 

It has been shewn already that the foci lie on the major 
axis and that FF + PPj = the major axis (p. 101). 

Bisect PPj in (7, and through C draw BCB^ perpendicular to 

FF^. On CF, CF, make CA = CA^^^^^^^^\ and make 

FB = FB^ = CA. AA^, BB^ will be the axes of the required 
ellipse. 

Problem 75. To describe an ellipse, the foci F and F^ and a 
tangent {FQ) to tlie curve being given (Fig. 67). 

[FQ must not lie between F and P^.] 

From F draw FY perpendicular to FQ and produce it to L 
making YL = FY. Draw F^L cutting FQ in Q, whicli will be 
the poiut of contact of FQ and the problem reduces to the pre- 
ceding. 

The construction is obvious from Prob. 68. 
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Problem 76. To deaeribe an ellipse, a focus F, a tangent III' 
witli ila point of contact R, atid a second point P on the ctln•^ 
being given (Fig. 73). 

From F draw FY perpeudiculnr to RT meetiug it in Y, ami 
produce FY to / mftking }/= YF. 

[F and /' must He on the same side of RT and tlie dialance 
of P from F must be less than its distance from a ]ine drawn 
tiirough /perpendicular tafR. See Problem 106, Cliap. v.] 




Xftay fit, which will be a locus of the second focus. OnfR 
towards R make fl'^ = FR. Draw PP^ and bisect it in r ; tbrougli 
r draw rF^ perpendicular to PP^ intersecting fR in F^, which 
will be the second focus. Hence both foci being known the pro- 
blem may be comjileted by ProLi". 74 or 76. 

Proof. That fR is a locus of the second focus Lbs been 
shewn in Prob. C8 ; that the second focua lies on rF, is evident 
thus : it must be so situated that 

FR + RF, = FP + PF, --fF, =fP^ + P^F, . 

But FP=fP,, therefore PF, must be eijiial to -P,/',, which 
by construction it is ; therefore /", is the second focua. 

If //', be made = FP on Rf ])rodiiced {i.e. on the side remote 
from R), and a perpendicular to 7'7', be drawn through the centre 
point of /■/", meeting Rf in F^, F «ad F, will be the foci of an 
hyperbola fulfilling the given conditiouti. 
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Problem 77. To describe an ellipse, a focus F, a tange^it Rl\ 
and two points P and Q oftlie curve being given (Fig. 73). 
[F, Py and Q must all lie on the same side oi RT.] 

Let FQ be greater than FP, and on FQ make Fp - FP, Witli 
Pss centre and rajdius =pQ describe a circle DG, then evidently 
the second focus must be equidistant from this circle and from 
the point Q, since the sum of tlie focal distaiic(;s is constant. 
From F draw FY perpendicular to tlie given tangent RT, i)roduce 
it U)/, make Yf= YF, and withy as centre and radius FQ describe 
a circle EG: the second focus will evidently be equidistant 
from this circle and from the point Q, for it has been shewn 
(Prob. 68) that the distance of y from the second focus is equal 
to the major axis, and therefore equal to the sum of the focal 
distances of any point on the curve. 

The problem therefore is reduced to finding the centre of a 
circle to touch externally two given circles {DG, EG) and pass 
through a given point (Q), which is always possible since the 
circles must cut each other and Q lie outside both, i. e. tlie 
problem reduces to Prob. 32. 

[Draw a common tangent EDM to the two circles meeting 
fP in M. Take MN on MQ such that 

MN : MD :: ME : MQ, 
and the second focus F^ will lie on the line perpendicular to NQ 
and passing through the centre point of NQ,'\ 

If the centre of the circle touching the above two circles 
vdemaUy be found (as F^, F and F^ will be the foci of an 
Jiyperbola which can be drawn through P and Q and touching RT. 
(S^ Prob. 107.) 

Problem 78. To describe an ellipse, a focus F, a point P on the 
curve, and tioo tangents TQ, TR being given (Fig. 74). 

[The points F and P must not lie on opposite sides of either 
tangent.] 

From F draw FYf perpendicular to QT and FY^f perpen- 
dicular to RT, meeting them respectively in Y and Y^, Make 
Yf= YF and F,/, = Y,F, 
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With centre P and radius PF describe the circle GU, De- 
termine the centre (jP\) of a circle to touch this circle internally 



Fig.74. 




and to pass through / and /, (Problem 27): Fy^ will be the second 
focus, and the axes can at once be determined by preceding 
problems. 

Proof, It has been shewn (Prob. 68) that if Fy^ is the second 
focuSj/i'^ -fxFy - the major a,xls = FP + PF^, which by construction 
it does. 

Refemng to Problem 27 it will be seen that if the line Jf 
cuts the circle GH and y and f lie on opposite sides of it a 
second ellipse can be drawn with foci F and F^, If this second 
solution is impossible, a circle can generally be drawn passing 
through / and f and touching the circle Gil externally. F and 
the centre of this circle will be the foci of an hyperbola fulfilling 
the conditions of the problem. 

Hence either two ellipses or an ellipse and hyperbola can 
always be drawn to satisfy the given conditions. 
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FsoBLXK 79. To describe an eHipse, a /ociu F and tiiTc 
tangnUa TP, TQ md SB bdng givm (Fig. 74). 

[The point I" must lie within one of the three angles of the 
bn&n^es (as PTQ), ie. it moat not lie within either of the angles 
(as PSY,) where r, is on XS produced.] 

From ^drop perpendiculars FT/, FT,/, FT J, on the given 
tangents meeting tliem respectively m.T,T„ 7^, and make Yf= YF, 
TJ, = T^F, TJ^= T^F; then//,/, must all be equidistant from 
the second fbcua (Prob. 68) and the problem therefore reduces to 
finding tbe centre {F^ of a circle which will pass through three 
given points. (Prob. 20.) To do this it is not really necessary 
to bisect ff^ and //, because it will be found that the perpen- 
diculars throngh their points of bisection will pass through the 
points S and K in which the given tangents intersect, so that it is 
only necessoiy to draw through S and K perpendiculars to ff, and 
//, which will intersex in F^ the second focus. The major axis 
is of course known since it is equal to F,f. 

Problem 80. To describe an ellipse, a focus F and three points 
P,Q, Son fAe mtrve being given (Fig. 7S). 

[The point F must lie within one of the three angles PQP, 
QRP, RPQ, and if drcles be described with two of the given 
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points as centres passing through F and common tangents be 
drawn, the third point must be nearer to ^than it is to the tangent 
more remote from /■,] 

First Method. It is a known proposition (Prop. 1, p, 105) that 
tangents drawn to an ellipse from any point subtend equal anglex 
at the focus. The tangents at 1' and Q will therefore iuteraet't 
on Fp the line bisecting the angle PFQ, those at R and Q will 
intersect on Fr the line biaeoting the angle RFQ, and those at 
F and B will intersect on the line Fa bisecting the angle I'FR. 
If therefore the three concurreat lines Fp, Fr, Fa be drawn and 
a triangle he constructed with its sides passing through P, Q and 
R and with its vertices on the correajKinding lines i«apectively 
(Prob. 16), these aides will be tangents to the curve at those points. 

On Fa take any point », Draw lis cutting Fr in r, and Ft 
cutting Fp in p. Let RP and rp meet in x, and draw xQ cutting 
FpiaT and Fr in t. PT, QT, Rt will be the tangents at P, Q, l! 
respectively, and the second focus can then be easily determined 
and the problem completed by preceding problems. 

Although thei* are generally six solutions to Prob. 16, one only 
is available here, since the sides through the points have to terminate 
on definite pairs of lines. 

Second Method (same fig.). i 

Draw FP, FQ and FR and let FP be greater than FQ or FR. 

Draw PQ and produce it to .^ so that PZ : QZ :: FP : FQ, 

i. e. on FP make FP, = PQ and FQ, = FQ. 

Tlirongh P, draw P,Z, parallel to QQ, meeting FQ in Z„ and on 

PQ produced make QZ=FZ,. Z will be a point on the directrix. 

Similarly on PR produced take a point W such that 
PW : RW :: FP : FR. 
W will be a second i>oint on the directrix, which is therefore 
determined. 

From F draw a perpendicular FX to WZ meeting it in X, and 
on FX take points AA^ such that FA : AX :: FA, ; J,X :: FP 
is to the perpendicular distance of P from XZ. A A, will be tliv 
major axis. 
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The second focus and consequently the length of the major 
axis may perhaps be more easily determined thus. It is a known 
proposition (p. 102) that the tangent at any point, say Q, 
meets the directrix in a point K such that KFQ is a right angle. 
Therefore draw FK perpendicular to FQ meeting the directrix 
in Ky and draw the tangent KQ, From F draw FYf perpen- 
dicular to KQ meeting it in F, make Yf= YF, and draw fQ 
meeting XF in i^j, the second focus. fF^ is of course the length 
of the major axis. 

Proof, Since by construction 

PF X PZ '.: QF I QZ, 

therefore evidently PFi dist. of P from WZ\\QF\ dist. of Q from 

WZ, and since PF.PW \\EF\ RW, 

.-. P#t dist. of Pfrom WZ :: RF : dist. of i? from WZ; 
therefore the distances of the given points from the focus are in a 
constant ratio to their distances from WZ, which is thei'efore the 
directrix. 

If the lines PQ, PR are divided internally in the same ratio 
as above, two points are determined which being joined, either 
to each other or to the opposite points of the first pair, give three 
lines, either of which may be taken as the directrix of an 
hyperbola passing through the three given points and having F 
as focus. In each case one of the given points will lie on one 
branch of the curve and two on the other. 

Thus generally four conies can be drawn fulfilling the given 
conditions, one of which is an ellipse. 

Problem 81. To describe an ellipse, two tangents TQ, TR 
with their points of contact Q and R, and a point P on the curve 
being given (Fig. 76). 

[The point P must lie within the parabola which can be 
described touching TQ, TR at Q and R,] 

This is of course a simple case of the more general problem 
to describe an ellipse to touch two given lines and to pass through 
three given points. 

9— ^ 
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Fimt Solution. Let QP produced meet the tangent Tli in 
From S draw a line passing through the intersection of PH a 




the other tangent QT {Pi-ob. 4) and meeting QR ia W; then W 
will be a point on the tangent at P, ivliitih can therefore be drawn. 
Let it Intel-sect T£ in X. Bisect QE in V and draw T VC, which 
will evidently be a diameter of the curve, i, e. is a locus of the 
centre. Bisect PR in V, and draw XV,C, which will similarly 
be a locus of the centre. The centre is therefore at C, the inter- 
sedjoa at TV and AT,, and the centre being known the problem 
can be completed by Probs. 70, 71, ic. 

Second Solution. Bisect QS in V and through T draw 
TD, YD, which will evidently be a diameter of the ellipse, i. e. will 
pass through the centre. Throngh P draw LPNL^ parallel to 
QR, meeting TR in L, TD in K and TQ in Z,. Take Pk a mean 
proportional between PL and PL^, and from L and Z, towarda jV 
make LK=L,K^ = Pk; then RK or QK^ will intersect TD in D, 
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the extremity of the diameter. On TD take a point C such that 

TG \CD ::CD : GV, 
i.e. TG+GD : TG :: GV+GB : GD, 
or TDiTG :: VD : GD. 
C will be the centre of the ellipse. 

[The point G can easily be found by drawing any two parallels 
through T and D (as Td, Dv\ making Td=TD and Dv= VD, 
and joining dv cutting TD in Gi\ 

The direction of the diameter GB conjugate to GD is known, 
since it is parallel to QR', its length can easily be determined by 
taking a mean proportional between Gn and Gt, where n is the 
foot of the ordinate from Q on GB and t the intersection of GB 
and of the tangent at Q, 

Proof. Let DM be the tangent at D meeting TR in Jf, and 
let LP meet the curve again in p, so that LJP = Lp, 

Then LP . Lp : LR^ is the ratio of the squares of the parallel 
diameters (p. 117); but MD^ : MR* is the same ratio, 

.-. LP. Lp: LR' :: MD* : MR' 

:: LK* : LR*hy similar triangles, 

.*. LP . Lp = LK'f which justifies the construction. 

Pboblem 82. To describe an ellipse, two tangents TP, TQ and 
three points A, B, G on the curve being given (Fig. 77). 

[The points ABG must not lie on opposite sides of either line.] 

Draw the line AB cutting the given tangents in P and Q. 
Find X the centre, and U, E^, the foci, of the involution A, B 
and P, Q (Prob. 13). 

[In the figure, Ph on TP-PB, Aq^omK parallel to TP drawn 
through A is equal to -4Q; then qp cuts AB in X, the required 
centre. XE is a mean proportional between XA and XB^ 

E or E^ will be a point on the chord of contact of the given 
tangents. 

Similarly draw BG cutting the given tangents in p and q, and 
find X, the centre, and F, F^ the foci of the involution B, G and p, g; 
then F or F^ will be a second point on the chord of contact of the 
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given tangents, the points of contact of wliich S, R^ a.ve therefore 
determined, and the problem reduces to the preceding*. Since 




a and £j can be joined to either F or F, four chorda of contact 
can in general be drawn, but one at least of the con-esponding 
conies will be an hyperbola. 

For proof that £ and F are points on the chord of contact see 
Prop. 7, p. U3. 

Problem 83. To dexcrihe an eUipse, two poinia A, B on the 
curve, and three tangents PQ, QS, EP being given (Fig. 78). ^ 

[A and B must not lie on opposite sidesi of either line.} ^M 

Draw a line through AB cutting the t«ngente through P in Li 
and M and the remaining tangent in #. 

Find A' the centre, and D, B^ the foci of the involution AB and 

LM (Prob, 13). D or ZJ, will be a point on the chord of contact 

of the taugeuts PQ, PH. 

* In the figure the point of bisection of ER^ acoidentitUy coicciileB with fA 
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[In the fig. La on PR=LA^ Bm on a parallel to PR drawn 
through B = BMy and ma cuts AB m X, the required centre. XD 
is a mean proportional between XA and XB,'\ 



Similarly find X^ the centre, and E, E^ the foci of the involution 
il, B and J/", j^ (Prob. 13), and E or -^j will be a point on the 
chord of contact of the tangents QP^ QR, 

[In the ^. Mb on Qp —MB^ An on a parallel to QP through 
A is equal to AN^ and hn cuts AB in Xj, the required centre. 
X^E is a mean proportional between X^M and X,ir.] 

Find MVy the harmonic mean between ME and JfZ>, Jf being 
the point on the given tangents which has appeared in each of the 
above involutions (Prob. 11); then i?F will cut the opposite tan- 
gent PQ in its point of contact (j?) with the curve, and therefore 
pEq will be the chord of contact of the tangents QP^ QR and pBr 
that of PQy PR, The problem therefore reduces to No. 81. 

The construction depends on the property made use of in the 
last problem and proved in Prop. 7, p. 143, that the chord of contact 
of PQ, PR must pass through I) or i^j, the foci of the involution 
AB and LM, and similarly that the chord of contact of QP and 
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QR must pass through E or E„ the foci of the involution AB 
und MN. 

Also if rq meets VR in u and the taogent PQ in T. 
since DYEM is harmonii: (by construction) ao also ia Truq, and 
therefore wFia the polar of T a,nA therefore determines p, the point 
of contact of iT (Prop. 5, p. 141). 

Since either D or Z), may be taken with E or E^ there are in 
general four solutioait. 

Problem 84. To describe rtn ellipse to touch five 'tfiven lines 
AB, BC, CD, DE, EA. 

[The lines most form a pentdgon without a re-entering angle 
and the vertices are supposed to be lettered consecutively.] 

Draw AC and BD intersecting in F. Then EF will intereect 
BC in F, the point of contact of BC. Similarly if BU and CE 



FIc.TB. 
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intersect in G, AG will intersect CD in Q, the point of contact of 
CD; and continuing the construction R, T and V, the points of 
contact of DE, EA and AB may be determined. 

The centre of the curve can easily be found and the curve 
completed by preceding problems. 

The construction depends on Brianchon'u well-known theorem: 
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" Ths three opposite diagonals of every hexagon circumscribing a 
conic intersect in a point," 

For if jP be the point of contact of AB the pentagon may be 
considered as a hexagon AT, TB, BCf CD, DF, EA^ and therefore 
ACy BE and DT must meet in a point Z; and conversely if X is 
the point of intersection of AC smd BE, DL must pass through T, 
the point of contact of AB, and similarly for the remaining sides. 

Problem 85. To describe ow ellipse, four tangents AB, BC, 
CD, DA and a point E on the curve being given (Fig. 80). 

[The point E must lie within the quadrilateral A BCD, which 
must not be a parallelogram.] 

Let BE, CE meet AD in B^ and C^ respectively. 



3..- — -' 



Find X the centre, and P and P^ the foci of the involution 
iC, and DB^. Prob. 13. 

Then the tangent at E must pass through P or P^ and the 
problem reduces to the preceding. 

There are two solutions. 

In the figure B^c on B^B = B^C^', Ad on a parallel to B^B is 
equal to AD and cd intersects AB^ in X, the required centre. XP 
is a mean proportional between XA and XG^ . 

Also BP and AF intersect in L and CL will pass through T, 
the point of contact oi AP, 
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Problem SB. To describe an ellipse to paas through Jtve given 
points ABCDE (Fig. 81). 

[No point must lie inside the quadrilateral formed by the 
other four.] 

Let AB, DC meet in F and AC, BE in G. 




Draw FG meetmg DJE in P. P will be a point on the 
tangent at A. 

Similarly if BO and ED meet in // and AC, BD in f , IIK 
will meet FA in Q, a point on the tangent at B. 

The problem can evidently be completed in various ways by 
preceding problem 8. 

The construction depends on Pascal's well-known theorem : 
" T/te three interieelions of iAe opposite sides of an// hexngon t'/i- 
scribed in a eoiiic gection are in -one right line." For the tangent at 
A may be considered as meeting the curve in two consecutive points 
A and a, and thei-efore P, the intersection of Aa and DE, must lie 
on FG, the straight line through the intersections of AB and DC 
and of BE and Ca. 

This line ifi known as the Pascal line. 

There is only one solution. 



th£ ellipse. 
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Pkoblbm 87. To describe an ellipse, four points on the curve 
Af B, Cy D amd a tangent ad being given (Fig. 82). 

[All the points must lie on the same side of the tangent.] 

Draw AB meeting ad in a, BC meeting ad in 6, DC meeting 
it in c, and ^2) meeting it in d. 



Fis.82 




/ ^p 



•^6, 



Find X the centre, and P and P^ the foci of the involution ac 
and hd, 

P or P, will be the point of contact of the given tangent and 
the problem may be completed by several preceding ones. 

In the fig. aftj on aA = db\ dc^ on a parallel to aA = dc, and 
ijCj intersects ad in X, the required centre. XP = Xp, a mean 
proportional bety^een Xc and Xa, 

If DC, BP meet in F, and BC, PA in G, then FG and DA 
will intersect in J?*, a point on the tangent at B, 

There are of course two solutions, as either P or P^ may be 
taken as the point of contact. 



POLE AND FOUUt. 



That P, the point of contact, is a focus of the involution i 
proved in Chapter 8, 



POLE ASD POLAR, 

It has been shewn in the case of the circle (Cor. 3, p. 31) 
that the |)aire of tangents drawn at the extremitieB of any chord 
through a fixed point intersect in a straight line. 

This is also true in the case of any conic section, for let V 
{fig. 83) be any point in a conic and Q the centre, and let CV 




meet the curve in P. Take T in CV produced such that 
Cr : CP :: CP : CT, and through K draw the chord <?r©, parallel 
to the tangent at P. 

QQ^ will be the chord of contact of the pair of tangents drawn 
from T to the conic, and will be bisected in V. 
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Through V draw any chord A VB and let the tangents at A 
and B intersect in T^, 

Join CT'i, and di-aw PN parallel to AB^ meeting CT^ in N, 
Then if CT^ meet AB in K and the tangent at P in X, 

CK . Cr, = CN . GL, (Prop. 3, p. 107.) 

.-. CT^ iCL y.CN: CK 

::CP:Cr 

:: CT: CP ; 

hence TT^ is parallel to PL, and therefore T^ , the intersection of 
the tangents at the extremities of anj/ chord through V, lies on a 
fixed line. 

Def. As in the circle, the line TT^ is called the polar of the 
point V with respect to the conic and the point V is called the 
pole of TT^ with respect to the conic. 

If the pole lies without the conic (as T), its polar is the line 
QQ^ parallel to the tangent at the point (P) where CT meets the 
conic, and meeting CT in a point V such that 

Cr.CP:: CP :CT, 

le. is the chord of contact of tangents from the pole. 

If the conic be a parabola, since the centre may be considered 
as at an infinite distance, the line VT must be drawn parallel to 
the axis meeting the curve in P and PT be made equal to PV, 
the polar of V will then be parallel to the tangent at P and will 
pass through T. 

If the pole be on the curve, the polar is the tangent at the 
point. 

The directrix is the polar of the corresponding focus. 

If a point (as T^) lies on the polar of F, the polar of T^ passes 
through F. 

The following important harmonic properties should be noticed. 

Prop. 5. A straight line drawn through any point is divided 
Harmonically by the point, the curve, and the polar of the point. 
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■ a. Let the point be without the cm-ve, aa T (fig. 84), and let 

I the line meet the curve in AB and the polar of 2" in C. Draw 




I 



the tangents TP, TQ meeting the curve in P, Q. C of course 
lies on the line PQ. Through A and B draw BASF, GBHK 
parallel to PQ meeting the tangents reapectively in D, F and G, K 
and the curve in E and II. 

Then the diameter through T bisects AE and PQ, and there- 
fore also bisects DF ; 
hence I) A = EF and similarly GB = KII, 
Also GB:BK::DA:AF; 

.: GB . BE : GB\' :: DA . AF : Da\', 
or GB . Gil : DA . DE ■.: ~GB\' : DA' 
■.-.G-P iDT'; 
but GB . GU -.DA.DE :: Gf : DP' (p. 117); 

.-. GP -.PD :: GT : DT, 
and .-. TA : TB ;: AG : CB, 

i.e. y^C^ is divided harmonically. 

^. Let the jwint bo within the curve, as V (fig. 83), then 
drawing any chord A VUG meeting in G the polar of V, the polar 
of G poeees through V and therefore A VUG ia harmonically 
divided. 



I 
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Prop. 6. If two tangents be drawn to a conic, any third 
tangent is harmonicallj divided by the two tangents, their chord 
of contact, and the point in which it touches the curve. 

Let LMAN (fig. 84) be the third tangent meeting PQ in Z, 
and TF, TQ in M and N. Through N draw Nach parallel to TP 
meeting the curve in a, h and PQ in c. 

Then Na . Nh : N^' :: TP\^ : T^^ (p. 117) 

::ircl«:Jrel', 

but LN^ : LM\^ : : Nc\* : PSTJ* by similar triangles, 



:: JV^I* : ZF|» (p. 117), 
La ZMANia divided harmonically. 

Prop. 7. If a straight line meet two tangents to a conic in 
PQ and the curve in AB, the chord of contact of the tangents 
will pass through one of the foci of the involution P, Q and A^ B 
(fig. 77). 

Since X is the centre and E^ E^ the foci of the involution P, Q 
and ^, J9, 

XP iXAy.XBiXQ', 

.-. X.4 -XP : Z4 :: XQ-^XB : J^^, 

or P.il : XA :: ^^ : XQ. 

Similarly PB : XB :: AQ : XQ, 

.-. PA . PB :AQ . BQ :: Xil . Z.5 : 1^1" :: ^\' : ^1'; 

but (p. 18) EP :EQ:: PE^ : E^Q, since jE'P.^,C is harmonic; 

.'. EP : EP + PE^ :: J^© : EQ+QE^, 

or J^P : ^© :: 2XJ^ : 2XQ; 

.\ PA.PB'.AQ. BQ :: EP\' : EQ\' (1). 

Draw the tangent ghkl parallel to PQ meeting TP, TQ in f/ 
and k, the chord of contact in I, and touching the curve in h; and 
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PB . PA : gh\' 
QA . QB ; iA|' 



if the chord of contact does not pass through E let it meet PQ in G. 
■::7^|':%l=(p. 117) 
:: Pff|' : i^' by similar triangles, 

■.■.QU\'-.lk\'; 
but Ikh'j is harmonic (Prop. 6), 
and .-. Ifc,':VI'::4A|':'^|', 

.-. I'B . PA : QA . QR -.-.GP; :GQ',' (2); 

but (1) and (3) canuot bo aimaltaneously true unless the jjointa i' 
and G coincide. 

Prop. 8, If a quadrilateral be inscribed in a conic, its opposite 
sides and diagonals will intersect in tliree points such that each is 
the pole of tho line joining the other two. 

This follows at once from the liariuonic properties of a complete 
quadrilateral, p. 16, combined with Prop. 5, p. 141. For since AX/.l 
(fig. 11) is harmonic it follows that y is a point on the polar of £,' 
with respect to any conic jmasing through A and C, and since 
EDf^B is harmonic/, is a point on the polar of E with respect to 
any conic passing through BD. Therefore _^|, L e. OF, is the polar 
of £ with respect to a conic passing through ABCD. Similarly 
OE is the jiolar of F. Also since is on the polar of E tlie polar 
of must pass through E, and since it is abo on the [lolar of F 
the polar of must pass through F, i. e. EF is the polar of 0. 

The triangle EFG is of course Belf-tonj-iiffale with respect to 
any conic circumscribing the quadiilatei-al, Def. p. 32. 

Prop. 9. If a quadrilateral circumscribe a conic its three 
diagonals form a self-conjugate triangle (fig. 85n). 

Let ABCD be the quadrilateral and let AB and CD intersect 
in e, ^ C and BD in E, and A D and BC in F. Let BD and A C 
meet FG in K and L resjiectively. Tiie triangle EKL ia self- 
conjugate with respect to any conic inscribed Jn the quadrilateral 
ABCD. 
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Let the polar of F (i. e. the chord of contact PP^ meet FG in 
R'y then, since ^ is on the polar of F^ it follows that F \&otl the 
polar of R. 

Is 



ng.8B» 




... \ja, 









Now F {AEBG) is a harmonic pencil (p. 16), and if PP^ does 
not pass through E let FE meet PP^ in T ; then PTP^R is a 
harmonic range; hence bj (Prop. 6, p. 141) FE is the polar of R. 

Similarly, if the other chord of contact QQ^ meet FG in i?^, GE 
is the polar oi R^. 

.\ E is the pole of RR^^ i.e. of LK. 

Again, DESK is a harmonic range, and if QP meet AC in S 
and CK in F, QSPVis harmonic, and therefore S is on the polar 
of V; but S is also on the polar of C, therefore CT or CK is the 
polar of S. Similarly, if P^ Q^ meet AG in aS'j , AK is the polar of S^ . 

.*. JST is the pole of LS^j i.e. of EL, 

/. -SZ-JK" is a self-conjugate triangle. 

Problem 88. To determine tlis centre of curvature at any 
point P of a given ellipse (see page 89), fig. 86. 

CA, CJB are the semi-axes, and F, F^ the focL Draw PG the 
normal at P meeting the major axis in Gy and draw GK perpen- 



CIRCLE OF CURVATUR 
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dicular to PG meeting PF or PF, the focal radii through P ii 
KO jierpen dicular to PK will iuteraect PG in 0, the required 
centre of curvature. 




Tf AB, BD be di-awn parallel to the axea ttnd /),V be di-awu 
perpendicular to AB meeting the major axis in M and the luioor 
in N, M and JV -will be the centres of curvatnra at A and Ji 
reapectively. The evolnte of the quadrant AB will therefore 
touch the axea at these points, and the evoluto of the entire ellipse 
ia mode up of four curves similar to the chain dotted curve Bhewn 
in the iigure between M and A\ 

As in the parabola, if the circle of curvature at P cuts the 
curve again in Q, PQ is inclined to the axes at the same angles as 
ia the tangent at P. 

The conatructiott depends on the known value of the radiu.s 
of curvature, 



%'F,PG 



(Salmon's Conic Sectitma, Chap, sill.), 
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Examples on Chapter IV. 

1. Describe an ellipse to touch a given straight line (QY) 
and pass through a given point (P); & focus F and the length 
(2a) of the major axis being given. 

[From F draw FY perpendicular to QY and produce it to T, 
making YT= YF. With T as centre and 2a as radius describe an 
arc, and with P as centre and (2a — FF) as radius describe a second 
arc intersecting the former in F^^ which will be the second focus. 
There are two solutions.] 

2. Describe an ellipse to touch two given straight lines; a 
focus and the length of the major axis being given (last question). 

3. Describe an ellipse to touch two given lines OP, OQ at the 
pioints P and Q ; one focus (F) beiug on the line PQ and the 
angle POQ less than a right angle. 

[The second focus F^ is the point of intersection of lines mak- 
ing with the given tangents angles equal to OPQ, OQP respec- 
tively, Le. OPF,=Tr-OPQ and OQF^^ir-OQP. Bisect PQ 
in F; centre lies on OV. Draw i^j/iT parallel to PQ meeting OV 
in K. Bisect VK in (7, which will be the centre of required 
elllipse.] 

4. Given one focus ^ of an ellipse, the length 26 of the 
minor axis, and a point P on the curve ; draw the locus of the 
centre. 

[A parabola with the centre point of FP as focus, FP as axis 

and latus rectum = 2 -=,= .1 

FP -• 

5. Given one focus F of an ellipse, the length 2h of the minor 
axis and a tangent to the curve ; shew that the locus of the second 
focus is a straight line parallel to the given tangent and at a 

distance from it = — , where p is the perpendicular from F on the 

given tangent. 

10—2 
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6, Any focal radius FP is drawn in an ellipse, and tKe point 
Q on the auxiiiai-y circle corresponding to P ia joined to the centi-e 
(J, Shew that the loons of the intersection of FP and CQ is a.n 
ellipse having F luid C for foci 



a triangle ; shew that 
. ellipse, having given 



AC 



7. Given the base, and suni of sides o 
the locuB of rentre of inscribed circle is 8 
base as major axis. 

8. AB and BC are two ei^ual rulers of length it, jointed at B. 
P i&s, point on BG distant b froin B. The end A of one ruler is 
fixed and the end G of the other moves along a right li 
through A. Shew that the locua of /" is an ellipse with 
ffl + 6 and a — 6. 

9. An ellipse slides between two lines at right angles to each 
other - ahew thut the locos of its centre is a circle of radius 
J<^ + 6*, where a and b are the aemi^ses of the ellipse. 

10. Draw an ellipse, and from any point P on it draw lines 
PD, PE equally inclined to the major axis and meeting the curvp 
again in D and E; dniw PC perpendicular to the raiijor axis 
meeting DE in C. If the tangent at P meet DE va 0, shew that 
the triangle POG is isosceles. 

11. Shew by construction that the normal PG at any point of 
an ellipse is an harmonic mean Tietween the focal jierpendiculars 
on the tangent at P. 



12. Given 


one focus F of a 


n ellipse, tlie length 


2b of the 


lor 6MB, and 


a point P on tb 


curve; draw the locus of the 


er focus. 








[A parabola 


with focus P, axis 


FP and latus rectum 


-^■1 



13. Shew that the locus o( intersection of tangents at the 
ends of conjugate diameters of a given ellipse (aemi-ases a and b) is 
an ellipse, the axes of which coincide in direction with the gi^'en 
eliipse, ssd the semi-lengths of which are J2a and ijib. 
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14. AB is SL line catting in A and B a circle, centre C ; Q is 
a point on the perpendicular from (7 on AB on the same side of 
AB as C and outside the circle. Shew that the locus of the point 
r moving so that the tangent from F to the circle is in a constant 
lutio to the distance of F from AB (Q being a point on the locus) 
is an ellipse touching the circle at A and B, 

16. Given any point F on an ellipse, inscribe in the ellipse a 
triangle FQE, the bisectors of the sides of which shall pass through 
the centre. 

[Take p the point on the auxiliary circle corresponding to F, 
In the circle inscribe the equilateral triangle pqr; the points 
corresponding to q and r will be the vertices of the required 
triangle.] 

16. Given two tangents TF, TQ ; their points of contact 
F and Q and the radius of curvature (p) at one of them (P suppose) 
describe the ellipse. 

[TC bisecting FQ is a locus of the centre. Draw the circle 
circumscribing the triangle TFQ and let d be its diameter. Draw 
a straight line through F such that p (the perpendicular distance 
of any point on it from FT) : q (the perpendicular distance of the 
^ame point from QF) :: FT,d : QT.p, i.e. determine the ratio 

- = ' (p. 10). This line is a second locus of the centre, 
q \il » p 

which is therefore known.] 

17. Draw an ellipse, a focus F^ a tangent FTy its point of 
contact F and the radius of curvature (p) at P, being given. 

[Reverse the construction of Prob. 88 to determine G^ the 
foot of the normal at P, and consequently the direction of the 
major axis.] 

18. If P is any point on an ellipse and the ordinate Fp per- 
|)endicular to the major axis meets the auxiliary circle in j9, the 
angle between the major axis and the radius of the circle through 
p is called the eccentric angle of P. 
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Shew that if P be any point on an ellipse, the eccen- 
tric angle of which is a, three points A, B, and C on the 

curve, the eccentric angles of which are - ^ , --^+120° and 

— s + 240", are such that the circle of curvature at each passes 

through P\ and verify that a circle can be described through 
A, B, 0, and P, and that the bisectors of the sides of the triangle 
ABC pass through the centre of the ellipse. 

19. Draw in a given ellipse a pair of conjugate diameters 
making a given angle with each other. 

[On any diameter of the ellipse describe a segment of a circle 
containing the given angle (Prob. 30). If the points where the 
circle meets the ellipse be joined to the ends of the chosen diame- 
ters, the required conjugate diameters will be parallel to these 
chords. The least possible angle between conjugate diameters of 
a given ellipse is the angle between the diagonals of the rectangle 
formed by the axes.] 



CHAPTER V. 



THE HYPERBOLA. 



As in the case of the ellipse, the definition of the curve given 
on page 66 does not immediately exhibit the property of the 
curve which furnishes the most convenient method of constructing 
it. It may also be defined as the locus of a point which moves 
in a plane, so that the difference of its distances from two fixed 
points in the plane is constant, and that the two definitions are 
really identical may be shewn thus : — 

In ^g, 87 let F be the focus and MX the directrix (Definitions, 
page 56). 

Fl«.87. 




From F draw FXF^^ pei'pendicular to MX meeting it in X, 

FA FA 
and let A^A^he points on FX such that -pjr= ~r~V~ ^^"^ ^^^Xi. 

A.JL A-^A. 
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GENERAL PROPERTIES. 



constant ratio (greater than unity) for all points on the curve 
the points A and A, are called the verticea of the curve, and AA, 
the transverge axis, and if AA, be bisected in C, C ia the centre of 
the hyperbola. 

To shew that the curve can bo constructed fi-om a second 
focus and directrix corresponding to the vertex A^. 

Let Phea point on the curve, i.e. let J 

FP : PM :: FA : AX, I 

where PM is the perpendicular from P on the directrix. ^ 

Draw AP, A,P meeting the directrix in G and //, and let 
FH meet PM in K. 

Then P£ T FA, :: PH : AJI 

:: PM : A,X, 
or PK : PM :: FA^ : A^X :: FA ; AX; 

.-. FK^ FP and the angle PKF= the angie PFK 
= the angle KFA^. 
Similarly FG bisects the angle between FA^ and PF produced, 
therefore the angle MFG is a right angle. 

In AAj take a point X, aiich that A^X^=AX, and through 
.V, draw a straight line perpendionlar to AA„ and in FA, pro- 
duced take a jwint F, such that A,F^ ~ AF. 

Let PA, and PA produced meet the pei"pendiculai' through 
A', in A and g and join F,g, F,h, 



then gX, : GX :: AX, 


AX 


:: A,X 


A,X 


:: NX 


hX„ 


.: gX^.hX, = GX . XH = 


FX'~ 


.-. gF,h is a right a 


ngle. 


Let PK (parallel to axis) meet gX, 


in M, 


produced in k, 




Pm : PM, :: F,A 


AX, 


md Pk : PM, :: F,A, 


A,X 



I 
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and mFJc being a right angle, 

.-. F,P : PM, :: F,A, : A,X,, 

and the curve can therefore be described by means of the focus 
F^ and the directrix X^M^, 

It follows that the curve is symmetrical with regard to the 
centre (7, and that it lies wholly without the tangents at the 
vertices A and ii,, which are perpendicular to CA, 

We have at any point P of the hyperbola, 

FP : PM :: FA : AX, 
F,P : PM, :: F,A, : A,X, 

.-. F.P^FP : PM.^PM :: F,A-FA : AX,- AX; 

but PM, - PJf = MM, = 2:Xi = ^Xi - AX, 

.-. F,P - FP ^ F,A- FA=^ AA,, 

i.e. the difference of the focal distances is constant and equal to 
the transverse axis. 

Pboblem 89. To describe an hyperbola, tliefoci and a vertex, 
or the vertices and a focus, or the transverse and conjugate axes 
being given (Fig. 88). 

Bisect the distance between the given foci F, F, or the given 
vertices -4, -4, in (7. 

With centre F and any radius greater than FA describe arcs 
as at Q and q, and with centre F, and the same radius describe 
arcs as at Q, and q,. On any convenient line on the paper mark 
off a length aa,=^AA,, and with centre a and radius FQ mark off 
a point on this line on the opposite side from a, as at Q'. Take 
off the distance Q'a, from this line with a pair of dividers or 
compasses, and with centres F, and F mark off points on the arcs 
already described about the opposite foci as centres. These points 
will of course be on the curve, since the difference of the focal 
distances of each is equal to AA„ and the process may be repeated 
and as many points obtained as is necessary to define the curve 
and allow it to be sketched through the points with accuracy. 



r 



GIVEN FOCI, AXES, &C. 



Though somewhat tedious, it ia the only method for constnict- 
ng the hyperbola which can be recommended. 




the 



Since the radii of the intersecting arcs may increase indefinitely, 
evidently tends to infinity in both directiona from C. 



Through C draw BCB^ perpendicular to AA„ and let the 
circle described on FF, as diameter intersect the tangent at the 
vertex in i. Make CB = CB, = AL, then BB, is called the cmi- 
jagale axU ; and if a second hyperbola bo described with vertices 
at B and B, and with foci on BB, at F', F,' the same distance 
from C as those of the original hyperbola, each curve ia said to 
be conjugate to the other. 

The eccentricity of the hyperbola {p. 5") ia the numerical 

value of the ratio , ,. . It ia usually denoted by g, and its 



CA=a and C5 = 6. 
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FA FA, GF CL Ja^h' 

For = — = — = = • 

AX A,X GA GA a 

The diagonals of the rectangle formed by the tangents to tlio 
hyperbola and its conjugate at their vertices are called asymptotes. 
The axes therefore bisect the angles between the asymptotes. 

In fig. 87 let PN drawn from any point P of the curve per- 
pendicular to the transverse axis meet it in X^ and, as before, let 
PA and PA, meet the directrix in G and ZT, 

then PN \ AN \: GX : AX, 

and PN : A,N :: ITX : A,X; 

.-. PX' : AX.A.X :: GX.HX : AX . A,X 

:: FX' : AX . A,X, 
since GFff is a right angle, 

PX' 

ie. j-j^ — j-j^ is a constant ratio. 

Since FA : AX :: FA, : A,Xy 

.-. FA + FA, : FA :: AX+A,X : AX, 

or GF : GA :: FA : AX (1), 

and FA,^FA : FA :: A,X-AX : AX, 

or GA : GX :: FA : AX (2), 

.-. GF : GA :: GA : GX :: FA : AX (3). 

Also GF : GX :: GF' : GF. GX 

:: GF' : GA' (4). 

Let the directrix meet the asymptotes in D (fig. 88) : then by 
the similar triangles GDX, GLA, 

GL : GA :: GD : GX; 

but GL = GF, therefore from (3) GD = GA, or the circle on A A, 
as diameter will cut the asymptote in a point on the directrix. 

Def. The circle on A A, as diameter is called the auxiliary 
circle. 



IS6 



AUXILIARY CIRCLE, &C. 
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^-p, we have PA' : A^'. NA, :: BC : AC\ which I 



Since CD= CA, CF^ CL, and the angle DCF is 
the two triangles DCF and ACL, 

. : the angle UDF^ the angle CAL -=. a. right angle, 
or the pei-pendicular from the fooua on the asymptote ia a tangent 
to the auxiliary circle at the |joitit of interaection. 
Corollary. DX' = CX . J'X. 
Again, fi-om (4), 

CF' - CA' : CA' :: CF- CX : CX 

:: FX' : GX(CF~CX); 
hut CF . CX = CA' Irom (Z), ajiA GA'^CX' = AX . A,X. 
Also CF'-CA'^CJ?, 

.-. CS' : CA' ;: FX' : AX.A,X; 
and comparing this with the constant ratio above given for 

PJf'_ 
AN'.NA 
also be written 

FN' : CN'-AC :: BC : AC (5). 

Let FN (fig. 88), where jP is any point on the curve and PX 
the ordinate, meet the asymptotes in £, then 

EN' : CN' :: TIC : JC, by similivr tOHUgles (6), 

.-. FN'-PN' : AC :: BC : AC, 
or Ep.EP=BC^EP.Pe, 

where p is the point in which. FN meets the curve again, and e 
is the point in which it meets the other asymptote. 

Let the ordinate through P meet the conjugate hyperbola in 
li (same fig.), and let IIM be the ordinate of H perpendicular to 
BC, then of course j 

RM' : CM'-BC" :: AC : BC, ■ 

or CM' : BC :: RM' ^^ AC -.AC; M 

but C.V = SN &ad 2iSf=CN, 

.: RX' : BC :: CN' + AC : AC {7); 
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and combining (6) and (7), we get 

RN^ - EN^ = BC^ = RE. Er^RE. Re, 

where r is the point on the other branch of the conjugate hyper- 
bola corresponding to R, and e is the point in which Rr meets 
the other asymptote. 

To draw a tangent and normal at any point of the curve 
(Kg. 88). 

Let Pj be a point on the curve adjacent to any point P, and 
let the chord FP^ meet the directrices in K and K^ , Draw KF 
to the corresponding focus: then FF : FF^ :: FK : F^K, or FK 
bisects the exterior angle between FF and F^F produced (Euc. 
VL prop. A). Hence, exactly as in the case of the ellipse (p. 102), 
when Pj moves up to and coincides with P, so that the chord 
PPj becomes the tangent at P, the line FK becomes perpendicular 
to the line FF drawn from the focus to the point of contact of 
the tangent. The tangent at any 'point F of an hyperbola may 
therefore he drawn by drawing a line from P to either focus, 
erecting a perpendicular to this line at the focus meeting the 
directrix, and drawing the tangent through this point and the 
proposed point of contact. It may also be drawn by making use 
of the known property that it bisects t/ie angle between tlis focal 
distances. For in the two triangles FFK, FF^K^ 

FF : FK :: F^F : FK^, 

and the angle FFK= the angle FF^K^, each being a right angle, 

.-. the angle FFK = F^FK^. (Euc. vi. 7.) 

Hence the normal bisects the exterior angle between the focal 
distances. 

Problem 90. To describe an hyperbola, an asymptote CD, 
<ifoctut Ff and a point F being gii^en (Fig. 88). 

From F draw FD perpendicular to CD, then D will be a point 
on the directrix as has been previously proved. Through P draw 
i/ parallel to CD and make Ff-FF, then/ will be a second 
point in the directrix^ which \^ therefore determmei. 'Dt^'^ CF 
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perpendicular to ZJy meeting tLe given aBymptote in C, wiiich will 
evidently be the centre of the curve. Make CA, C'A , on CF each 
equal CD and A A, will be tlie tninaverse axis, and the curve ia 
completely determined. 

Since Pf Q&a be measured on either side of /' there are gene- 
rally twu solutions. 

Proof. Tlie only step iu the constructjun whicli ia not obvious* 
is taking^as a {loint on the directrix. It cau easily be sbewn to 
hold in the hyperbola, for draw Am parallel to the asymptote 
meeting the directrix in m, then in the hyperbola 
FP : FA :: FM : AX 
:: Pf : A..i, 
where F2f ia a perpendicular on the directrix. 

But Am = DL = AF, .: FP = P/- 

and conversely, if Pf he made = PF, f will be a point on tho 
directrix. 

Frobleu 91. To datanha an hyperbola, an ani/mptote C'2\ 
a tangeni Tt, and a focus F beiH'j given (Pig. 89). 

From F di'aw FD perpendicular to CT meeting it ia Z), and 
FY perpendicular to Tl meeting in Y. Then D and 1' aru points 
on the auxiliary circle. Bisect BY in E and draw KC jierpen- 
dicular to DY meeting CD in C G will be the centre of the 
curve, CF the dii-ection of the transverse asiM, and CD or GY its 
semi-length. 

Problem 93. To descrilie an hyperbola, an aeymjitote CD, 
a directrix DD^ aii/l a point P being given (Fig. 89). 

From D draw DF perpendicukr to CD. DF will be a locus of 
the focus. Through P draw P/ parallel to CD meeting DDi in/ 
and with centre P and radius Pf describe an arc cutting DF in F. 
F will be a focuf, and FC drawn perpendicular to DD^ will inter- 
sect CD in G, the centre of the ctirve; which is therefore com- 
pletely determined. 

[The problem ia exactly the converse of Prob. 90.] 
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Problem 93. To describe an hyperbola, tJte ast/mptotes CD, CD^ 
and a point P on the curve being given (Fig. 89). 

Bisect the angles between the asymptotes by the lines ACA^, 
BCB^; then ACA^ in the angle in which F lies is the position of 



FIs.89. 




the transverse axis. Through P draw QPq perpendicular to -4^4, 
and meeting the asymptotes in Q and q. Take a mean propor- 
tional, as Pb, between PQ and Pq, Pb will be the length CB of 
the conjugate semi-axis. 

Draw BE parallel to -4-4 j meeting the asymptote in B ; then 
BE is the length CA of the transverse semi-axis and CE = CF, the 
distance of either focus from (7. 

Proof. The only step in the construction requiring demon- 
stration is that in the hyperbola BC^ = PQ . Pq, 

Let N be the foot of the double ordinate Pp ; by similar 
triangles CAE^ CNQ. 

QN^ : AE"" :: GN^ : AC and AE=BC, 

.\ QN^-BC : BC :: CN'-^AC : AC; 

but CN^^AC^AN.NA^ and (p. 156) FN' : AN.NA^ :: BC \AC\ 

r. QN'-^BC : BC :: PIP : EC' •, 
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.-. QN'-BC'^PN'' or QN' - FN' = BC, 
ie. {QN+PN){QN-PN) = BC'^PQ.Pq, 
I'or by the ayinmetry of the curve N'q = NQ. 

If qp be made equal to QP, p will evidently be a pc 



1 



Pkoblem 94. To describe an hyperbola, t/ie asymptotes CT, Ct, 
and a tangent Tt to the curve being given (Fig. 89). 

Bisect Tt in P. P will be the point of contact of Tt, I e. will 
be a point on the curve, mid the problem therefore reducf^H to 
Problem 93. 

The proof will be found on p, 163, 

Definition, Any straight line drawn through the centre and 
terminated both ways either by the original curve or by the con- 
jugate hyperbola is called a diameter, and by the aymmetry of the 
curve every diameter is bisected by the centre. A diameter CI) 
parallel to the tangent at the extremity of a diameter CP is said 
to be conjugate to CP. 

The following important properties of the hyperbola should be 
carefully noticed. 

Prop. 1. If from any poiiii Q in an asymptote QPpq fre 
draicn meeting the curve in P, p and the ot/ier asymptote in q, 
and if CD be ilie semi-diameter parallel to Qq, 

QP.Pq = CD' and QP = pq (Fig, 90), 

Through P and D draw RPr^ D2't perpendicular to the trans- 
verse axis, and meeting the aajniptot^a in R, r and T, t; let Hr 
meet the axis in iV", 

Then QP: RP :: CD ; 



DT\ 



Pq : Pr :: CD : Dt 
.: QP.Pq : RP.Pr :: CD' : DT.Dt. 
RP . Pr ^ BC == DT . DC (p. 159), 
.-. QP.Pq = CD'. 



similar triangles. 
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Similarly qp.pQ^CD^ = QP .Pq] 

or, if Fbe the middle point of Qq^ 

Hence PV=pV, and therefore PQ=pq, 
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Cob. If a straight line PP^ p^p meet the hyperbola in P, /?, 
and the conjugate hyperbola in P^, p^, PP^ =ppi. 

For if the line meet the asymptote in Qj q, 

QPi = Piq and PQ = qp, .\ PPi=pp^, 

Prop. 2. A diameter bisects all chords parallel to tJie tangents 
at its extremities^ i, e, all chords parallel to its corrugate. 

This can be proved exactly as in the analogous proposition for 
the ellipse. 

Let QQi (fig. 91) be any chord of an hyperbola meeting the 
directrix in E, and let be the centre point of QQ^ and F the 
focus. 

Join FQ, FQiy and draw .^F perpendicular to QQ^. 
Then FQ' - FQ,' = Q7' - Q,Y' 

= 2.QQ^.0Y (1); 

but since Q and Q^ are on the hyperbola, 




where AW ia drawn through the vertex parallel to Qli meeting 
the directrix in W. 

I.e. OY : OS in a constant ratio. 

Take any second chord qq^ parallel to QQ^ meeting FY in I', 
and the directrix in R,. Let O, he its centre point ; then, einct- 
OY Y 
nff ^ 7np' ' '*' ***"°^^ *''*'' *''* '"*** ^^i 'ni'^'' P"** through the 

point T in which FY meets the directrix, and ia therefore 
lixed for all chords parallel to QQ,. This line will evidently pass 
through the centre (i.e. will be a diameter), for by the last pro- 
position it bisects all chorda of the conjugate hyperbola parallel 
to QCii >-B' it bisects the diameter Dd, which is also bisected by C. 
Let TO meet the hyperbola in P and suppose 57, to move 
parallel to itself till it upproaches and ultimately coincides with P. 
Since O^q— 0,q, tbroiighout the motion, the p>ints q_, 2, '"^ BTideutly 
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approach P simultaneously, and in the limiting position qq^ will 
be the tangent at P. It follows that if P^ be the other extremity 
of the diameter through P, the tangent at P, is parallel to QQ^ , 
and therefore to the tangent at P, 

CoROLLABT 1. The perpendicular on the tangent at any point 
from the focus meets the corresponding diameter in the directiix. 

Cor. 2. If the tangent at P meet the asymptotes in E and e^ 
PE=Pe, for by the last proposition the intercept between q and 
one asymptote is always equal to the intercept between q^ and the 
other asymptote, and when q and q^ ultimately coincide with P 
these intercepts become PE and Pe respectively, i.a the portion 
of any tangent between the asymptotes is bisected at the point of 
contact. 

Cor. 3. If PE be the tangent at P meeting the asymptote 
in Ey PE* = CZ>*, where CD is the semi-diameter conjugate to CP. 
For taking a parallel chord very near the tangent meeting the 
curve inj3, p^ and the asymptote in e, we have, by Prop. 1, 

ep . epj = C2>', 

and therefore when p and p^ coincide in P, 

EP* = CD\ 

Cor. 4. The asymptotes are the diagonals of the parallelogram 
formed by the tangents at the extremities of a pair of conjugate 
diameters. For E and e, which are on the asymptotes, are also 
angular points of such a parallelogram. 

Prop. 3. Tangents drawn at the extremities of any chord svh- 
tend equal angles at the focus. 

Let PQ (fig. 92) be any chord of an hyperbola and let the 
tangents at P and Q meet in R. Let F be the focus, and from R 
draw RNy RM perpendicular respectively to PP, FQ] draw RW 
perpendicular to the directrix and let the tangent at P meet the 
directrix in E. 

Then EF is perpendicular to FP (p. 157), and therefore 
parallel to ^J^ 
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Therefore FN : FP :i ER -, EP 

:: RW : P£, 
where PE is the perpendicular from P on the directrix. 



FIg.92. 




Therefore FN : RW :: FP : PE 

:: FA : AX. 

Similarly FM i RW v. FA : AX; 

therefore FN = FM, 

Hence in the right-angled triangles 'i?i^iV^, RFMy FN=^FM, 
and FR is common. 

Therefore the two triangles are equal in all respects, i.e. the 
angle RFP^ihe angle RFQ, and RN=RM. 

Prop. 4. If PCP^ he a diameter and QVQ^ a chord parallel 
to the tangent at P and ineeting PP^ produced in V, and if the 
tangent at Q meet PP^ in T, then CV,CT=- CP^ (Fig. 92). 

Let TQ meet the tangents at P and P^ in R and r, and F being 
a focua dr&w RN perpendicular to the focal distance FP meeting 
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it in JV, m perpendicular to FP^ meeting it in n, and PM^ mi 
perpendicular to the focal distance FQ, Let F^ be the other 
focus, and join F^P, F^P^. 

Since CF^CF,, CP = CP^, and the angle i^'CP = the angle 
FfiP^, therefore the triangles FCP^ -^fi^x ^^^ equal in all re- 
spects; and therefore the angle GPF = the angle CP^F^, 

Similarly the angle CPF^ = the angle CP^F, 

Therefore the whole angle FPF^ = the whole angle F^P^F; but 
the tangents bisect the angles between the focal distances, there- 
fore the angle -^Pi? = the angle FP^r; i.e. the right-angled tri- 
angles RPNy rP^n are similar, and therefore 

RP : rP^ :: RN : m\ 
but RN^=RM and m = rm (Prop. 3), therefore 









RP : rP^ :: RM : rm 








:: RQ : rQ. 


But 






TR : Tr :: RP : rP^ 
:: RQ : rQ; 


therefore 






TP : TP, :: PV : PJ 


by similar triangles, 




or 


CP- 


'CT 


: CT^QP :: CV-CP : 


Le. 






CT : CP :: CP : CV', 



CV+CP, 



therefore CT.CV^CP". 

Cob. 1. Since (7Fand CP are the same for the point Q^, the 
tangent at Q^ passes through T, or the tangents at the extremities 
of any chord intersect on the diameter which bisects that chord. 

Pbop. 5. If PGP ^^ DCD^ he conjugate diameters^ and QV he 
drawn parallel to CD meeting the hyperhola in Q and CP in V, tJien 

QV : PV,PJ :: CD^ : CP\ 

Let the tangent at Q (fig. 92) meet CP and CD in ^ and < 
respectively, and draw QU parallel to CP meeting CD in U, 

Then CV.CT=CP'aiidCU,Ct = CD' (Prop. 4) ; 
but CU=QV, 

therefore CD' : CP' :: QV.Ct : CV.CT; 

but Ct : QV :: CT : VT, 

.-. CD' : CP" :: QV : CV.VT, 
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nnd CV. VT=CV{CV-CT) = CV - CF'^^ FV . P^V; 
therefore QV : PV.P,V :: CI^ : CP\ 

pROBLEU 95. To describe an hyperbola, Ike transverse 
AA^ and a point P on the mtrve being given (Fig. 88 

Bisect AA-f in G, which will of course be the centre of the 
curve. Draw the conjugate axis BCB^. Let PA^, PA cut BB^ 
in 6, and 6 resppctively. Take a. mean proportional CH between 
Cb and C6,, wliich will be the length (CB or CB,) of the semi- 
conjugate axis. The foci can then be determined, since GF=AB. 

Proof. Let PN be the ordinate at P. 

Then PN : hp :: .VA, : CJ,, 

and PJT : bC :: JVA : CA, 

or P.V ; JfA.A'A, ■: bC.bfi : CA'; 

therefore bC.b,C = BC' (p. 156). 

Fboblkh 9G. To describe an hyperbola, the transverse aseiii 
ATA, and a tangmt FT ieing gim7i (Fig. 88). 

Bisect AA, in C, the centre of the curve. On CA towards 
CT take Clf a third proportional to CT and CA. JV will be the 
foot of the ordinate of the point of contact of the given tangent; 
i.a if SP be drawn perpendicular to AA^ meeting TP in P, J' 
will be a point on the curve, and the problem therefore reducea 
to the preceding. 

It may also be completed by Prob. 19, p, 23, determining 
two lines PF, PF, making equal angles with PT and meeting 
AA^ in points equidistant from C ; since it has been already 
shewn (p. 157) that the tangent bisects the angle between the 
focal distances. 

The proof follows from Prop. 4, ^164, which of course applies 
to the principal axes. 

Problem 97. To descrH>e an kyperhoLi, a pair of nwy'wyt 
dlametert being ffii'eit (Fig. 93). 

JVJ', , DCD, are the given conjugate diametera. 
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First Method. Complete the parallelogram QtqT formed by the 
tangents at their extremities; then the diagonals of this parallelo- 



gram are the asymptotes (p. 103), and the axes therefore bisect 
the angles between them. Thus CA and CB &re determined in 
direction. 

From P draw two lines PF, PF, making etjual angles with 
T*?*, the tangent at P, and meeting JJ, in points /" and i^, equi- 
distant from C (Prob. 19, p. 23). Then F and F, are the foci, 
and the vertices can be determined by dropping perpendiculars 
on AA^ from the points in which the circle on FF^ as diameter 
intersects the asymptotes. 

The curve can therefore be drawn by the general method. 

Second Method. Points on the curve can also be determined 
without finding the foci thus : 

Complete the parallelogram QtqT as before. 

Divide QD into any number of equal parts as at 1, 2, 3. 
Divide CD, into the same number of equal parts as at 1,, 2,, 3,; 
then P\ and i*,!, will, when produced, intersect in a point on 
the curves and simiJarTy with the other cotreapoTiding ijOTcAa. 
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GIVEN CONJUOATE DIAMETERS. 



iicipa^l 



This method can also of course be applied to the princi] 
Mxea ; it cannot however be i-ecom mended, because a slight in- 
accuracy in the position of either line makes a considerable 
alteration in the position of the point on the curve, aince in 
producing the lines the error is magnified, and the lines muat 
often be produced to a considei-able distance. 

Fkobleu 98. To describe an hyj>erholtt, the etntre C, the direc- 
lions of a pair of conjugate diameters CA, OS, and two pointt on 
t/te curve P and Q being given (Fig. 94). 

Draw P2f, Qn parallel to CJ3 meeting CA in JV and m. tl.*t 
FN be less than Qn; then CV must bo less than Cn.) Produce 




<jn to q and draw FMP_ paraJlel to CA, meeting CB in 31. 
Make MP^ = MP and nq - nQ. Then P^ and q are points on 
the curve. Let PP^ meet Qq in £. Through n draw nx parallel 
to QP, meeting PP^ in x, and through n draw ny parallel to Pq 
meeting PP^ in »/. Take Ed a mean proportional between Ex 
and Ay On CJV describe a semi-circle CBIf and make ND = Ed. 
CD will be the length CA of the diameter parallel to PF,. On 
CA make CG = Ed, and through A draw BA parallel to MU. CIS 
mil be the diameter conjugiite toCj-t, and the problem reduces 
to ibe preceding. 
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Proof, The construction, as in the similar problem for the 
ellipse, depends on the property of the curve, that "the rectangles 
contained by the segments of any two chords which intersect each 
other are in the ratio of the squares on the parallel diameters/' 

Le. EP.EP^ : EQ.Eq :: GA^ : CB% 

which may be thus proved : 

Through E draw the diameter ERR^^ and draw the ordinate 
RU parallel to ^^^ or to CB', then, by Prop. 5, p. 165, 

RU^ : CU'-CA' :: CB' : CA', 

.-. GB'^RIP : CB' :: GU' : GA% 

and qn' : Gn'-GA^ :: GB" : GA'; 

.-. GB'+qn' : GB' :: Gn' : GA\ 

so that G&^RU^ : GU^ :: GB^-¥qn^ : Gn\ 

But RU* : GU' :: En' : Gn% 

.-. GB* : GU' :: GB'+ qn'-- En' : Gn% 

or GB' : GB'+qn'-^En' :: GU' : Cn" 

:: C7/2» : GE'; 

.-. C^ : qn'-En* :: Ci2» : GE'-^GR', 
or (7^ : ^©.^^ :: GR' : ER.ER^. 

Similarly (7^" ; EP . EP^ :: Ci2' : ER.ER^, 

.-. EP.EP^ : EQ.Eq :: C^i' : CJ?^ 
Bat by construction j^© : ^Pj \\ En \ Ex^ 
and ^5^ : £'P :: En : Ey, 

EQ.Eq : EP . EP^ :: En' : Ex.Ey, 
but Ex.Ey^Ed?=^ND'^GN'-GA'^AN.NA^, 

.'. En' or PiV« : ^ilT.iT^, :: EQ.Eq : EP.EP^y 
which proves that -4-4^ is the diameter conjugate to PN. 

Also by construction 

GB : GA :: Cif : GG :: /^iV^ : iV7>, 
.-. (7^ : a^» :: PN' : AN.FA^, 
or CB is the semi-diameter conjugate to GA . 



170 GIVES DIBECTIONS OF CONJUGATE DIAMETEHS, &c. 

Problem 99. To describe an hyperbola, ike centre C, tlte 
tlireclions of a pair of conjugate diameters CT, Ct, a tangent Tt, 
iiTid a point P on tlw. curve being given (Fig. 95), 

[If a tine be drawn parallel to Tt and at an equal distance 
from C, it will of course be a, seoond tangent, and F must not 




fl.] Draw PVp pamllel to Ct cutting CT 
in V, aiiii make Vp= VP. p will be a puint of the curve. One 
uf tlie two diametera CP or Cp (in the figure Cp) will alwaj-s 
intersect Tt in a point {L) outside Tt; draw such diameter and 
on it make CP, = Cp. P, will be a point on the curve. 

Take Lm a mean pi-oportional between Lp and ZP,. On 1'/ 
as diameter describe a cii-cle; through L draw LK perpendicular 
to Lt and on it take a point X such that Cp : Lt/i :: kTt : LK, 
\.e. an LK TaekB Lvi^^Lm, and onii make io = JTi: andZp^ = C;>. 
Through o draw oK parallel to jn.jj, , K will be the point required ; 
then tangents KQM, Q^KAf^ froni X to the circle on Tt will iutei'- 
sect Tt in points (Q, and (?,) either of which may be taken for its 
]«int of contact with the curve. There are therefore two solutions. 

Through C draw l)Cd p.irallel tr> Tt, make CD^Cd = QM, 
tlie tangent fiom Q to the cii'clo. CQ and CD will be conjugate 
uemi-diameteTB, and the problem reduces to Problem 97, 
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Pboblem 100. To describe an hyperbola, the centre C, two 
tangents FT, QT and a point on the curve (B) being given 
(Fig. 96). 

Through C draw TGT^ and make CT^ = CT. Draw T^t parallel 
to FT meeting QT in t, and draw T^t^ parallel to QT meeting FT 




in «,. tT^ and t^T^ will be tangents to the curve and TCT^, tCt^ 
▼ill be the directions of a pair of conjugate diametei-s; and the 
problem therefore reduces to the preceding. 

[The point R must lie outside the parallelogram TtT^t^ and 
within one of the exterior angles, such as PTQ.'\ 

In the figure RC= GRy^ and RG meets Tt in Z; Lm is a mean 
proportional between LR and Z/?,; and LK : Lm \\ OT \ GR, 
where 0T= ^Tt, and LK is perpendicular to Tt, Then a tangent 
K^£ from K to the circle on Tt as diameter cuts Tt in its point 
of contact (Q) with the curve, and GD drawn through G parallel 
to QT and equal to QM will be the semi-diameter conjugate to GQ. 

There are two solutions, as two tangents can be drawn from 
K to the circle on JV. 



1 1 2 GIVEN CESTllE, TWO POINTS AND TAXGENT. 

Problem 101. To describe an hyperbola., (he esntre C, two 
point* (A and B) of the cwrae and a tangent Tt being gwen 
(Fig. 97). 



[A Becond tangent can at oni 
other side o£ C and at the aa.ir 
iind B must not lie between thea 
on opposite liranclies of the cut 



; be drawn parallel to Tl on the 
distance from it; the points A 
lines.] If the given points lie 
e.g. A and 5,, i.e. if they 



n opposite sides of Tt, draw BfiB and make CB — C'B, , then 
li will be on the same branch as A. 




Draw AB and bisect it in V. Di'ftw t'V meeting the given, 
tangent in T, and Ct parallel to AB meeting it in (. Then CT, 
Ct are the directions of a pair of conjugate diametei-B, and tb« 
problem reduces to Prob. 99. 

In the figure CA^ = CA and ACA, meeta Tt in i; Lm is a 
iiieoii proportional between LA and iJ,; LK : Lm :: OT : CA, 
where LK Lt perpendicular to Tt and 0T= ITt. 

Then a tangent (Krj) froni K to the circle on Tt as diametev 
ftits Tt in Q, its point of contact with the curve. CJJ jianiUel 
to 2'e and eqttal to Qq is the semi-diameter conjugate to C^. 
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Pboblem 102. To describe an hyperbola., the centre (7, and 
Viree tangents (SV, YW, WS) being giv&i\ (Fig. 98). 

Through G draw TCT^ meeting SV in T and SW in r„ so that 
TC= CT^ (Prob. 14, p. 19). CT wiU be conjugate to CIS. Draw 
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T^ parallel to OF meeting FfT in v, Tw parallel to (7 IT meeting 
YW in to, and draw vT, wT^ meeting in E, Then ^aS' will cut 
YW in P, its point of contact with the curve. Also PQ parallel to 
^T will cut Y8 in Q, its point of contact, and QR parallel to CT or 
Pi? parallel to T^w will cut TF/Sin i?, its point of contact. The prob- 
lem can be completed by several of those previously given or thus ; 

Draw QN parallel to CT meeting CaS^ in N, QN is an ordinal*^ 
of the diameter CS, and therefore CA, the length of the semi- 
diameter, is a mean proportional between CS and CN (Prop. 4, 
p. 164). Similarly, if Qn be drawn parallel to C'aS' meeting CT in 
», CB must be taken as a mean proportional between Cn and CT, 

Problem 103. To describe an hyperbola, the centre and 
three points P, Q, R being given (Fig. 99). 

[Each of the points must lie either between both pairs of lines 
famished by the remaining points and their corresponding points, 
or outside both these pairs o£ lines.] 




diameter Cp, and therefore the tangenta at P and Q will intersect 
on Cp; similarly the tangents at Q and Jt will intersect on Cy, and 
at H and F on C'r. If therefore a triangle be drawu (Prob. 15, 
p. 20), the Hides of which pasa through I', Q and Ji, and the 
vertioea of which lie on Cp, Vq aod Cr respectively, the eidea of 
this triangle wi!! he tJie tangents at P, Q and H. Take any 
point a on Cr; draw Pa, Ra cntting Cp, Cq'm 6 and c respectivdy ; 
join be cutting PR in x, and draw xQ cutting Cb in T. QT, P7' 
will be the tangents at Q and P resiiectively ; and if PT meet Cr 
in (, Rt will bo the tangent at Ji. The problem may he complete*! 
by preceding problems. 

Problem lOi. To describe an, hi/perliola, the foci F, l\ and « 
point P ore (/«j cwnx being given (Fig. 100). 

It has been abewn already that the difference between the 
focal diatancea of any jfoint on the curve is equal to the tranSTBTM 
aKis (p. 153). 

Let F,P be greater than FP. On PF^ make ^= PF. Draw 
J'J',, bisect it in G and make CA = CA^~\FJ. AA, wiU there- 
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fore be the rertioea of the curve, and the problem reduces to 
Prob. 89. 




Problem 105. To desert an hi/perbola, tlit/oei F, F and a 
tangent Tt beirtg givm (Fig. 100). 

[The tangeat must lie between F and F,.] 

Bisect FFj in C, the centre of the curve. From F or J", drop 
> perpeDdicular {aa FY) on the tangent On CF, CF^ make 
CA = OA, = CT. A and A^ will be the vertices o£ the curve, aud 
the problem reduces to Prob. 89. 

Pbobleh 106. To degcrihe an hyperbola, a focu» F, a tangent 
PT with tig point of contact P, and a second point Q on the curve, 
hang given (Fig. 100). 

If .7* and Q are on the same side of PT, the solution has already 
been pven in the corresponding problem for the ellipse (Prob. 76). 
Hence the case o£ F and Q lying on opposite sides of PT need 
alone be considered here. 

From F draw FY perpendicular to PT meeting it in Y, on 
FY produced make Y/= YF; then Pf will be a locus of the 
Kcond focus. From / on fP, on either aide o£ /, make fq = FQ. 
Bisect Qq in r, and draw rj", perpendictdar to Qq meeting Pf in 
F^, which will he the second focua Hence, both foci being known, 
die problem may be completed by Probs. 104 or 105. 

Since q may be taken on either side of ^ there are in general 
two solutions. 



GIVEN FOCUS. TASGEST AND TWO POINTS. 






Proof. IhaX/P is a locus of tlie secoud focus bas been shewn 
in p, I5T; that the second focus ia at the intei'sectioii of J'l' 
and rF^ is evident thus :— it luust Iw so situated that 

F,P~FP = FQ~F,Q; 
but fQ = FQa.ad F,q^F,Q, 

.-■ FQ~F^Q.Jq~F^q=/F^, 

and FP^fP, .: FJ'~FP^F,P~JP=/F^, 

i.e. F, is the second focus. 

If Fa.nd Q ure on opposite sides of PT, two hyperbolas can in 
i^neral be drawn. 

If /■ and e are on the same side of PT, and the distance of I? 
from F is greater than its distance from the line drawn through/ 
perpetitiicuJar to F/, two hyperbolas can in general be di-awn. 

If F and Q are on the same side of PT, but the distance of 
Q from F is 1«sb than its distance from the above perpendicular, 
one hyperbola only can in genei'al be drawn, but an ellipse can 
also be drawn. 

If F and Q are on the same side of PT, and the distance of Q 
from F is equal to its distance from the above perpendicular, a 
parabola can be drawn fulfilling the required conditions, but no 
hyperbola or ellipse, since the second focus removes to an infinite 
distance. 

Frobleu 107. To describe an hyperbola, a focua F, a tangent 
RT and two poinCg P and Q of the C7trve being given (Fig. 101), 

If F, P and Q are all on the same side of RT, the solution 
lifts already been given in Prob. 77, the corresponding problem 
for the ellipse. Hence the cases of one or both of the points P, (J 
lying on the opposite side of RT to F need be considered. 

Case 1. Let F and P be on the same side of RT, and Q on 
the oppnsite side. Produce PF to ■;■, make Fq = Fi^, and with 
centre P and radius Pq describe a circle g6. Prom F draw FY 
perpendicular to RT, produce it to/ and make Yf= YF. With 
centre/and radius FQ describe a circle GU, ond find the centre 
(J^'J of a citvle touching the circles qG and GU intermilly and 
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passing through Q (Prob. 32). F^ will be the second focus. The 
problem is always possible, since the circles must necessarily cut 
each other and the point Q be inside both. 
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Proof. The second focus F^ must be equidistant from Q and 
from the circle qG^ since F^P-FP must be equal to FQ-F^Q, 
But F^P by construction = Pg-jFj^ and Pq = FP-i-Fq = FP+FQ. 

Also /F^ must be equal to the transverse axis, p. 153, 
i.e. to FQ — FyQ or to fG^-F^Qy i.e. the second focus must be 
eqtddistant from the point Q and from the cii'cle GJI. 

Ca»b 2. Let P and Q be on the opposite side of i? 2^ to F^ a^ 
P, and Q. Let FP^ be greater than FQ, On FP^ make Fq^ = FQ, 
and with centre P, and radius P^q^ describe the circle q^H, Deter- 
mine the point / as in Case 1, and with centiQ / ^xv.^ t^^ws^ ¥^ 
E. VL 
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draw the circle Glf. Detemiiae F^, the centre of a circle toucliiQ(i 
'/, II externally and GH internally. F^ will be the second focus. 
Proof. FP^ - F^P^ = Fq^ + q^P^ - F^P, = Fg, - (F,P,-q,P^) 
^FQ-Ffi 
=/F,,aainCMel. 

Problem 108. To describe an hyperbola, afoeua F, a point P 
on t/ie curve, and iteo tmigenta TQ, TR being given (Fig. 102), 




[F and P must be either both on the same aide or both on 
oppoBite sides of each tangent.] 

If F and P are on the xaine aide of e&ch tangent, the necesBary 
condition for a possible solution has been esplained in the corre- 
sponding problem for the ellipse, Prob. 78, p. 127, and the solu- 
tion given. If they are on opposite sides, as in fig., draw FY/ 
perpendicular to QT meeting it iu 1', and FT^f^ ])erpendicular 
to ^?' meeting it ill 1',, and make 17=1'^^ and Y,f,= T^F. 

With centre P and radius PF describe a circle FG, and find 
F^ the centre of a circle to touch FG and to pass through _/*and/|. 
Prob. 27. Since/ and/, will necessarily lie within the circle FG, 
two solutions can generally be obtained. 

Proof. If F^ is the second focus, fF, =f,F, the transverse 
axia — FP—F^P, which by construction it does. 
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Problem 109. To describe an hyperbola, a focus F and three 
tangents FT, QT and FS being given (Fig. 103). 
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[F must not lie within the triangle formed by the tangents.] 

From F drop perpendiculars FY/, FY^f , FY^f^ on the given 
tangents, meeting them respectively in Y, Y^ and 7,, and make 
Y/= YF, 7,/ = Y^F, and YJ^ = Y^F; then, as/, /, and/, must all 
be equidistant from the second focus (p. 153), and the problem 
therefore reduces to finding the centre (F^) of a circle passing 
through three given points (Prob. 20), F^ will be the second 
focus, and the transverse axis is of course known, since it is equal 
to/'./ 

Problem 110. To describe an hyperbola, a focus F and three 
points P, Q, R on the curve being given (Fig. 104). 

[With two of the points as centres describe circles passing 
through F, The three given points cannot lie on the same branch 
of an hyperbola, unless 

{\) F lies in one of the three angles PQR, QRP, and RPQ; 
and (2) the third point is more distant from F than it is from 
the common tangent to the above circles remo\iO itoixv F. 




The [lointe being as in the figure, the above conditions for the 
points lying on the same branch are not complied with; an elliptic 
and three hyperbolas can be drawn by the first solution o£ the 
corresponding problem iii the preceding Chapter, Problem 80. 

The second Bolution there given can be adapted to the present 
case thus: Let P and Q lie on one branch of the required hyper- 
bola and R on the other. 

Bisect the angle PFQ by the line FC, bisect the angle between 
PF and RF pradTtced by FD, and the angle between QF and li F 
jrroduced by FE. 

Determine the triangle whose sides pass throiigh F termi- 
nating on FC and FD, through Q terminating oo FE, FC, and 
through R terminating on FD and FE (Problem 15). The aides 
of this triangle will be tangents to the required curve at P, V 
anrf jF respectively. 
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To determine the triangle. Take any point C on FC, draw 
CP, CQ cutting GJD, GE in D and E, and draw ED, QP intersect- 
ing in X, RX will be the tangent at R, and if it meets FE in T, 
QT will be the tangent at Q ; similarly, if QT meets FC in T^ , 
PT^ will be the tangent at P, passing also through the intersection 
of RT and DF, 

The construction depends on the well-known property of the 
hyperbola, that the angles subtended at the focus by a pair of 
tangents are equal or supplementary according as the tangents 
touch the same or opposite branches of the curve. 

Pboblem 111. To describe cm hyperbola, two tangents TQ, TR, 
loith their points of contact Q and R, and a point P on the curve 
being given (Fig. 105). 

[The point P must lie outside the parabola wliich can be de- 
scribed touching TQ, TR at Q and -ff.] 
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The construction is exactly similar to the corresponding 
problem for the ellipse. Prob. 81. 

Bisect QR in V and through T draw TD V, Through P draw 
PLL^ parallel to QR meeting QT in L and fiT m L^. 
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Find a mean proportional {Lk) between PL and Pi,. (If 
/*)£, be made equal to PL, P^ will be a point on the curve.) On 
PP^ make PK=Lk, then QK will intersect TV in D, the extremity 
of the diameter TV. 

On rr take a point C such that TC : CD :: CD -.GV; and if , 
as in the figure, Q and R are on opposite branches of the hyper- 
bola, C must be taken between T and V; i.e. on TV aa diameter 
describe a semi-circle ; draw DM making an angle of 46° witli 
D V and meeting the eemi-oircle in M, and from M draw MC pei-- 
pendicular to TV. Evidently MC is a mean proportional between 
GT and CV, and is equal to CD. G will be the centre of the 
hyperbola, and the asymptotes can easily be determined and the 
curve completed by preceding problems. 

The proof is identical with that for the ellipse. 

Problem 112. To describe an hyperbola, two jwliilt A and B 

oil the curve and three tangents PQ, QE, MP being given (Fig. 106). 

[Either no one of the three tangents must puna between the 




points or all three must do bo, and the poiuts must not lie within 
the triangle formed by the tangents.] 

Draw a line through AB cutting the tangents through P in 
^ and J/ and the remaining tangent in ,V. 
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Find X the centre and i>, i>, the foci of the involution J, B 
and L^.M (Prob. 13). B or D^ will be a point on the chord of 
contact of the tangents PZ, PM. 

[In the figure La on FQ = LA , and Bm on a parallel to PQ^BM ; 
am cuts J[^ in X, the required centre, and XD=^XD^ = b, mean 
proportional between XM and ZZ.] 

Similarly, find X^ the centre and E, E^ the foci of the in- 
volution -4, ^ and if, iV (Prob. 13), and E or -£', will be a point 
on the chord of contact of the tangents RM and RN» 

Find MV the harmonic mean between ME and MD^ M being 
the point of intersection of AB with the given tangents which has 
appeared in each of the above involutions, then QV (Q being the 
intersection of tangents through iV and L) will meet the tangent 
through if in its point of contact (q) with the curve. 

Therefore qDr will be the chord of contact of the tangents 
PQy PR, and Eqp the chord of contact of the tangents RP, RQ, 

The proof is identical with that for the ellipse, p. 135. 

Problem 113. To describe an hyperbola^ two tangents TP, TQ 
and three points -4, J?, C on the curve being given (Fig. 107). 

[The points A, B, C being taken together in pairs, each pair 
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184 GIVEN TWO POINTS AND THREE TANGENTS. 

of pointa inuat be either both on the saiiie side or both on opposite 
aides of both tangents. In tlie figure A and B are both on the 
same side, and B and C oa opposite sides of both TF and TQ. 
as also C and AJ] 

Draw the line AB cutting the given tangents in P and Q. 
Find X the centre and H, £, the foci of the involution A, B and 
/', Q (Problem 13). 

[In the figure Pa = /',l and fi^, parallel to i'a=.BQ. ^,o cuts 
AB in J, the required centre. XE ^XE, — a, mean proportional 
between XA and XB.] 

B or .£"1 will be a point on the chord of contact of the given 



Again, draw BC cutting the given tangentu in j> and q, and 
find X, the centre and G, ff, the foci of the involution B, and 
2), q. G or ff , will be a second point on the chord of contact of the 
given tangents, the pointa of contact of which R, B, are therefore 
determined, and the problem reduces to several preceding. 

Since E and E^ can be joined to either G or 6^ four chords 
of contact can in general be drawn, so that there are four solutions. 

The constniction depends on Prop. 7, p. 143. 

Probleu 114. To describe an hyperbola. Jive tan/jenls AB, BC, 
CD, DE, EA being given (Fig. 108). 

[The pentagon formed by the given tangents must contain 
a re-entering angle,] 

Draw AC, BD intersecting in F; and through the remaining 
angular point E of the pentagon draw EF meeting BC in 1*. 
F will be the point of contact of the given tangent BC. Similarly, 
if BD and CE intersect in G, AG will intersect DC in Q, the 
point of contact of the given tangent CD ; and if CE and DA 
iuterst^ct in U, BII will intersect ED iu R, its point of contact. 

The problem tlierefore reduces to Problem 111, or the points 
(if contact S and T of the remaining tangents can easily be deter- 
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The construction depends (as in the corresponding problem 
for the ellipse, p. 136) on Brianchon's theorem. 
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Pbobleh 115. To describe an hyperbola, Jive points ABODE 
being given (Fig. 109). 

Draw AB, DE intersecting in F, and BG, EA intersecting in G) 
then, if FG meet CD inH, H will be a point on the tangent at Ay 
which can therefore be drawn. 
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If a line be ilrawn through G and the intersection of AB 
DfJ, meeting ED in K, K will be a jtoint on the tangent at JS, 
Hence two tangenta with their points of contact heiag known 
and also (at least) one other ])oint on the curve, the problem may 
be completed by Prob. Ill, or the tangents at C, D and A' may 
also be found by a similar construction to the above. 

[If CD and EA intersect in L, and through L a, line LM 
he drawn passing also through the intersection of BC and DE 
and meeting BD in M, M will be a point on the tangent at C; 
and if LM meet AB in jV, .V will he a point on the tangent at D.\ 

The construction of the tangent afc E is left as an exercise 
for the student. 

The construction {as in the correaponding problem for tlm 
ellipse, p. 138) is an adaptiition of Pascal's theorem. 

Pkoblesi llfi. To describe an hyperbola, four tangenU AB, 
BC, CD, DA and a point E on. the curve being given (Fig. 1 10). 

Join EC and ED, cutting AB in c and D^ respectively. Find 
X the centre and F and F, the foci of the irjvolution A, r, and B, D^ 



FiB.IIO, 




(Prob, 13); F or F^ will be a point on the tangent at B, whioli 
CUB therefore be drawn and the problem completed bj Prob. 1 14. 
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[In the ^ore JBa on BC — BA, and c^ on a parallel to BC 
-cD^'y then ad meets AB in X^ the required centre of the in- 
▼elation, and XF=XF^^a mean proportional between XB^ and 
XB. 

K FJS meets DA in G, the points of contact of the given tan- 
gents may be determined by drawing GC, DB intersecting in H, 
when FH will meet CD in P, the point of contact of CD \ 
GC, DF intersecting in K, when BK will meet GD in Q, its point 
of contact ; CF and GB intersecting in L, when DL will meet 
AB in a, its point of contact ; the determination of the point of 
contact of CB is left as an exercise for the student.] 

Problem 117. To describe an hyperbola, four points Ay B,C,D 
of the curve and a tangent ad being given (Fig. 111). 

Let AB meet the given tangent in a, and BC, CD, DA meet 
it in b, c, and d respectively. Find X the centre and F, P, the 



Fl«.lll. 



1^ 

foci of the involution a, e and b, d; P ov F^ will be the point of 
contact of the given tangent, so that five points being known the 
problem reduces to Prob. 115. 
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[In the figure ftcj on bB = 6c, and ar/j on a parallel to bB = ad; 
then Cjd^ meets ctd in X, the centre of the required involution, 
and XP is a mean proportional between Xd and Xb; Pj, the other 
focus, of course lies outside the limits of the figure. 

If ^P and DC meet in U, and AD, CB in F, EF will meet 
PB in (^, a point on the tangent at i>.] 

Problem 118. To find the centre and radius of curvature at 
any point P of a given hyperbola (Fig. 112). 

The construction is identical with that for the ellipse (Prob. 



Fiff.ll2. 




Draw PG the normal meeting the axis in G, GH perpendicular 
to PG meeting the focal chord PF in H, and EO perpendicular to 
PF meeting the normal in 0, the required centre of curvature. 



CHAPTER VI. 



THE KECTANGULAR HYPERBOLA. 

If the axes of an hyperbola be equal, the angle between the 
asymptotes is a right angle, and the curve is called equilateral or 
rectangular. 

If C is the centre, A a vertex, and F the corresponding focus, 
it follows that CF^ = '2,AC\ for it has been shewn (p. 154) that 
CF* = CA' + C-B", and in the rectangular hyperbola CB = CA, 

Similarly FA^=2AX', where X is the foot of the directrix, 

i.e. the eccentricity is always ^2 : 1. 

Conjugate diameters are equal to one another and are equally 
inclined to either asymptote, for in any hyperbola 

CF^-^CD'^CA'-CB' and .-. CP^CD. 

Also CPLD (fig. 113) is a rhombus and therefore CL bisects the 
angle PCD. 

Diameters at right angles to one another are equal, for if CK 
be perpendicular to CP the angle £CF = the angle PC-4 = the 
angle BCD, and therefore by symmetry CF= CD, 

CoROLLART. The rectangles contained by the segments of chords 
which intersect at right angles are equal since they are in the 
ratio of the squares of the parallel diameters (p. 169). 

Given three points on an equilateral hyperbola, a fourth is 
aLso given, for if the curve pass through the three points Ay B, C it 
will also pass through the ortAocentre of the triau^^ ABG/v^.. 
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through the intersection of the perpendioulara from A, B, C on 
the opposite sides. 

This follows at onc« from tlie aliOTe corollary, for if ABC be 
a triangle, and the orthocentre, and if CO meets ABC ill 2), 
the triaugJes BOA and DBC are Mimilar, and 
DO : DA :: DB • DC; 
.: DO.DC^DA.DB, 
so that mitat be a point on the curve. 

If F, Q, B are three points on the curve, the centre mast lie 
on the circle passing through the middle points of the sides of 
the triangle PQR. For (%. 1 13) let an asymptote meet the sides 
n£,ii3. 




PQ, PH in I and ?„ and let d, e, / he the middle points of QP, 
HP and PQ respectirely. Let C be the centre of the liyperbola. 
Then C^is conjugate to PQ and Ce to PH, 
.: thee-ngXe JVe^JCl+ 1 ^Ce 

~el,C + Cif 

^Pl,l + Pll^ 

=fPe 



THE RECTANGULAR HYPERBOLA. 191 

tanoe ydeP is a parallelograin, i.e. the circle through ^^e passes 
also through C (Euclid IIL 21). 

Four points are therefore in general sufficient to determine a 
rectangular hyperbola, for the orthocentre of the triangle formed 
by any three is necessarily a fifth point on the curve, which can 
then be completed by the general method of Prob. 115, p. 185; 
or the centre can at once bo determined as one of the points 
of intersection of the two circles which can be described through 
the centre points of the sides of the triangles formed by taking 
any three of the four given points in succession. 

Similarly a rectangular hyperbola can generally be determined 
from four conditions, and the curve cannot in geneitil be described 
to satisfy a greater number. 

If er be an ordinate of a diameter PCF^, QV'=FV . VP^. 

For in any hyperbola (Prop. 5, p. 165) 

QV : FV. VF^ :: CD' : CF"; 
but in the rectangular hyperbola CD = CF, 

.-. QV' = FV. VF^. 

Hints for the solution of particular cases are given in the 
following examples, but as they are usually simple it has not been 
considered necessary to illustrate them by figures. 

Given the following data, construct rectangular hyperbolas ful- 
fiUing them. 

a. An asymptote and focus. 

[A line through the focus making 45° with the asymptote 
meets it in the centre.] 

6. An asymptote ZC, a tangent FL and its point of contact F, 

[Let the given tangent FL meet the asymptote in Z; on it 
make FL^ = FLf and draw Lfi perpendicular to the asymptote 
meeting it in (7, the centre of the curve.] 

c. The centre (7, a tangent FT and its point of contact F. 
[From C draw CY perpendicular to FT meeting it in Y. 
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The transverse axis bisects the angle PCY, and its semi-length CJ 
is a mean proportional between CP and CJ'.] 

d. The centre C and two points P, Q on the curve. 
[Produce PC to p and make Cj? = CP, so that Pp is a diameter. 

Describe a circle through the three points P, Q, p. The tangent 
to this circle at Q is pariillel to the tangent to the curve ut F, 
vrhich is therefore known,] 

e. The centre C, a tangent PT and a point Q of the curve, 
[From Q drop a perpendicular QN on the given tangent. 

meeting it in N ; bisect QN in 97., and draw nt parallel to PT. 
A cij-cle passing through C and N and touching nt wUI meet 
PT again in its point of contact.] 

/ The centre C and two tangents PT, QT. 

[Produce TC to 7", and make CT,^GT; through T, draw 
T^t parallel to QT and meeting PT in (. CT and Cl will be the 
directions of a pair of conjugate diameters, which deteraiine th's 
asymptotes.] 

g. A focus F and two points P, Q. 

[With centre P describe a circle, the radius of which 
:FPz:l: J2, 
and with centre Q describe a circle, the radius of which 

: FQ :: \ : J2. 
The directrix will be a common tangent to these two circles.] 

h. A tocua F, a tangent PT and its point of contact P. 

[With centre P describe a circle, the radius of which 
: FP :: \ : Ji ; 
draw FT perpendicular to PT meeting it in T. A tangent from 
T to the circle will be the directrix,] 

t. A focus F and two tangents PT, QT. 
[From F draw 07 perpendicular to PJ* meeting it in Y ; pro- 
duce FYUif, and make T/= YF. Draw the circle which is the 
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locus of the vertex of the triangle on base Ff^ and with the 

sides terminating in F and f respectively in the mtio of ^^2 : 1, 
(Prob. 17, p. 21). This circle is a locus of the second focus. 
Similarly the tangent QT will furnish a second locus, so that the 
second focus must be at one of the points of intersection of the 
two circular loci.] 

h, A focus F^ a tangent QT^ and a point P. 

[From F draw FY perpendicular to QTy produce it to /, 
and make Yf= TF; a circular locus of the second focus can be 
determined from i^as in the last example. With F and / as foci 
and with distance between the vertices = -FP, describe an hyper- 
bola, which will be a second locus of the second focus, which is 
therefore at one of the intersections of the hyperbola and circle.] 

/. Two tangents FT, QT and their points of contact F and Q, 

[Bisect FQ in F; then VT is a locus of the centre. On FQ 
describe a segment of a circle containing an angle equal to the 
supplement of the angle PTQ ; the segment must be on the same 
side of FQ as T, and is then a second locus of the centre, which 
is therefore known.] 

m. Given three points and a tangent. 

[From the three points a fourth can be determined (p. 189), 
and the curve can be drawn by the general method. Prob. 117, 
p. 187.] 

n. Given four tangents, AB, £C, CD, DA, , 

[Draw the circle to which the triangle formed by some three 
of the four tangents is self conjugate (Ex. 18, p. 65); it is a 
locus of the centre. A second locus is the straight line joining 
the points of bisection of the diagonals of the quadrilateral formed 
by the tangents. The centre is therefore known.] 

o. Given two points -4, B and two tangents FT, QT, (Fig. 
114.) 

[Let AB meet P^ in a and QT in h. Find X the centre, 
and 0, Oj the foci of the involution A, B and a, h. The chord of 
E. 13 
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contact of FT and QT will pass through or (?j , and if it passes 
through 0, TO^ will be the polar of and conversely. Through 




draw O'pq perpendicular to AB, On AB make OA^-OA, and 
find OS an harmonic mean between OA^ and 0^5, let Og' and TO^ 
meet in ^ and join SR, A circle described with its centre on 
OE perpendicular to SR and to pass through A^ and B will cut 
Opq in points p, q of the required curve.] 

p. Given three tangents il-B,-BC,C-4 and a pointP. (Fig. 115.) 

[The circle (centre S^ radius SO) to which the given triangle 
ABC is self-conjugate (Ex. 18, p. 55) is one locus of the centre. 
Bisect ABy BC, CA ia c, a, h respectively, and draw FA cutting 
be in Ly FB cutting ca in M, and FC cutting ab in iT. The conic 
described to touch the sides of the triangle abc in the points 
ZJ/iV(Probs. 81 or 111) is a second locus of the centre. In the 
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figure, the required conic is an ellipse and the circular locus cuts 



it in the pointB and 0,, either of which may be taken as the 
centre. The points of contact of the given tangents are p, q, r.] 



Examples on Chafters V. ahd VI. 

1, Draw an hyperbola, the centre (C), one asymptote {GL) 
and a directrix LL^ being given. 

[Draw the axis CF perpendicular to LL.,, meeting it in X. 
The vertex j1 is at a distance CL from C] 

2. Draw an hyperbola, the asymptotes CL, CL^ and the 
distance CF of a focus F being given. 

-3. Given the base AB of a triangle and point of contact, F, 
with base of the inscribed circle ; shew that the locus of vertex 
of triangle is an hyperbola with foci A and £ and vertex F. 

i. Shew that the tangent at any point P of an hyperbola 
bisects any straight line perpendicular to the axis A A, and 
terminated by AF, A^P. 

13—2 
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5. Draw the locus of the foci of parabolas passing t 
two fixed points 1' and P^ and having their axes parallel to a 
fixed line AB. 

[The hyperbola described ■with P and P^ as foci and with 
length of transverse axis-PM; the side parallel to AB of a 
right-angled triangle on PP^ as hypotenuse.] 

6. Given the centre C, vertex A, and a tangent iT meeting 
CA in T, describe the hyperbola. 

[The foot N of the ordinate of the point of contact {P) may 
he determined from CT -.CA :: CA : CA''. P is then kno«i). 
The asymptotes cut off equal distances on PT on each aide of P 
and make equal angles with CA (Prob. 19).] 

7. Given the centre C, the axis CT, a tangent PT and its 
point of contact P, draw the hypevhola. (See last example.) 

8. Determine the locus of the intersection of the bisectors of 
the sides of the triangle formed by the asymptotes and any 
tangent to a hyperbola. 

[A similar and similarly placed hyperbola with axes reduced 
in ratio 2 : 3.] 

9. Given a focus F, tangent iTand point Q on an hyperbola, 
draw the locus of the second focus, 

[From F draw FT perpecdicuiar to PT meeting it in I': 
produce FY to / and make Yf= FY. Tlie required locus ia the 
hyperbola with foci _/" and Q, and transverse axis = FQ.^ 

10. Given a line QT and two points P and F. From F draw 
a perpendicular FY to QT meeting it in Y, and produce FY to J", 
making Y/^ YF. With /> and / as foci and with PF as the 
distance between the vertices describe an hyperbola. With F 
and any point on this hyperbola aa foci describe an ellipse to pass 
through P, and shew that it will touch QT ; 

i.e. Given a focus, tangent and point of a conic, the locus of 
the second focus is an hyperbola. 
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11. Given two tangents FT^ QT to a rectangular hyperbola 
and their points of contact P, Q, Shew that if QR be drawn 
perpendicular to FTy and FR to QF^ R will be a point on the 
curva I 

12. In a given ellipse determine the pair of equal conjugate 
diameters. 

[They coincide with asymptotes of hyperbola having the same 
axes.] 

13. Draw the loci of the points of trisection of a series of 
circular arcs described on the straight line AB. 

[Branches of two hyperbolas having their centres at the in- 
ternal points of trisection of AB and asymptotes inclined 60° to 
axis.] 

14. Given the asymptotes and a point on a directrix, draw 
the hyperbola. 

15. From a given point P in an hyperbola draw a straight 
line, such that the segment intercepted between the other inter- 
section with the hyperbola and a given asymptote shall be equal 
to a given line. 

[With F as centre and the length of the given line as radius 
describe a circle cutting the other asymptote. Either point of 
intersection joined to F gives the line required.] 

16. Given a focus P, and tangent FY to an hyperbola and 
the length 2a of the transverse axis, shew that the locus of the 
second focus is a circle. 

[From F draw FY perpendicular to PF meeting it in Y \ 
produce FY to / and make Yf= FY, f is the centre and 2a 
the radius of the required circle.] 

17. Shew that any point on the circle through the middle 
points of the sides of a triangle ABC may be taken as the centre 
of an equilateral hyperbola passing through A, B SuU^ C 
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18. If four tangents to an equilateral hyperbola be given, 
fihew that either of the limithig points (p. 46) of the system of 
circles described on the diagonals of the quadrilateral as diameters 
may be taken as the centre of the hyperbola. 

19. Given a focua F, a tangent PT, its point of contact P, 
and the eccentricity, draw the conic. 

[From F draw FT pei-pendicular to FP and meeting PT in T 
which will be a point on the directrix. With P as centre and 



with radiiis r such that 



FP 



the given eccentricity, describe a 
of the 



circle. Tangents from T to this circle will be poaiti< 
directrix. Two solutions are generally possible.] 

20. Draw normals to an ellipse, from a given point P. 

[The normals pass through the intersections of the ellipse with 
the rectangular hyperbola passing through F and the centre of 
tlie ellipse, and having its asymptotes parallel to the major and 
minor axes at distances respectively ^k 

_Jrll 



where a and b are the semi-. 
21. Draw normals to . 



, and -, J,, H 

ices and a, j8 the co-ordinates of P.J 
1 ellipse from a point on the mine 



[They will pass through the intersections of the e!li])so with 
the circle described through the foci and point,] 



CHAPTER VII. 

RECIPROCAL POLARS AND THE PRINCIPLE OP DUALITY. 

In page 31, it has been shewn how to find the pole of a 
given line and the polar of a given point with regard to a given 
circle, and the principal properties of poles and polars have been 
explained. 

In pages 140 et seq. an extension has been made to the case of 
an ellipse, and the properties there noticed are applicable to all 
conic sections. 

The pole of a line with regard to any conic being a point and 
the polar of a point a line, it follows that any system of points 
and lines can be transformed into a system of lines and points. 

This process is called reciprocation, and it is clear that any 
theorem relating to the original system will have its analogue in 
the system formed by reciprocation. 

Dep. Being given a fixed conic section (2) and any curve (S), 
we can generate another curve (s) as follows; draw any tangent 
to S, and take its pole with regard to 2; the locus of this pole 
will be a curve «, which is called the reciprocal polar of S with 
regard to 2. The conic 2 with regard to which the pole is taken 
is called the auxiliary conic, 

A point (of the reciprocal polar curve s) is said to correspond 
to a line (of the reciprocated figure S) when we mean that the 
point i« the pole of the line with regard to the auxiliaiy conic 2 ; 
and since it appears from the definition that evec^ ^m^ ^i % \^ 
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is biieflr ' 



the pole with regard to 2 of some tangent to S, this is biieflj 
expressed by saying that every point of a correaponda to some 
tangent of S. 

Theorem. Tlie poini of intersection of two tangenta to S will 
correspond to ike line joining the corresponding points of ». 

This follows from the property of the conic 5, that the point 
of intersection of any two linea la the pole of the liue joining the 
polea of these two linea. (p. 141.) 

Now if the two tangents to 5 be indefinitely near, then the 
two coireapondiog pointa of s will also be indefinitely near, and 
the line joining them will therefore be a tangent to s; and since 
any tangent to S intersects the consecutive tangent at its point 
of contact, the above theorem becomes : Jf any tamgeni to S cor- 
respond to a point on s, t/ie ptrinl of contact of thai tangent to S 
will correspond to tlie tangent Oirough tJte point on g. 

Hence we see that the relation between the cni'ves is reci- 
procal, that is to say, that the curve S might be generated from * 
(through the auxiliary conic) in precisely tlie same manner that 
a was generated from S. Hence the name " reciprocal polars*. " 

Being given then any theorem of position concerning any 
curve S (i.e. one not involving the magnitudes of lines or angles), 
another can be deduced concerning the curve a. For examj)le, if 
we know that h number of points connected ■with the figure S 
lie on a right line, we know also that the corresponding lines 
eonnected with the figure a meet in a point (the pole of the line 
with regard to 2), and vice ver»d. 

From any one such theorem another can be derived by suitably 
interchanging the words "point" and "line," "inscribed" and 
"circumscribed," "locus" and "envelope," &c., understanding by 
the term envelope " the curve to which a series of linea drawn 
according to any given rule are tangents." 

The evolute of a curve, e.g. is the envelope of aormals to the 
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Although the auxiliary conic 2 has hitherto been spoken of 
as any conic whatever, it is most common to make this conic a 
circle, considerable simplification being thereby introduced, and 
generally unless the contrary is specially mentioned, reciprocal 
polars may. be understood to be polars unth regard to a circle. 
It has been shewn, p. 31, that the polar of any point with regard 
to a circle is a line perpendicular to the line joining the point 
to the centre, and conversely that the pole of any given line with 
r^ard to a circle is on the line through the centre perpendicular 
to the given line; in either case the product of the distances of 
the pole and polar from the centre being equal to the square of 
the radius, so that the polar of a given point or the pole of a 
given line with regard to a given circle may always be found 
by merely drawing tangents to that circle. The centre of the 
auxiliary circle is frequently called the origin. 

The advantage of using a circle for the auxiliary conic chiefly 
arises from the two following theorems, which enable us to trans- 
form by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles. 

Theorem. The distance of any 'point P from the origin 
w the reciprocal of tlie distance Ot from the origin of the cor- 
responding line pt ; 

ie. 0P.0t = 7^, 

▼here Ot is perpendicular to pt and r is the radius of the auxiliary 
circle. 

Theorem. The angle TQT^ between any two lines TQ, T^Q 
is eqiud to the angle subtended at tfie origin by the corresponding 
points p, p^ ; for Op is perpendiciUar to TQ and Op^ to T^Q, 

Pboblem 119. To find the polar reciprocal of one circle, 
centre C, radius CA, with regard to another, centre 0, radius OM, 
La to find the locus of the pole p with regard to the circle (0) 
of any tangent PT to the circle C, (Fig, 116.) 

Find MM^ tho polar with respect to the auxiliary circle 
(centre 0) of C, the centre of the circle to berecipTOC8A.ek^-5 \.^»M 
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C is, as in the figure, outside the auxiliary circle, draw CM a 
tangent to that circle and draw MM^ perpendicular to OC, meet- 



Fig.iie. 




ing it in X. Draw any tangent PT to {C) ; draw OT perpen- 
dicular to PTy and find the pole p with respect to the auxiliary 
circle of PT. Then by definition, OC,OX=r'=Op. OT, where r 
is the radius of the auxiliary circle, 

i.e. Op : 00 :: OX : OT. 

From p draw pN perpendicular to MM^ meeting it in N, and pn 
perpendicular to 00 meeting it in n. Also draw OY perpen- 
dicular to GP meeting it in F, so that OT=PY. Then by 
similar triangles OpUy 00 Yy 

Op : 00 :: On : (77, 
.-. Op : 00 :: OX^On : PY+CY 

:: nX : CP. 

But nX=pNf 

.'. Op : pN :: 00 : CP; 

00 
but the ratio >,r> ^ constant, since both OC and CP are fixed 

(listAncea, 
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Therefore the point p moves so that its distance {Op) from a 
fixed point is in a constant ratio to its distance {pN) from 
a fixed right line MM^ ; i e. the locos of jp is a conic section 
of which is a focus, MM^ the corresponding directrix, and 

OC 

the eccentricity of which is y^jz . The eccentricity is evidently 

Ox 

greater, less than, or equal to unity according as is outside, 
inside, or on the circumference of the reciprocated circle. 

Hence, the polar reciprocal of a circle is a conic section^ of 
yohieh the origin is the focus, the line corresponding to tlie centre 
is the directrix, and which is an hyperbola, an ellipse, or a para- 
bola, according as the origin is outside, inside, or on the circle. 

The tangents at A and A^, the extremities of the diameter 
through 0, correspond to the vertices at a and a^ of the reciprocal 
polar. [In the figure At touches the auxiliary circle and at is 
perpendicular to 0C\ 

The extremities of the latus rectum LL^ correspond to the 
tangents parallel to OC Therefore OL . CP = r*, where r is the 
radius of the auxiliary circle. 

The centre of the reciprocal conic is the pole with respect to 
(0) of the polar of with respect to (C), i.e. if is outside {0) 
it is the pole of the chord of contact of tangents from to the 
circle (C), and in that case the asymptotes are perpendicular to 
these tangenta Of course if is inside (C) real tangents from 
it to (C) cannot be drawn, and consequently the ellipse has no 
real asymptotes. 

Conversely of course the reciprocal of a conic section with 
regard to a circle which has one of the ft)ci for its centre is a 
circle, with its centre at the pole of the corresponding directrix 
and of radius (B) such that the ratio, H : distance between its 
centre and the focus, is the eccentricity of the conic. 

The above important property enables us to deduce from any 
property of a circle, a corresponding property of a conic; and 
rinoe the proof of the existence of the relation in the circle will 
usoally be much simpler than a direct proof o£ tbe cottesr^c^TAm^ 
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relation in the conic, the method is frequently of great value. It 
will soon be found that the operation of forming the recipi-ocal 
theorem will reduce itself to a mere mechanical pi'ocesa of inter- 
changing the words "point" and "line," "iuBcribed" ond "cir- 
cuniBCribed," " loeua " and " enTelope," &c., aa has been already 
noticed ; but the method also fm-nishea admirable exaroplea and 
tests of drftughtsmanahip, and the actual construction of reciprocal 
figures should I think be much more largely practised than it is. 

Of course a little care is required in taking the original circles 
so that the resulting conic may be of convenient proportions, but 
a, very little practice will enable this to he done and there is no 
real difficulty in the construction itself. 

A convenient ratio for the eccentricity of an ellipse is one not 
very difierent from. 3 : 4, which may therefore bo taken as a guide 
for the ratio of the radius of the circle to be reciprocated to the 
distance of the origin from its centre ; and the auxiliary circle 
should then be taken of such radius as to bring the lengtli 
between the poles of the tangents at the extremities of the dia- 
meter through the origin, ie. the length of the major axis, a 
convenient one. The approximate position of these poles relatively 
to any assumed radius is easily seen. The »!=e of the reciprocal 
conic dependa entirely on the radius of the auxiliary circle. 

As an example, fig. 117 gives the figure illustrating the fol- 
lowing reciprocal theorems ; 



Rgciprocai,. 



If a chord of a circle Bubtenil a 
oonfltant angle at a flsed point on 
the oarve, the chord always touches 
a circle. 



If twi 



tangents to a on 
ao that the intercepted porti 
fised tangent subtends i 
angle nt the focus, the locus of the 
intersection of the moving tangents 
is a conio having the some foons and 
directrix. 



C is the centre of the circle, J/ the fixed point on it, and PP, 
the chord which moves bo that the angle PMP, is constant, and 
which therefore always toacbaa a citcle described witti centre C. 
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/ is the centre of the auxiliary circle, and since it is taken inside 

Ibe circle (C) the reciprocal polar of tliia circle will be au eUipse. 

Find £ the point correspondir^ to the line MP, i. e. the pole 



FIk.I[7. 




o( MP with respect to the auxiliary circle, (in other words draw 
Fm perpendicular to MP meeting it in m, draw mt a tangent to 
Qie auxiliary circle touching it in t and draw tK perpendicular to 
Fm meeting it in Z') ; find L the point corresponding to MP,, 
Le. the pole of MP, with respect to the auxiliary circle, {in other 
voids, since MP, cuts the auxiliary circle, draw a tangent at one 
(rf the points of intersection meeting FZ, drawn perpendicular to 
ifP, in L); then the line £L corresponds to the point M, and will 
therefore be a £xed tangent to the reciprocal conic. 

Find Q the point corres]>ouding to the line PP,, then the line 
SQ corresponds to the moving point P, and the line LQ to the 
nuving point P^, and these lines are therefore moving tangents 
to the reciprocal conic, intercepting on the fixed tangent a length 
KL which subtends a constant Bugle at F, for since FK is per- 
pendicular to MP and F£ to MP,, the angle KFL is equal to 
the angle PMP, which b^^^ supposition is constant. 
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Lastly, since Q corresponds to PF, which ia a tangent to s 
circle centre C, the locus of Q must be the polar reci[)rocal of this 
circle, and ia therefore a conic with focus F and the polar of C 
for directrix, i.e. a conic with the same focus and directrix as the 
polar reciprocal of the circle MPP^. 

As in the figure F lies outside the circle to which PP, is a 
tangent, the locus of Q ia a hyperbola, the vei-ticea of which are 
tho poles of tiie tangents at A and A^, the ends of the diameter 
through the origin F. 

ExAHPiiES ON Chapter TII. 



Below are given in parallel colui 



lO esamplea of reciprocal 



1. The angles in the at 
leDt dF a circle ars oqual. 



2. Two of tlie 001 
of two eqnal ciidee oi 



3. If a circle he inaeribed in a 
triangle, the linee jaining CHe vertieea 
with the points of contact meet in a 

4. If two chorda be drawn from a 
fixed point on a circle at right anglea 
to each other, the line joiniog their 
ends pasaeB throogb the centre. 

Z. kay two tangents to a circle 
make equal aoglea with their chord 
of contact. 

6. If two ohordB at right angles 
to each other he dravm through a 
fixed point on a circle, the line join- 
ing their extremities pasBea tbroagh 
the centre. 



If a moveable tangent of a oonio 
meet two fixed tangents, the intra- 
cGpted portion aubtenda a constant 
angle at the focua. 

If two conies have the eame 
focus, and equal latera recta, the 
straight line joining two of their 
common points piusea through the 

If a triangle be inscribed in a 
conic, the tangeots at the vertices 
meet the opposite sides in three 
points lying in a atraight line. 

If two tangents of a, conio move 
so that the intercepted portion of a 
Sxed tangent subtends a right angle 
at the focus, the two moveable tan- 
gents meet in the directrix. 

The line drawn from the Focus to 
the intersection of two tangenta hi- 
aecta the angle aobtended at the fociu 
by their chord of contact. 

The locus of the intersection of 
tangents to a parabola wliich cat at 
right angles ia the directtit. 
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[Take the fixed point on the circle as the centre of the auxiliary 
circle, and the circle reciprocates into a parabola.] 

The loons of tho intersection of 



7. The envelope of a chord of a 
circle which subtends a given angle 
at a given point on the circle is a 
eonoentric circle. 

8. The rectangle under the seg- 
ments of any chord of a circle 
through a fixed point is constant. 



tangents to a parabola, which cut 
at a given angle, is a conic having 
the same focus and the same directrix. 
The rectangle under the perpen- 
diculars let fall from the focus on 
two parallel tangents is constant. 



[Take the fixed point as centre of auxiliary circle.] 



9. If lines be drawn from the 
end of a diameter of a circle making 
equal angles with a fixed straight 
line in the plane of the circle, the 
diords subtended by these lines are 
paralleL 

10. The portion of any tangent 
to a circle intercepted between two 
parallel tangents subtends a right 
angle at the centre. 



The points of intersection of tan- 
gents to a parabola, which are equally 
inclined to a given straight line, lie 
on a fixed straight line passing 
through the focus. 

The portion of the directrix inter- 
cepted between chords drawn from 
the ends of any focal chord of a 
conic to any point of the curve sub- 
tends a right angle at the focus. 



11, Shew that the polar reciprocal of a parabola with respect 
to a circle having any point (JS) of the directrix as centre is an 
equilateral hyperbola. 

[Draw the tangents to the parabola from the point aS', which 
▼ill be at right angles to each other since S is on the directrix. 
The reciprocals of their points of contact will be asymptotes to 
the reciprocal curve, because their points of contact (the poles 
of the tangents) are at an infinite distance. The tangents at the 
vertices can easily be drawn, since they are the polars of the 
points in which a line through S parallel to the bisector of the 
angle between the asymptotes meets the parabola.] 

12. Given three points A, B and C, on a parabola, and a 
point L on the directrix, draw the curve. 

[If the three points are reciprocated with respect to a circle 
described with centre L, and a rectangular Tayi^etboVai ^^^w^^vi 
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passing througli L and having the polars of -4, ^ and C for 
tangents (Ex. j9, p. 1 94), any point on the hyperbola when reci- 
procated with respect to the same circle becomes a tangent to 
the parabola.] 

13. If a conic be inscribed in a quadrilateral, shew that the 
angles subtended at a focus by the pairs of opposite sides are 
together equal to two right angles. 

[Reciprocate the well-known theorem : The opposite angles of 
any quadrilateral inscribed in a circle are equal to two right 
anglea] 

14. With the centre of perpendiculars of a triangle as focus 
are described two conies, one touching the sides and the other 
passing through the feet of the perpendiculars; prove that these 
conies will touch each other, and that their point of contact will 
lie on the conic which touches the sides of the triangle at the 
feet of the perpendicidars. 

15. An hyperbola is its own reciprocal with respect to either 
circle which touches both branches of the hyperbola and inter- 
cepts on the transverse axis a length equal to the conjugate 
axis. 



CHAPTER VIIL 

ANHARMONIC RATIO AND ANHARMONIC PROPERTIES 

OF CONICS. 

Application of the signs + and — to determine the direction of 
segments of a right line. 

llAyB are two points in a straight line and it is necessary to 
discriminate whether the length AB is to be measured from A 
to B or from -ff to -4, it may be done by calling the one direction 
positive and the other negative, the starting point in each case 
being called the origin. 

Kegard being paid to this convention we may evidently say 

AB = ^BA or AB + BA=0, 

and an obvious interpretation of this equation is that if we go 
from A to B and back again from J? to ^ we are finally at zero 
distance from the starting point. 

The same thing is evidently true of any number of segments ; 
for if we take three points A, B, C in any order in a straight line 
and travel from A to J5, then from B to C, and finally from GtoA, 
we arrive at the point we started from, and really perform the 
operation expressed by the equation 

AB-¥BC + CA = 0. 
Since - CA ^AG^ this may also be written 

AB+BO=Aa 

When the position of a point A is determined by its distance 
from an origin 0, if we wish to refer it to another origin 0^ 
««iywhere on the line through and A, we can always take 

OA=^0,A^Ofi, 
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for tbia is identical with the equation 

0^-0,^ + 0,0 = 0, 
and, since '•O^A = AO,, with 

OA-i-AO, + 0,0 = 0. 

Tlie diffRrence of two Begmenla OA , OS of a straight line 
(I common origin is alvmys eqiMl to JIA, mliatever may be 
magnitudes and directiovts o/tUe aegmenta. 

For the equation OA — OB = BA 
is identical with OA + AB + BO^O. 

If a is tJte Tthiddle point of a aegment Aa and M any point 
the line through Aa, 

jl/a, = s and. MA.Ma = Ifa\'-a^', 

for between the three points Jf, a, A the rehitton holda 

Ma + aA +AM^O, 

Ma + iA = MA. 

Similarly Ma + aa = Ma ; 

therefore, adding these equations and remembering that aA = — aa, 

since a is midway between A and a, 

,, MA + Ma 
J/a. J—; 

also, multiplying together the right and left-band memhera, we get 
MA.Ma = J/ol' + Ma{aA + aa) + aA. aa 

Let A, B, C, J) be four points in a, straight line, then the ratio 
of the distances of one point A from two others B and D, divided 
by tbe ratio of the distances of the remaining point C from the 
same two {B and D), is called tbe AnbaiTuonic £atio of ibe range 
A, B, C, D; i.e. tbo anbarmonic ratio of tbe range ABCD is the 



1 

with 
9 ^— 

lit on 

I 



merical value of tbe expression 



AB _^CB 
AD ' CB' 



which may also W 
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written -r-jr . j^ or AB . CJ) : CB . AD. The sign of the ratio 

will depend on the signs of the segments of which it is composed, 
those which are measured in one direction being considered posi- 
tive and those measured in the opposite direction negative. 

Thus, if the four points are in the order from left to right 
A BCD, the three terms AB, CD and AD in the above ratio are 
positive and the term CB is negative; and the ratio itself is 
negative. 

Since four points in a straight line taken in pairs give six 
segments, there are really six anharmonic ratios corresponding to 
any range, three of which however are merely the inverse values 
of the remaining three* Thus instead of taking the ratio of the 
distances of A from B and D and dividing by the ratio of the 
distances of C from B and Z>, we might take the ratio of the dis- 
tances of A from C and D and divide by the ratio of the distances 
of B from C and i>, giving the expression 

A^_BC_ AC^ BD 
AD'BD'^^AD'BG' 

and in this case if the points are in the order ABCD all the seg- 
ments are of the same sign and the ratio is positive. 

Again, we might take the ratio of the distances of A from B 
and C and divide by the ratio of the distances of D from B and C, 
giving the expression 

AB DB AB DC^ 
AC * DC ^^ AC DB' 

where two of the segments are of the same sign and two of oppo- 
site sign, so that the ratio is again positive. 

In the above ratios the same point -4 has been associated suc- 
cessively with the three remaining (7, B, D. In the first A and C 
inay be said to be conjugate points, in the second A and B, and 
in the third A and D. 

Of the three fundamental ratios formed as above, two are 
^ways positive and one negative, whatever the order of the ^oint^. 
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RATIO OF A PE^■CIL IS CONSTAKT. 



Besides these there are the three inverse ratios 

AD ^GD AD^^ -^_?^ 

~AB ' CB' AC ' BO ' AB ' DB 

It is of course necessary to retain throughout any investig&lioii 

the particular order adopted at its comraencemeut. 

The anharmoiiic ratio of the range A, B, C, D 

{ABCO). 

If the anhavmonic ratio of a range =-1, the 
in harmonic progression; for if the points occur 

ACBD sind~^^.-~h we have 



investig&lioii 4 

s denoted by I 

legments are 
ill the order 



AD ' Bi) 



AO 



BO CB 



since BC and CB are n 
tore of course the thre 



the first : the third ; : difierence betw 
ence between second and third. 



1 opposite direct! 
segments AC, AB, AD 



re such that 



first and second : difltr- 
of the points (-D suppose) 
AC BC J 



is at an infinite distance, the anharmonio ratio 

to the simple ratio -^-^ , for it may be written ^rr^ -^ n ,, i a""! ■ 
is ultimately equal to BD. 

Phop. 1. If fowr jiixd Btraiijht Uiieg which meet in be 
by any transversal in t!ie points A, B, C, D (fig. 118), Uien tcili 
{ABCD] be constant. 

Draw the straight line aBc parallel to OD, and meeting OA, 
00 in a and c. 

Then AB -. AD :: aB : Oi) by similar triangh 
Similarly, CD : OB :: OD : cB 
therefore AB . CD : AD.CB :: aB : cB, 

AB ^CB aB 
'"" AD ' C-D " cB' 



: OA, II 



""".-^ ■ 



I constant ratio for all positions of aa parallel to OD, 
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therefore -7-77 -^ ttf: • which is the anharmonic ratio of the four 
AD CD 

points A, B,C, D, \a also constant. 

FIg.lI8. 




Def. a bundle of lines drawn through one point is called 
a. pencil ofrays^ or shortly a 'pencil. 

The ariha/rmonic ratio of a pencil of four rays is the anhar- 
monic ratio of the range in which its rays are intersected by any 
transversal 

Pencils and ranges are said to be equal when their anharmonic 
ratios are equal, corresponding lines and poiuts being taken for 
the comparison. 

Equiangular pencils are evidently equal. 

The anharmonic ratio of a pencil is denoted by 0{ABCD}] 
being the vertex and OA, OB^ OC, OD the rays of the pencil. 

Prop. 2. The transversal may cut the rays of tlie pencil on 
either side of the vertex. 

For if, in the preceding article a transversal is drawn through 
^, cutting OA in -4 J, OC in (7,, and OD in D^, where D^ lies in 
DO produced, then, exactly as before, 

A^B : A^D^ :: aB : OD^, 

and C^D^ : C,B :: OD^ : cB; 

A.B C^B aB AB CB 



therefiore 



^i^i (^A c^ ^^ CD' 



su 



PROPERTIES OF TRANSVERSALS. 



If a transversal meet AO produced in a, SO produced in p, 
CO produced in y, and DO in 8, 

If a tranaveraal be drawn parallel to one of the rays of tbe 
pencil (OC) suppose, meeting the other rays in a, h, d, we have a.s 
before for the anharmonic i-atio of the range abed, where c is 
CB 
CD' 



a infinite distance, - 



-. , whicli is therefore = 

- 1 ; thei-efore ab — - 



If the pencil is harmonic - 
the centre point of bd. 

Problem 120. Given the anharmonic ratio \ of /our pi<i 
three of which are given in pomtion, to determine the fou 
(Fig. Hi)). 

Suppose that the three points A, G, and D 
BC 



the anhai 
ratio ^^-~"!^ = X are given atvd tbe point 5 required. Through 
A draw any line and on it set off from A Begments Aa, An which 




are to each other in the ratio X : the segments must be taken on 
the same side of j1 if X is positive, and on opposite sides (as in 
figure) if it is negative. Draw aC and a'D meeting in b, and 
draw b£ parallel to Aa meeting the line ACD in B, which will be 
the required fourth point of the range ; for by similar triangles we 
have 

AC Aa AD Aa' 

BC'Bb' *""* BD^Bb ' 

■'■ AiJ ' Bii "A«' ^ 
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the ratio being negative, since AG^ AD and BD are measured in 
one direction and BG in the opposite. 

The same construction determines the points C or i) if the 

AG BG 
points A, By D or A, B, G and the ratio 77)"^ 77^ = ^^^ given. 

To determine G, e.g. draw Bb parallel to Aa meeting a'D in b, and 
draw ab to meet AB in G, 

If the points B, G, D are given, the given anharmonic ratio 

may be written -jr^ -5- -jy^ = X, and the construction may be made 

by substituting the point B for the point A ; by drawing, i.e. 
through the point B any line and setting off on it from B seg- 
ments Bb', Bb in the ratio X, and joining b' to D and b to G, 

If X, instead of being a number positive or negative, is the 
ratio of two lines of given length, these lengths may themselves 
be set off from A to a and a\ on the same or on opposite sides of A 
according as the ratio is positive or negative. 

Prop. 3. If A, ByG,D are four points in a straight line, 
then AB . CD + AG . DB + AD. BG = 0, t/ie general rule of signs 
being observed (Fig. 120). 

Divide by AB . GD, and the equation becomes 

AG ^ DG ^^CD. 
AB' DB^ AB' VB~ 




Draw the lines OA, OB, OG, OD, being any point, and 
draw a transversa] parallel to OD meeting OA, OB,OG m a^b, 



21 G HOMOLOGOUS POINTS. 

,, AG DC ac 

, BC DC he AD CD 

BA ' DA~ba' AB ' CB' 

so that the above equation may be written 

ac ch - 
ah ab ' 

or cbc + ch-k-ha-0, 

which is always true. 

The above equation is formed by multiplying each term of the 
identity BC + CD + DB = by the distance of A from the re- 
maining point, the first term BC by -42>, the second CD by AB, 
and the third DB by AC. 

Prop. 4. Tf the aniiarmonic ratios of two systems of four 
points Aj B, C, D and a, b, c, d taken on two straight lines and 
corresponding each to each are equal, and the lines are so placed 
tluit two Jiomologous points A and a coincide, the three straight 
lines joining the remaining pairs of Jiomologous points will fneet in 
a point (Fig. 121). 

For if not, let Bb and Cc meet in 0, and let OD meet the line 
ac in c?i : the pencil 0, A BCD is met by two transversals A D 

ng.i2i. ^ 




and ad^ , and therefore the anharmonic ratio 

Ag_^ -0^ oft _^ <6 
AC' Wac' d^c' 



ANHARMONIC RATIO. 217 

but by hypothesis 

AB ^ DB ah ^ dh 
AC' DG~ ac ' dc' 

therefore — = -i- , which is impossible unless d and d, coincide. 
dc d^c ^ * 

Two lines divided so that the anharmonic ratio of any four 

points on the one is equal to the anharmonic ratio of the four 

corresponding points on the other are said to be divided homo- 

graphically/. 

Prop. 5. 1/ tJie aniiarmonic ratios of two pencils of/our rays, 
corresponding each to eachy are equal, and the pencils are so placed 
that two corresponding lines coincide in direction, the three points 
of intersection of tlie remaining homologous rays lie on a straight 
line (Fig. 122). 

Let and 0, be the vertices of the pencils, the ray OA of the 
one coinciding in direction with the ray Oa of the other, and let the 



Fifi;.l22. 




homologous rays OB, Ofi meet in 6, and 00, O^c in c ; the straight 
line he will pass through the point d where OD intersects O^d, 
for if not, let it meet OD in i> and 0^d in d^^ ; then, since the 
anharmonic ratios of the two pencils are equal, we have 

ah Dh ah dh 
ac ' Dc ac ' d^c ' 

which is impossible unless d^ and D coincide. 

Two pencils such that the anharmonic ratio of any four rays 
of the one is equal to the anharmonic ratio of the corresponding 
four rays of the other are said to be homographic. 
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Problem 121. Given any ■number of points A, B, C, D, E... 
on a straight line, and any tliree corresponding points {at a, h, c) 
on a second line, to complete the hotnographie division of t/ie second 
line (Fig. 121). 

Fluce the lines at any angle with each other and with two 
con-espanding points (as A and a) coinciding. Let the linen 
joining the remaining pairs of corresponding points (Bb and Ce) 
meet in 0, then the lines OD, OE...&C. will meet the Becond 
line in d, e, itc, the recjuired points of hoinogra[)hic division. 

The construction is obvious from the known property of the 
transversals of a pencil of rays. 

It follows conversely that if a pencil of rays intersect any two 

lines ill points 5, &; C, c the lines are diWtled horaographically, 

and that the point A in which the two lines intersect is its own 
homologue in both divisions. 

Problem 122. Given a pencil qf rays . ABODE... and 
any three correeponding rays 0, . abe of a second pencil, to com- 
plete the secojid pencil so tliat tlie two sluM he homograpkie 
(Fig. 122). 

Place the pencils Ro that two corresponding rays [OA, O^a suii- 
pose) shall bo coiocident in direction, let the homologous rays in- 
tersect in b and c ; the straight line 6c will intersect the remaining 
rnys of the given pencil in points on the required completing rays 
of the secood. The construction is obvious from the known pro- 
perty of a trausversaL 

Conversely, when the correaponding rays of two pencils inter- 
sect in points on a straight line, the pencils are homographic, and 
the line 00, joining the centres is common to both pencils and is 
coincident with its own homologue. 

Prop. G. I/A, B, C, I) are/our points on the ciraimference of 
a circle, and from any point on the circumference the pencil 
. ABC D is drawn, the anhartrtoiiic ratio of this pencil is constant. 

For if 0, is any other jioint on the circumference the iiencil 
O, . ABCD is equiangular witk the pencil . AliCD. 
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Prop. 7. If four fixed tangents to a circle are met by any 
variable tangent in A, B, C, I), the anJiarmonie ratio of this range 
is constant 

For the angles which the four points subtend at the centre are 
constant, and therefore the ranges are transversals of equiangular 
pencils. 

If we reciprocate these theorems (Prob. 119), the four fixed 
points in the first correspond to four fixed tangents to a conic, the 
variable point corresponds to a variable tangent, the lines OA, 
OB, &c. correspond to the points a, 6, c, d in which the variable tan- 
gent cuts the fixed tangents ; and since points correspouding to 
lines lie on lines through the centre of the auxiliary circle perpen- 
dicular to the lines to which they correspond, the pencil formed by 
joining a, by Cydto the ceutre of the auxiliary circle is equiangular 
with the pencil . A BCD, i.e. the anharmoiiic ratio of the range 
abed is constant. 

Prop. 8. The reciprocal t/ieorem to Prop. 6 there/ore is *^The 
anhamuynic ratio of the points in which four fixed tangents to a 
conic cut a/ay varuzble tangent is constant" 

Prop. 9. By exactly similar reasoning tlie recipi'ocal theorem 
to Prop. 7 is ^^The anharmonic ratio of the pencil formed by joining 
any four ftoced points on a conic to a variable fifth is constant J* 

If the reciprocal figures be drawn, by observing the angles 
which correspond to the constant angles in the circle, it will 
be seen that tlie angles which the four points of the variable 
tangent in the first theorem subtend at either focus are constant ; 
and that the angles are constant which are subtended at the 
focus by the four points in which the inscribed pencil meets the 
directrix in the second theorem. 

HOMOGRAPHIC RANGES IN THE SAME STRAIGHT LINE. DOUBLE 

POINTS. 

When two lines divided homographically are superposed, there 
exist, in general, two points, each of which considered as be- 
longing to the first division coincides with ita Yiomo\o%\3L"b \xv "Osi^ 



DOUBLE FOISTS. 

Becond diviiuon. They may be called double point*, Gince each 
i-epresents two (toincident homologuua poiuta. The double points 
may become imaginary. 

Let A, B, C, D... (fig. 123) bo any points on a straight line, S 
any point, and AJ a line through A making any angle witk 
AD, and meeting SB, HC, ikc. in ^, y... reapectively. 



ne.iss. 




The ranges ABCD... and A^yt,.. are of course liomographie, 
and if the second range be rotated round A till it coincides in 
direction with AD, the point A, considered as belonging to the 
first division, will evidently coincide with ita own homologue in 
the second division, as will also the point L determined by drawing 
SL perpendicular to the line bisecting the angle DAJ. 

Two homographic ranges in the same straight line formed as 
above possess therefore two double pointa. 

Instead however of the two rangea being formed merely by 
the rotation of the second about A, the second may in addition 
be moved along A D into any position to the right or left, 
bringing {as in the figure) the ])oint corrosjjonding to .i to b, 
fl to b, y to c... In thia case also two double points in geneml 
exist, which may be thus found : — 

Problem 123. Given two iuimographir, ranyeaABCD..., abed... 
ill the same straight line, to determine the double points (Fig. 124). 

Draw any circle whateyet, ani £«jia bji^ ^ittt M on it draw 
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JfAy MB, MC cutting the circumference in A^, j5,, Ci, and draw 
Ma, Mb, Mc cutting the circumference in a^, fej, c, . 

Rk. 124. 




Draw Afi^y B^a^ intersecting in K, and A^c^, C^a^ intersecting 
in Z, and draw KL cutting the circumference in P and P^ , The 
lines MPy MP^ will cut -4a in the required double points J 
and J^ . 

For {ABCJ\ 

= M{A^Bfi,P\ = a, \AJ1,G^P\ (Prop. 6.) 

== {NKLP\, 
where N is the point of intersection of KL and A ^a^ 
and \abcJ\ — M {afi^c^ P] = A^ {^fii^i ^} 

= {NKLP}, 

le. the point J, considered as belonging to the first range, coin- 
cides with its own homologue in the second and is therefore a 
doable point. Similarly for the point J^ . 

It will be seen that the line PP^ is a Pascal line (Prob. 86) in 
the circle, for Cfi^ and B^c^ intersect on it. 

The double points may also be determined thus: — On Ab, 
Ba as chords describe two circles passing also through any 
arbitrary point G and intersecting again in G^, on Ac, Ca as 
chords describe circles passing through G and inter&e^^tm^ ^^%.m 
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inCj. The circle throiigh G, ff,, ff, passes also through the required 
double points of the raoges. 

A third consti-uction for tbe double points is shewn in fig. 123, 
Through A, any point of the first lange, draw AJ, & line making 
any angle with the given line. On it make A^-ab, Ay = ac, 
where a, b, e are the points o£ the second range corresponding to 
the points A, B, C of the fiist, Di'aw B^, Cy intersecting in H. 
Through S draw SJ parallel to AC meeting AJ in J, so that J is 
the point on the I'ange Ajiy ,, , corresponding to an infinitely dis- 
tant point on the range J£C.. ; anddrawiS/parallel to jiy, so that 
/ ia the point on the range ABC... corresponding to an infinitely 
distant point on the range A^y.... Make aJ^ on the superposed 
ranges - AJ, so that the range J/3y... /isidentical with the range 
aba... J,. Bisect IJ, in O, which will be equidistant from 
the required double points. Find the point 0, on the range abe... 
corresponding to the ]»oint G considered as belonging to the raJige 
ABC... [i.e. join SO cutting AJ in o, and make aO, = Ao]. 
Then the mean propoi-tiooal between 00^ and OJ, will be the 
distance from of the required double points /* and Q. 

On page 17 a aysteni of pairs of points on a straight line 
such that ^A.Xa = XB.Xh = XC.A'c=...=XI'' = ^Q' was 
defined as a system in Involution, any two con-esponding points 
such as A, a being called conjugate points, the point X the centre, 
and the points P and Q the foci of the involution. 

Prop. 10. Wfien t/iree pairs of conjugate pointa are in invo- 
lution, Oie anharmonie ratio o/ any four tif the points is eguat to 
tfie an/uirmordc ratio of their /our eonjugateg, ue. taking atiy /ow 
A, B, C, a and t/ieir/our conjugates a, b, c, A, 

AB aB _ab Ah 

AG ' aC~ao'^Ac' 
for if is the centre of the involution 

OA 1 OB:: Ob : Oa, 
.-. OA-OB: OB :: 01- Oa -.Oa, 
or AB : ah :: OB : Oa, 
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and OA+Ob: Ob :: OB + Oa: Oa; 

.\ Ab : aB :: Ob : Oa, 
AB.Ab OB. Ob OA 



Similarly of course 



ob.aB Oa"" Oa' 

AC.Ae OA AB.Ab 

ac . aC Oa ab . aB ' 

AB.Ab ab.aB 



AG .Ac ab. a(J ' 
which may be written 

AB aB ah Ab 

AC ' aG ac ' Ac* 

which proves the proposition. 

A series of points in involution consists of two homographic 
ranges, the directions of which coincide, and in which to any 
jM)int whatever M of the line the same point m corresponds, 
whether ilf be considered as belonging to the first or second system. 

For consider M as belonging to the range ABC..., 

and m „ „ abc...; 

then, since the ranges are homographic, 

MA CA ma ca 
MB'^CB^mb'Vb' 

If they are also in involution we must be able to interchange m 
and M, i.e. considering M as belonging to the range abc... and 
m as belonging to the range ABC..., we must have 

Ma ca _ mA CA 
Mb'^cb^mB^CB' 

Dividing each term of the first equation by the opposing term of 

the second, 

MA mA __ ma Ma 
MB'^mB'^mb^Mb' 

i.e. the anharmonic ratio of the four points M, A, B, m ia equal 
to the anharmonic ratio of their four conjugates in, a, b, M, or 
the points are in involution. 
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Prop. 11. /( is always possible to superimpose tieo hotttOj 
ranges, so tliat the two divisions s)tall be in involution. 

For it has been shewn (p. 320) that two pairs of correapondiiif; 
])Oiiita can be found equidistaiit from eacli other, by drawing viz. 
through S {fig. 123) a line LI perpendicular to the line bisecting 
the angle between the ranges when the second is placed at any 
angle with the first and with two corresponding points A, a at tht 
interaection ; the pairs of points A, L and a, I are then equidistant. 
If now the two ranges are superimposed with the point a coinciding 
with the point L, and the point I coinciding with the point A 
(fig. 123a), the two ranges will be in involution. 

The foci (p. 17) are points at which pairs of conjugate poiota 
coincide, and their existence is only possible when the points of 
any conjugate pair in the involution are both on the same side of 
the centre. 

Thus if the pniiita are in the order ASab, the centre X 
must Ikll between B and « in order that the products XA . Xa 
and XB . Xb may Iiave the same sign, and that sign will be 
negative since the segments in each of the products are meaaured 
in opposite directions ; but a square number is always positive, 
and therefore no foci exist. 

If thi-ee segmentB An, Bb, Ce are in involution and one over- 
laps {as above) another, i.e. if the points are in the order ABab, 
it will also overlap the third. This is evident if we consider that 
if C lies to the left of X, and XC is greater than XA , c must be 
on the opposite side of X, and Xc must be leas than Xa and vice 
versa, and similarly with regard to Bb. 

Conversely, if the segment Aa does not overlap Bb, it cannot 
overlap Cc, nor can Bb and Cc overlap. 

The centre A' forms with any two pairs of points A, a and B, 6 
an involution in which the conj ugate to the centre is at an infinite 
distance, for if x is conjugate to X, the anharmonic ratio of th« 
four points XaBx= the anharmonic ratio of the four conjugate 
points xtibX, 

XA xA xa Xa 
'"' XB^xB '^^Xb' 
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1 . JTii Xh - .- - xB xa 

out -— - = -— and therefore — ; = -r » 

XB Xa xA xo 

or xA . xa = xB . ah (a). 

Now x cannot lie between h and A because the segment Xx 
must overlap both Aa and Bb, Le, x must lie either to the right 
of 6 or to the left o{ A ; if it lies to the right of b the segment xa 
ia greater than the segment xb and the segment xA is greater 
than the segment xB, and therefore the equation (a) cannot hold 
unless a; is at an infinite distance, in which case the segments 
xAj xoj xB, xb are ultimately equal. 

Similarly x cannot lie to the left of A except at an infinite 
distance, and similar reasoning applies to points in the position 
shewn in figs. 12 and 13. 

Peop, 12. If on two segments Aa, Bb of a right line as 
cJiordSf any ttvo arcs of circles are described, their common cJwrd 
passes through the centre X of the involution Ay a and B, b (Fig. 
125). 

For XA.Xa=:XG.Xg = XB.Xb. 
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If the segments overlap as in the above figure, they may be 
taken as diameters of the intersecting circles, and the chord Gg 
will be perpendicular to the line AaBb, If the points are situated 
as in figs. 12 and 13, circles described on ^a and Bb as diameters 
will not intersect in real points, but the centre X will lie on the 
nodical axis of the two circles. 
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If a third circle be described passing tlirough the points G'j 
and catting Ah in the points M, in (fig. 125) it follows, since 

XM. X-ni. = XG . Xff^XA . Xa=X£.Xb, 
tint M aod m ai-e another pair of conjugate points in the in- 
volution. 

The same is evidently true of nxy line cutting the circniufer- 

encea of all th ree circles, and we hare the important proposition : — 

If three circles pass thrmigh two given points, any straight line 

•meeting the circles does go in a series of points in involutiort, tiit 

two points on the same circle being conjitgate. 

When the three cb'cles described on three segments in in- 
volution as diameters intersect, straight lines drawn from either 
of the points of intersection to the ends of each segment are 
perpendicular to e»ch other ; it follows, that when three sagmenlii 
of a straight line are in ijivoluCion, two points (real or imaginary) 
exist, at each o/whicit eachaegiaent svhtends a right angle; and oim- 
versely, tltat if a right-angled triangle turns round tJiat angular 
point as eetUre, (he segtnents which it iTtlereepte on a fixed right 
line in any t/tree of its positions have their extremities in involtUian. 
Pkoblem IS-l. Given A, a and B, b, two pairs of con^vgat* 
points, tindC a fifth point of the involution, to determine e the point 
conjugate to C. 

Through any arbitrary point G describe segments of cireleti 
having Aa, Bb as chords ; they will intersect in a second point g. 
and a circle described througb the three points G, g and C wiJI I 
intersect AC in e, the required conjugate pointi I 

Or thus : — Take any arbitrary point G and draw GA, GB, GC; 
diaw any triangle with its vertices on these lines and two of its sideH 
passing through a, b. The remaining side 'will pass through c. 

If the point C be at infinity', the same method will give us the 
centre of the system. 

The construction for this case is, "Through A, B draw any 
|iair of parallels Ah, Bk, and through a, b & different pair of 
])aratlels ah, bk; then hk will pass through the centre of the 
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Prop. 13. If Aa, Bb, Cc are any three fixed segments of a 
straight line^ amd a, j8, y tJieir centre points, and if m is any point 
on Uie line, the function mA , ma . Py + mB , nib . ya + mC , mc, afi 
is of constat valite w/iatever the position of m, the general rule of 
signs being observed. 

Take Jf any other point on the line, then (p. 209) 
mA = MA — Mm, ma = Ma — Mm ; 
.*. mA . Tna = MA . Ma - {MA + Ma) Mm + Mm^ 
— MA . Ma - 2Ma . Mm + Mm', 
and mB.mh==MB.Mb"2Mp. Mm-{-Mm', 

and mC . m>c = MO . Mc — 2My . Mm + Mm', 

Multiply these equations by fiy, ya and a^ respectively, then 
since (p. 209) ^y + ya + a^ = 0, 

and (prop. 3) Ma . fiy + M^ . ya + My . aj8 = 0, 
we get mA . Tna . ^y + mB , mb . ya + mC . mc . a^ 

= MA.Ma.py + MB.Mb. ya + MC . Mc, ajS, 
which proves the proposition. 

Prop. 14. If three conjiigate pairs of points A, a; B, b; C, c 
are in involution, and a, fi, y tite centre points of the segments 
Aa, Bby Cc; if any point m be taken on the same straight line, 

inA . ma . fiy + mB . mb . ya + mC . mc . a)8 = 0, 

tJie general rule ofsigrcs being observed. 

By the last proposition the value of the expression is constant 
whether the points are in involution or no. When they are in 
involution the value is zero when m coincides with the centre 
of the involution, since then 

mA . ma = mB . mb = mC . mc, 
so that the equation may then be written 

mA , ma {^y + ya + a^) = 0, 
which is evidently true since (p. 209) 

)8y + ya + a^ 
is always zero ; and this proves the proposition. 
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Prop. 15. If A, a; B, b; C, a are three pairs of eonjugaie 

points in involution, and a, p, y the centi-e points of the segmejiis 
Aa, Bb, Cc, 

AB.Ab _ "^ _ aB.ah 
AC . Ac ~ ay ~ aC.aa' 
with simUarli/ formed equatiojis for ihe remaining points. 

Ill tLe equation proved in tlie last proposition, suppose that 
the point 7/1 coincides with tbo point A. The tirat term ther 
becomes zero, since mA is zero, and the equation i 
AB. Ab.ya + AC. Aa. aP=0; 



A B.Ab _a§ _ aB.ab 
ACTTc ~^~ ^CT^c ' 
II coincide with a. 



4 

G that ' 
L then 

i 



Problem 125. Given two pairs of points A, a and B, h in a 
straight line, to find on tlce saaae line a fifth point such ifial (Ae 
product of its distances from one pair shall be to the product of its 
distances from the olJier in a given ratio X, i.e. given A, a and 

B,b, to determine a point M such that \fu'-yfi-^ {^'S- 125). 

Take any arhitrary point G and describe circles passing 
through A, a, G and B, b, G and intersecting again in g. Their 
centres will of conrso lie on lines perjjendicular to Aa, Bb bisecting 
these segments; let a and j8 be the points of bisection. Divide 

aj3 in the point fi, so that ^j- = X, i, e. on any jiarallel lines tkroagh 

a and ^3 make al = the numerator, and ^l' = thB denominator t£ 
tlie given ratio, the iengtha al, fil' being set off on the same side 
of a^ if X is positive, and on opposite sides if it is negative. 

Describe a third circle to pass through G and 17, and with its 
centre on a line through ja perpendicular to Ab. This circle will 
cut Ab in two points Af and ni, either of which fulfils the required 
conditions qI the prohleoi. 
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Proof. The points Jfm as found are evidently in involution 
with the points Aa and Bh (p. 226). 

MA . Ma fia mA . ma . ^^. 

•*• liBTMh ^y^^ liur.mh ^^''''P' ^"^^ ' 

but ^ = ^ by construction, 

MP 

which proves the construction. 

If the segments -4a, Bh overlap the problem is always pos- 
sible, but otherwise cases of impossibility may arise owing to the 
position of the point /a. The problem becomes impossible if /x 
falls between P and ©, the foci of the involution -4, a and J5, b, 

1. If one of the segments falls entirely within the other (a« 
in fig. 12) their centre points a and ^ lie outaide the segment PQ 
and both on the same side of it. If /a falls within the segment 

PQ the ratio ^ = X is positive, and its value lies between —3 

MP ^P 

^^ . In order that the problem may be possible in this case X 

must be negative or must not be between these limits. 

2. If the segments are entirely outside each other (as in 
fig. 13) their centre points lie outside the segment PQy but on 

opposite sides of it. If fx falls on PQ the ratio l_ is negative, and 
its absolute value is between 777: and 7,^. In order that the 

Pp Qp 

problem may be possible in this case X must be positive or must 
not be between these limits. 

Pboblem 126. Given two straight Ibies AL, BL^, and a fixed 
poirU an each A and B, Through a giv&n point R to draw a 
ttraight line meeting AL in a and BL^ in &, so tluxt tJie segments 
Aa and Bh shall he to each other in a given ratio X (Fig. 126). 

Imagine two variable points a^yh^ to move along Aa and Bb 

Aa 
respectively, so that in coiTesponding positions - J = A. The i)oints 

in corresponding different positions would formliomo^a^\i\^i^Tv^^^i» 
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and the question therefore is to draw through E a line wLieli will 
meet the two ranges in horaologoua points. If the points bfiji^... 
are joined to S, and the joining lines cnt AL in aa^a^..., the 
ranges a^a,a^... and a^a^a^... ar-e also homogi'aphic, since ain^aj.,, 
is a transversal of the pencil E . bfij>^... and the double points of 
the ranges a,n,a,... and a,a,a^... are extremities of lines ful^ling 
the couditioDs of the {irobleni. 

Determine the poaitiona of / and J,, the points which cor- 
respond to infinity. [Through K draw £/, parallel to AL meeting 
BL, in /,, and make AI : BT, = A; through E draw W, parallel 
to HL, meeting AL in ■/,.] 

Bisect !J, in 0, and on BL, take a point 0, such that 
A0:£0,-\. Di-aw ii^O, meeting jiZ; in <3- Take a mean propor- 
tional (Op) between OJ, and OQ, and on JL make 0« = — On, = Op. 

Either of the lines aE, a^E fulflla the required conditions. 

In making use of the ratio j-^ = A, signs must be given to the 

segments, measured from the two fixed points A and J7; as other- 
wJi^ to a point a, 
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either side of the origin B; so that if the directions in "V^hich 
the segments are measured is not prescribed, the problem admits 
of four solutions instead of two. 

Pbobleh 127. Given two straight lines AL, BL^ and a fixed 
point Af B on ea^h, to draw through a given point R a line meeting 
AL in a and BL^ in 6, so that the rectangle Aa » Bb shall Imve 
a given value v (Fig. 127). 

Exactly as in the last problem, if points a^afl^,,, are t-aken on 
AD, and points hfijl)^,.. on BL^, connected by the relation 

Aa^ . Bh^ = Aa^ . Bh^ = Aa^ . Bh^ ... = v, 

Fig. 127. 




these points will form homographic ranges; and if the pencil 
R. hfij)^.>» be drawn meeting AL in a^a^a^.., respectively, the 
doable points of the homographic ranges a^a^a^,,,, a^a^a^,.. will 
be points on the lines required. 

Corresponding to the point at infinity on the range a^ap^... 
we must evidently have the point B on the range bfij)^.,., and 
therefore the line BR meets AL in. the required point J^ Cor* 
responding to the point at infinity on the range a^a,ag... we have 
the point I^ on BL^ found by drawing RI^ parallel to AL, and 
then / is determined by making AI , BI^^v, Bisect /J^ in 
and determine 0^ on BL^, so that AO . BO^ = v, Draw RO^ 
meeting AL in Q, and take a mean proportional {Op) between 
OJ^ and OQ. Make Oa = - Oa^ = Op, and i?a, Ra^^ will be linea 
fulfilling the conditions of the problem. 
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Probleu 128, To draw a triangle having iU vertieei im ttra 
given lilies and its aides passing titrougk t/iree given points (Fig. 
128). 

Let JJf, SK^, LL^ be tlie given lines, ami A, B, C tlie given 
Joints. Through one of the points, as A, draw any three lines 



Fig. t3B. 




meeting two of tlie lines, as LL^ , KK^, in o, 6, c, o,6,C| respectively. 
Draw the pencils B . abc, C , a ,b,ei cutting the third line J",/, in 
1, 2, 3, r, 2', 3' reapectivelv, which will evidently be horaographie 
ranges. Find the double points JJ, of the mnges (p. 221) and each 
will be the vertex of a triangle fiiltilling the required condition, for 

{123J} = {abcL} = { 1'2'3'J] = {a,b,c,K}, 
and since the rays oa,, hb,, ce, pass through A so also must the 

In the figure JJlL, J-^K^L, are the two trianglea. 

Prop. 16. If a quadrilateral ABCD be inscribed in a conic, 
and any transversal be drawn Tiieeting the Jour suieB in a, b, c, d 
and the conic in e and g, then tlie t/eree pairs of points ac, bd, eg 
are in involution (Fig. 85.) 

Let JjSCiJbo the angles of the qnadrilateral, A /I, DC meetinj; 
in B, and BC, JJA in F. 

Let a transversal cut AB in a, BC in b, CD in c, DA in </, 
and the cun'e in e and g. 

The rectangles de . dg, dA , dD are in the ratio of the aqnaras 
on parallel diameters, as also are the rectangles be . bg and bB.bC; 
but the Rquares on the diameters parallel to AD and BC are iii 
the ratio 

FA.FD : FQ.FB; 
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But 



Le. 



or 



de.dg dA^ FB ,FG 
ht.hg'hB.hO ' FA.FD 

FlK.85. 




dA sin a dD __ sin c 
da sin -4 ' dc smi> ' 
hB sin a bC sin c 



ha sin B ' 6c 

c?ii . dD da.dc 

hB . hC ~ boTbc 

da ,dc 

ha . he 



sinC' 
sin 5 sin C 
sin ^ sin D 
FA FD 



FB 

de . dg da.dc 
he . hg ha . hc^ 
de he hg ^ dg 
da 'ha he ' de ' 



FC 



i.e. the anharmonic ratio of the four points d, e, a, h is equal to 

that of their four conjugates 

6, g, c, d, 

or the three pairs of points are in involution. 

Since the diagonals of the quadrilateral form a particular case 

of a fconic passing through the four points, it follows that the 

points in which the transversal cuts the diagonals are another 

pair in involution with ae, hd, &c. 

CoR. If the transversal be a tangent to the curve (meets it, 
that is, in two coincident points), it follows tliat* \\i^ ^c>\\i\» ^^'l 
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contact is a focus of the involution formed by the three pairs of 
points in which the tangent cuts the opposite sides and diagonals. 

MacLaurvii! B method of generating conic sections : — 

Triangles are described, whose sides pass through three fixed 
points Ay By Of and whose base angles move on two fixed lines 
Oa, Oh : the vertices wDl lie on a conic section (fig. 129). 

Fig. 129. 




Suppose four such triangles drawn, then since the pencils 
through A and B are both homographic with the system through 
C, they are homographic with each other; therefore A, By K, 
^\f ^s» ^3> lie on the same conic section (Prop. 9). Now if the 
first three triangles be fixed, it is evident that the locus of V^ is 
the conic section passing through 

A,£,0, r„F,. 

It follows of course that the locus of the intersection of 
homologous rays in two homographic pencils is a conic section. 

NewtoiiUs metliod of generating conic sections ;— 

Two angles of constant magnitude move about fixed points 
P, Q \ the intersection of two of their sides traveraes the right 
line AA^ ; then the locus of F, the intersection of their other two 
sides, will be a conic passing through P, Q (fig. 130). 

Take four positions of the angles, then 
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but p.{AA^j,A,} = p.{rrj,r,} 

and Q.{AA^A,A,}^Q.{VV,V,V,}, 

since the angles of the pencils are the same; 

and therefore, as before, the locus of V^ is a conic through 

^, C, F, F,, r,. 

F\g, 130. 




M. Chasles' extension of NewtorCs method. 

If the point A instead of moving on a rigbt line moves on 
any conic passing through the points P, Q, the locus of T'' is still 
a conic section, since 

.P.{AA,A,A^} = Q.{AA,AJ^}. 

Prop, l?.** Jf there be any number of points a, b, c, d, dsc, on a 
right line, and a homographic system a, , 6^ , Cj , d^y dhc. on anot/ier 
linSy the lines joining corresponding points will envelope a conic. 

For if we construct the conic touched by the two given lines 
and by three lines aa^, 66^, cCj, then, by the anharmonic property 
of the tangents of a conic (Prop. 8), any other of the lines dd^ 
must touch the same conic. 

Pboblem 129. Given two points A and B and a line L; given 
also two lines Sa, Sb, and a point ; to Jind on L a point, Q, such 
tJiat ifOm, On be drawn pa/rallel respectively to AQ and BQ, meeting 
Sa in m and Sb in n, the line mn shall 

(a) he parallel to a given direction B, 

(fi) pass through a given point P (Pig. \VC)^ 
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If two homographic pencils be drawn having as common 
vertex, the envelope of the lines formed by joining the points in 
which the rays of the one meet Sa to the points in which the 
corresponding rays of the other meet Sh, is a conic section 
(Prop. 17). 



Fig. I3U 




Draw therefore any lines ill, -42, -43, <kc., meeting L in 
Ij 2, 3,... and through draw parallels meeting Sa in c, J, c,... 
and parallels to Bl, B2, jB3,... meeting Sb in c^ d^ e^,,.. The 
pencils 0{cde,..), 0(c^d^e^...) are homographic because the pencils 
A (1, 2, 3...) and B(l, 2, 3...) are so, and therefore cc^, dd^j ee^ 
are tangents to a conic touching Sa and Shy and which can there- 
fore be constructed (Probs. 84 and 114). 

In the figure the point d^ is at an infinite distance (i.e. the tangent 
dd^ is parallel to Sh) because the line B2 is drawn parallel to Sh. 

A line through parallel to the given line L is evidently a 
tangent to the conic to be constructed, so that it is only necessar}* 
to draw two pairs of lines -41, -51, -42, -52, since five tangents to 
the required conic are then known. 
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For the solution of the first part (a) draw mn, a tangent to 
this conic, parallel to the given direction B, and meeting Sain m 
and Sn in n. 

Then AQ drawn parallel to Om and BQ parallel to On will 
necessarily meet on the line L and determine the required point Q, 

For the solution of the second part (j8) it is evidently only 
necessary to draw a tangent from F to the conic cutting Sa in 7n^ 
and Sb in n^^ and to draw through A and £ parallels to Om^ and 
0»j, which will meet in Q^ on the given line L. 

This problem is sometimes of importance in questions of 
Graphic Statics. 

If A and B are on opposite sides of the line L, the conic is an 
hyperbola if is situated in the acute angle formed by the lines 
Sa and Sb ; and conversely if A and B are on the same side of Z. 

The conic will be a parabola when parallels to Sa, Sb, through 
A and B, meet in the same point on Z. 

Examples on Chapter YIII. 

1 . Given on a conic three points A,B,C and three other points 
rt, by c, determine on the conic a point P such that {ABCF}^{abcP}. 

[Either of the points in which the Pascal line (Prob. 85) meets 
the conic may be taken as the point P, i.e. draw Ac, Ca intersect- 
ing in K, Be, Cb intersecting in Z, and IlL will cut the curve in 
the required point. For if cC meets KL in M, the anharmonic 
ratio oi ABCP is that of the pencil c(ABCP), i.e. of the range 
KLMP, and the anharmonic ratio of abcP is that of the pencil 
C{abcP), i.e. again of the range KLMP.'\ 

2. Inscribe in a '^ven conic a triangle with its sides passing 
through three given points ABC. 

[Draw any line through A meeting the conic in a and b, draw 
bB meeting the curve in c, and draw Cc, which will not in general 
pass through a but will meet the curve in d. Repeat this twice, 
giving a range aa^a^ and a second aa^a^ Find a point P such 
that {aa^a^P] = {aa^a^P}. P will be a vertex oi on^ ^m^Vv \.T\»si^'^\ 
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3, Given two stvaight liuea AL, BL, draw a. transversal I 
meeting them in F and /, so tLat Ff stall subtend given angles I 
a aotl /3 at two given points P and p. 

[From the point A draw AP, Ap and construct tlie angles 
APa = a. and Apb = p, the points a and b being on BL. Imagiop 
A to slide along AL aad « and b will form two Lomographic 
(tivisiona, and each of the double points gives a solution.] 

4, Given two straight lines AL, BL, draw a transversal 
meeting them in F and / passing through a given point P, and 
Buch that .^y subtends a given angle j3 at a second given point p. 

[Last esample, the angle a being zero.J 

5, Determine on a given straight line a segment wluch shall 
subtend given angles at two given points. 

[The two lines of Ex. 3 coincide in direction.] 
C. Determine on a given straight line a segment of given 
length which shall subtend a given angle at a given point. 

7. Given two straight lines AL, BL and a point P, draw 
through P transversals cutting AL in F, G and BL in ^ if, bo , 
that FG, fg are given lengths. I 

[Draw AP meeting BL in a. Oa AL make AA, = FG, and | 
on BL make aa,=fy, draw 7'«, cutting .li in n; .^,andawill 
form homographio ranges, the double points of which give solu- 
tions.] 

8, Given on two straight lines AL, BL, two homographic 
rungea; draw through two given points P and p, lines Pa, pa, 
passing througli homologous points a, a, of the ranges and con- 
taining between them a given aiigle 6. 

[Take any point A on the first line and its homologoiiB point 
B on the tecoud. Draw pB and Pa meeting AL in a antl making 
an angle with pB. Imagine A to slide along AL to A , and A^ 
giving corresponding positions a^, a,, oi a. 

The range aa,a^ is homographic with A A, A, because 
pencils p {i5fi I S,) and P(a.a^a,) are equiangular. 

The donhle points of these ranges give two solutions.] 
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9. Given two lines Aa, Ah intersectiDg in A, the point a 
being fixed j given also a point S on the opposite side of Ab 
from a. Draw a line through S meeting Ab m F and ^a in ]>, 
and so that AF= ap, 

[Problem 126, the fixed points being A and a, and the ratio 
one of equality.] 

10. Two lines OAB, Oab meet in 0; A, JB, a and b are fixed 
points on the lines. If OAB remains fixed and Oab turns round 
Oj shew that the locus of the intersection (S) o£ Aa and Bb is a 
circle having its centre (C) on AB, determined by drawing througli 
any one position of >8^ a parallel SC to the corresponding position 
of Oab. 

[The anharmonic ratio of A, B, 0, G la equal to the an- 
harmonic ratio of ahO and au infinitely distant point, so that C 
is fixed.] 

11. Given two homographic ranges ABC, ahc, on two 
lines^ determine two homologous segments KL, Id which shall 
snbtend given angles KPL = (x, Tcpl = j8 at two given points P, jp. 

[Take any point, as A^ on the first range and construct the 
angle APF=ay and let a and f be the homologous points on the 
second range to A and F on the first. Construct the angle 
apf^ = p, where /i is on the second range. Suppose the point A to 
slide along the first range and the points f and /) will foi-m on 
the second range two homographic divisions, the double points of 
which will evidently determine two solutions of the question. 
Three angles, such as AFF, have to be drawn to furnish three 
pairs of points on the second range.] 

12. Given two homographic ranges ABC... abc, on two 
lines, determine two homologous segments KL and kl of given 
lengths. 

[The principle of the solution of the last example is evidently 
applicable.] 



CHAPTER IX. 

PLANE SECTIOSS OF THE CONE AND CTLINDEB. 

Dep. Tf gjij fixed point V be taken on a straight line passing 
tlirougli the centre of a circle perpendicular to the plane of 
the circle, and a straight line move so as always to paaa through 
the circumference of the circle and through the point V, the 
surface generated by the moving line is called a RigJU Circular 
Cone, and the line V the axis of the cone. If any eolid be 
conceived as divided into any two parts by any plane passing 
thi-ough the solid, the rexultiitg plane surfaces of the eulid in 
contact witli the cutting plane are termed sectiong of the solid. 

The most convenient way of treating any question on the 
sections of any solid figure, ia by obtaining the projections of the 
solid on two planes at right angles to each other, the projection 
of a figure on any plane being, as already explained, the area 
traced out on the plane by perpendiculars drawn from all points 
of the figure to the plane. 

The projection of any figure on a horizontal plane ia called 
its jdan, and on a vertical plane an elevation of the figure. In 
liny given position therefore a, aolid can have but one plan but 
it may have any number of elevations, so that it is always possible 
to take tJie vertical plane on which an elevation is pi-ojected 
perpendicular to any plane of section of the solid. 

For simplicity, the circular base of the cone will be Buppoaed 
to be horizontal, and the vertical plane of projection perpendi 
to the p}ane cutting the cone. 
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In figure 132 (p. 242) let o be the centre, and ach a diameter of 
a circle representing the base of a right circular cone resting on 
the plane of the paper; draw any line xy parallel to (wh, and 
imagine the part of the paper aboT€^a;y to be turned up along xy 
so as to stand perpendicularly to the part in front of that line ; 
draw oa', oo'v\ and W aU perpendicular to xy and meeting it in 
a', o' and h' respectively ; a' and 1/ will be respectively the ele- 
vations of a and h the extremities of the circular base, o' will be 
the elevation of the centre, and oV will be the elevation of the 
axis of the cone. The plan of the axis is obviously the point o. 
Let the vertex of the cone be at the height o'v' above the circular 
base a5, then i/ will be the elevation of the vertex; and if the 
lin«8 aV, 6V be drawn and produced indefinitely the triangle 
aV6' will be the elevation of the portion of the cone between the 
vertex and the horizontal plane of projection. The angle aV6' 
is called the vertical angle of the cone, and since the line vo' 
evidently bisects this angle either of the angles a'v'o>, h'v'o' will 
be the semi-vertical angle. 

It is evident that any section by a plane perpendicular to the 
axis, or parallel to the base of the cone, is a circle, the circle 
becoming infinitely small (i.e. the section being a point) when 
such plane passes through the vertex ; and that the section by 
any plane through the vertex which cuts the cone in any other 
point (Le. which lies within the vertical angle of the cone) will be 
two straight lines, the angle between which is greatest when the 
plane passes through the axis, in which case the angle is equal to 
the vertical angle, and the section is called a Principal Section. 

Problem 130. To determine the section of a cone hy a plane 
which does not contain the aodSf and does not pass through the 
vertex. 

Case L Suppose the angle which the plane makes with the 
horizontal plane to be equal to the angle v'a^o\ the base angle of 
the cone, fig. 132. Let the plane intersect the base of the cone 
in the line Im perpendicular to xy^ the points I and m being on 
the base of the cone, i.e. on the circle ad, and let the line Ivfh 
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meet icy in r ; draw Vn' parallel to a'v' meeting 6V in n'. The 
line Im ia the horizontal trace, and Tn' the vtrtieal trace of Uie 




section plane, those being the lines in which it cuts the planes of 
projection respectively. The plan of the point n' will evidently 
be on the line ob vertically below n', i.e. if n'n be drawn perpen- 
dicnlar to xy meeting ob in n, n will be the plan of n'. 

Imagine a horizontal plane to cut the solid at any height 
between the base and tlie point n, as at p'q' ; it will evidently 
cut the cone in a circle oi di&mQVcr p'q", and which would in 
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plan have o for its centre, and it will cut the section plane in a 
horizontal line the elevation of which is the point /, and the 
plan of which is the line rry perpendicular to xy. The points of 
intersection of the circle and line will evidently be points on the 
desired curve of intersection, and therefore if r, r^ are the points in 
which the plan of the line cuts the circle pq described with centre 
o and radius equal to ^p'q\ these will be points on the projected 
curve of intersection. Similarly any number of additional points 
can be found by taking a series of planes parallel to p^q'. The 
curve Ir^nrm will be of course the plan of the required curve. 

Now imagine the plane of section to be rotated round its 
horizontal trace Im until it coincides with the horizontal plane of 
projection, carrying with it the various points of intersection as 
found. In elevation they would of course travel over circular 
arcs described with Z' as centre and with radii equal to the 
distances between I' and their respective elevations, while on 
plan they would travel along lines through their respective plans 
perpendicular to Im. 

The point n would therefore reach iV, the points r and r^ 
would reach H and B^ and so on, and the curve IR^NRm would 
be the Pmeform of the section made by the given plane. 

Inscribe in the cone a sphere which will also touch the given 
plane of section. The elevation of such sphere will be the circle 
touching v'a\ v'h' and n7'; let it do so in the points g', h' and f\ 
and let the line g'h' meet I'n' in d'. 

df will be the elevation of the line of intersection of the given 
section plane and of the plane through the circle of contact of 
the cone and the inscribed sphere. On being turned down along 
with the plane of section this line would therefore come into the 
position DX, while the point f^ would come to F, 

The required curve of intersection is a parabola having F for 
focus and DX for directrix. 

Proof. The line whose elevation is y V, is a tangent to the 
inscribed sphere, since it lies in a tangent plane to that sphere 
(the given section plane) and passes througbi tl;!^ i^o\iA» ^i ^iWiJyMiX* 
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of that plane. It is tberefore equal in lengtli to any other tangent 
to the sphere drawn from the point whose elevation ia r, and 
since r' is really on the snrface of the cone, the length of the 
tangents drawn from it to the sphere muat he equal to the line 
A'j', which ia evidently equal to liV, i.e. FR = r'd' = the perpen- 
dicular distance of Ji from J)^ ■ therefore 5 ia a point on the 
parabola described with focus F and directrix SX, and the same 
of course holds for any other point of the curve. 

Case II. Let the angle which the plane of section makes 
with the horizontal plane be less than the angle t/w'o', the base 
angle of the cone {fig. 133). 

Proceeding exactly aa before, let the plane intersect the plane 
of the base of the cone in the line Im, perpendicular to xi/, and 
draw In'n" making any angle leas than the base angle of the cone 
with ley and meeting v'a\ v'b' in n' and n". 

Take any horizontal plane (as p'q') at any height between 
n' and w", meeting v'a' in p', v'b' in 5', and In" in r', and draw 
the plan of the circle in which this plane cuts the cone (the 
circle described with centre o and radius op, or 05 = Jp'?') and 
of the line in which it cuts the section plane (through r' per- 
pendicular to xj/). The points of intersection r and r, of this 
circle and line will be the plans of two points on the required 
curve of section. Turning the plane round its horizontal trtice 
until it coincides with the horizontal plane the point n' reaches 
A\ the point n" reaches iV,, and r and r, come to E and J?, re- 
spectively. Similarly any number of points can he found, and 
it will be found that they lie on a closed curve. 

Inscribe in the given cone spheres to touch alao the given 
plane of section (two such can be drawn, one above and the other 
below the plane) ; let them touch the plane in/' and/", and v'a', 
v'b' in g', ,7", and k', k" respectively: let g'h' meet In! in d', and 
3"A"meet it in d". 

d' and d" will be the elevations of the lines of intersection 
of the given plane of section with the planes of contact of the 
cone and its inscribed spheres. 
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SoppoW f and f" and the lines through d' and d" to be 
taraed dovn along with the plane of aection so that f comes to 
F, f" to F^, and the lines to DX and I>^S.^ reBpectively, and the 
curve of section will be an ellipsti with foci F and /", with 
directrices OS. and i>,X,. 

FlK- 133. 




Prwff. The line whose elevation is f'r' is a tangent to the 
inacribed sphere, since it lies in a tangent plane to that sphere 
(the given section plane) and passes through the point of contact 
of that plane. It is therefore equal in Yen^^ih. ^ uo.'^ tjOnisc 
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tangent to the sphere drawn, from the point whose elevation ii 
and since r" in really on the surlace of the tone, the leugth of the 
tangents drawn from it to the sphere must be equal to the line 
h'q', which is always in a conataut ratio to but is less than d'r, 
since the angle d'r'q' ia leaa than h'qV, i.e. FR ia alwaja in 
a constant ratio, smaller than unity, to the perpendicular dis- 
tance of Ji from DX. 

Therefore iH is a point on the ellipse described with focus F 
and directrix BX, and the same of course holds for any other 
point oD the curve. 

Case III. Let the angle which the plane of section makes 
with the horizontal plane be greater than the angle v'a'o, the base 
angle of the cone (fig. 134). 

The deacriptioR cf the last ■case applies exactly to the preeent, 
and the figure is lettered to correapoiid. The plane will neces- 
sarily cut both sheeta of the cone, and the curve will consist of 
two infinite branches. 

It will be found to be an hyperbola with foci F and F, and 
with directrices I>X and DX, . 

Proof, In this case the line h'q' ia always in a constant ratio 
to but is greater than the line dY. Hence the distance of any 
point on the curve from the focus F is always in a constant ratio, 
greater than unity, to its diBtance froni the directrix DX. 

The two straight lines in which a cone is int«rsecte<i by a 
plane through the vertex parallel to an hyperbolic section are 
parallel to the asyroptotes of the hyfierhola. 

The asymptotes may be thus found. They of course pass 
through the point C midway between X and X^. Draw the 
generators of the cone parallel to the given section plane, i.e. 
draw v'lc' parallel to I'n', which will be the elevation of such 
generators, and project tu' to w and n), on the base of the cone. 
The tangent planes to the cona along the generators whose plans 
are ow, ow, and whoae elevations are v'w will interaect the given 
pLine of section in the required asymptotes. If therefore « 
tangent sf to to the circuloi bese of the cone meet Im (the hoh- 
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x>ntaJ true of tiie girea ■eotion plane) in W, W will be a point 
on one asymptote, irhich will therefore be the line CIT. Similarly 
the seoond asymptote can be obtained froia the point u>, . 
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Problem 131. To cut a eonie of given eecenfrieiti/ /rom a 
gwen cone (Fig. 135). 

Let v'a'b' be the elevation of the given cone, and let the 
eccentricity be — given hy two lines m and n. From o', the foot 



of the axis ot the cone, set off along the axis a length o'd= n and 




o'e = }n; tlirough d draw dh parallel to the base of the cone 
meeting the alant side in A; from e with radius Ai' (the distance 
between h and the foot of the aknt side) describe an arc cutting 
a'b' in g; the requireit section plane must be inclined to the hori- 
zontal plane at the angle ego', and all aectiouB made by plauea 
inclined at thia angle will hava the eame eccentricity. 

Proof. Produce ge to meet the slant aide of the cone in g, 
and in the cone inscribe a sphere toucliing the plane of section 
geg in tlie point f and the ala.nt side v'b' in p : through p dnv ■ 
px parallel to the base of the cone meeting geq in x. ! 

In the triangle pqx, 
pq:q 

but p7 =fq, the angle p^ = the angle ego', and the angle qpx^'^' 
mgle a',j. 

. ft ^ 



2x miL 



ib'o 



■ Ui'^ 



-W; 
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but y is the focus, q the vertex, and x the trace of the directrix of 
the section made by the plane geq. 

If the conic is to be an hyperbola, i. a if m > n, there is a limit 
to the vertical angle of the cone in order that the problem may be 

possible. It will be observed that the length eg is , where a 

is the semi-vertical angle of the cone, and eg must evidently be 
greater than eo' or m. 

Therefore — must be crreater than cos a or a > cos"* — , L a a 

must be greater than the angle whose cosine is — , or in other 

words the ratio of the height of the cone to length of slant side 

mubt be less than — . 

m 

Problem 132. From a given cone to cut a conic of given 
eccentricity cmd having a given distance FX between focua and 
directrix (Fig. 135). 

As in the last problem, draw some one plane of section of the 
required eccentricity, as geq, and determine its focus / and the 
tnce (x) of its directrix. 

Draw v'x, v'f to the vertex of the cone ; on xf make xf^ = the 
given distance FX, and through /^ draw /^F parallel to xv' 
meeting /v' in F. Through F draw a line parallel to gq meeting 
the slant sides of the cone in A and A^ and xv' in X, This will 
be the trace of the required plane of section, A and A^ being the 
vertices, F a focus, and X the trace of one of the directrices. 

Def. If a straight line move so as to pass through the 
circumference of a given circle, and to be perpendicular to the 
plane of the circle, it traces out a surface called a Bight Circular 
Cylinder. The straight line drawn through the centre of the 
circle perpendicular to its plane is the aacis of the cylinder. 

The cylinder may evidently be regarded as a particular case of 
the cone, the vertex being at an infinite distance from the base 
So that the generators are ultimately parallel. 
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As with the right circular cone, it is evident that a section of 
the surface by any plane perpendicular to the axis is a circle, and 
that a section by any plane parallel to the axis (Le. passing 
through the infinitely distant vertex) consists of two parallel 
lines. 

Problem 133. To determine the section of a right circular 
cylinder by a plane inclined at any given angle ($) to the aona 
(Fig. 136). 

Let Im be the line of intersection of the given plane of section 
with the horizontal plane of the base of the cylinder, i.e. the 

Fig. 136. 




D y 



horizontal trace of the plane of section. Draw any ground line 
a^y perpendicula,r to 2m, and tihioxx^h. I draw Id^ making the angle 
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dly equal to the complement of the given angle 0, Let o be the 
plan of the axis of the cone, and through o draw oo'o" perpen- 
dicular to a^; do" will be the elevation of the axis of the cone 
on the vertical plane of projection, and Id will be the ti'ace on 
the same plane of the given section plane. 

With centre o and radius equal to that of the cylinder 
describe a circle ah^ and draw aoh perpendicular to Zm; through 
a and h draw <w!ci!\ Wh" perpendicular to xy, meeting it in 
a' and h\ and the rectangle ad'cil/h" will be the elevation of the 
cylinder. Lot Id! cut a'a" in n and h'h" in n'\ 

Imagine a horizontal plane to cut the solid at any height 
between w' and n", as at jp'cl'y it will evidently cut the cylinder 
in a circle of diameter j^'g'', and which would in plan have o for 
its centre, and it will cut the section plane in a horizontal line 
the elevation of which is the point r\ in which jo'^' cuts Id! and 
the plan of which is the line rr^r' perpendicular to xy. The 
points of intersection of the circle and line will evidently be 
points on the desired curve of intersection, and therefore if r, r, 
are the points in which the plan of the line cuts the circle od) 
(which is of course the 'plan of the circle ^'cf) these will be the 
jlam of the points in which the horizontal plane at the height 
ap' above the base of the cylinder cuts the required curve of 
intersection. 

Now imagine the plane of section to be rotated round its 
horizontal trace Vm, until it coincides with the horizontal plane of 
projection. In elevation the point r' would travel over the cir- 
cular arc '/B! struck with I as centre, meeting the ground line in 
R^ while on plan the points r and r^ would travel along lines 
rR^ r,/?^ perpendicular to Irti reaching the horizontal plane of 
projection in the points R^ R^ found by drawing RR^R perpen- 
dicular to xy. 

Similarly any number of additional points can be found by 
drawing a series of pLines parallel to p'q\ all of which will of 
coarse cat the cylinder in circles, the plans of which are the 
circle ah. 



and the^ 
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The point is' travels in eJe-vation over the arc n'A", and t 
plan of N' is simiiltaneoualy on ab and on N'N perpenUicular to 
xi/; and tlie point n", the plan of which is b, similarly reaches 
the horizontal plane at iV",. 

The required curve of intersection is an ellipse having NH", 
for major axis, and for miuor axis a length equal to the diameter 
of the cylinder. 

The minor axes of all ellipses which ca,n he cut ftwm the same 
cylinder ai-e consequently of equal length, but the length of the 
major axis depeuds jointly on the diameter of the cylinder and 
the inclination of the cutting plane to its axis, since 
Tin" - a'b' cosec d. 

Jast as in the case of the cone, if spheres be inscribed in the 
cylinder touching the ])lane of section they wiU do ao in the foci 
of tlie curve of intersection. The elevations of these spheres are 
tlie circles shewn in the figure touchiug the line Id' in the points 
/" andy,', and also touching a'a.",b'b". f travels over the circular 
arc y"^", and I"F perpendicular to ary, meeting ab in F, deter- 
mines F, one of the foci. 

The horizontal planes through the circles of contact of the 
spheres and cylinder interaect the plane of section in the direo- 
tricM of the curve, d' is therefore the elevation of one of them, 
which after rotation of the Bcction plane round Im comes into the 
position J)X. 

Proof. The line whose elevation is _^|V is a tangent to the 
inscribed sphere, since it lies in a tangent plane to that sphere 
(the given section plane) and passes through the point /,' in 
which the sphere touches the plana It is therefore etjual in 
length to any other tangent to the sphere drawn from the point 
whose elevation is r', and since r' is really on the surface of the 
cylinder, the length of the tangents drawu from it to the sphere 
must be r'k', where r'kf is parallel to the axis of the cylinder, and 
A' is on the circle of contact of sphere and cylinder. But r'lf : r'i£ 
in a constant ratio - coa S, and r'f = F,Ji; /d' = Jiif, where RM 
is perpendicular to DX meeting it in M, therefore F,S : JiM 
in a constant ratio, or the locus of £ is an 
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THE OBLIQUE CYLINDER. 

Def. If a straiglit line, which is not perpendicular to the 
plane of a given circle, move parallel to itself, and always pass 
through the circumference of the circle, the surface generated is 
caUed an oblique cylinder. 

The line through the centre of the circular base parallel to 
the generating lines is the axis of the cylinder. 

The section of the cylinder made by a plane containing the 
axis and perpendicular to the base is called the principcU section. 

The section of the cylinder by a plane perpendicular to the 
principal section, and inclined to the axis at the same angle as 
the base, is called a siib-contrary section. 

It is evident that any section by a plane parallel to the axis 
consists of two parallel lines, and that any section by a plane 
parallel to the base is a circle. 

Problem 134. To determine the svh-contrary section of an 
cUique cylinder. 

Let o (fig. 137) be the centre of the circular base, and the 
circle on a& as diameter the base of the cylinder ; let ob be the 
plan of the axis. Draw xy parallel to ab, so that the elevation on 
xy as ground line will be parallel to the principal section of the 
cylinder; draw aa\ oo\ lib' perpendicular to xy meeting it in 
o', o', 6', which will be the elevations of the corresponding points 
of the base. Since the elevation is parallel to the principal section, 
the angle which the elevation of the axis (i. a the line o'c') makes 
with the ground line will be the real angle which the axis itself 
makes with the horizontal plane. Draw a'a/, b'b^ parallel to oV, 
these lines are the elevations of the bounding lines of the solid 
projected on the vertical plane standing on xy. Draw any line 
a/&// making the same angle with o'c' as o'c' makes with xy^ 
meeting xy mlj and draw hn perpendicular to xy, 

Im will be the horizontal trace and la^' the vertical trace of a 
plane of sub -contrary section ; and if this plane be rotated round 
Im till it coincides with the horizontal plane, every point on the 
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Burf'aoe of the cylinder between n,' and 6,' will evidently reacli 
!k point on the circle on ab as diameter, i.e. the true form of the 
sub-contrary section is a circle. 

The horizontal projection oi the Bub-contrary section la the 
ellipse having cc^ projected from c", tlie point in which a^'b^' inter- 
sects the axis of the cylinder as major axis, and a,b^ the projec- 
tion of t/S,' as minor. 

Problem 136. To determine tlie section of an oblique cylinder 
by a plane not parallel to Uie axis, to tlie base, or to a sub-contrary 
section. 

Case I. Let the plane of section be perpendicular to the 
principal section (; 




The horizontal trace (de) of the plune of section must be drawn 
perpendicular to ab, the plan of the axis. If the plaue of section 
makes an angle (<^) with the horizontal plane, the vertical tniM 
must be drawn through d makiag this angle with xy. Let it 
meet a'a^' in A' and b'b^' in k'. 

Draw any circular section, aa p'q', between h' and k' meeting 
t/i' in r,'; the plan ia o! cour&o ftie cvvele on. pq; as diameter pro- 
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jected from p* and <( on a5, and if the projection of the point / 
cuts this circle in r and r^ these will be the iplans of two points 
on the required curve. If rr^ meet jt^g' in n we have rw* = jm . nq. 
If now the plane of section be rotated round de till it coincides 
with the horizontal plane, K travels in elevation to W and in 
plan \jO H, Id travels in elevation to K' and in plan to Ky and 
r and r^ reach R and R^ respectively. Therefore if RR^ meet ah 
in Ny RN* =pn . nq =pV , r'q' ; 

but pV : hV in a constant ratio, 

and r'^ : r'k' in the same ratio, 

. •. p'r' , r'^ : hV . r'k' in a constant ratio ; 

but hV . rT = HiV . NK, 

. •. RN^ : HN . NK in a constant ratio, 

or the locus of i? is an ellipse (Prop. 4, p. 108). 

Case n. Let the plane cut the cylinder in any manner 
(fig. 138). 

Let ah be the diameter of the base perpendicular to the hori- 
zontal trace of proposed section plane. 

The circle on od is the plan of the base of the cylinder, ov the 
plan, and oV the elevation of its axis, the elevation being projected 
on a plane perpendicular to the proposed section plane. Lines 
through a and h parallel to ov are of course the plans of the 
generators through a and 6, and if a and h are projected on to the 
ground line at a' and h' lines through these points parallel to o'v' 
will be the elevations of these generators and will be the bounding 
lines of the solid as seen in the proposed elevation. 

hn is the horizontal trace, and In^ the vertical trace of the 
section plane; let a'n' parallel to o'v' meet la^ in n\ and h'n^' 
meet it in n/; n' and n^ are evidently points on the required 
curve of intersection, and their plans n and n^ are found by pro- 
jecting n' and n/ on to the plans of the generators through a and 
6. Take any horizontal section of the cylinder between v! and n/, 
M p'q') the plan is of course a circle of diameter p'q'y and its 
position can be determined by projecting p and q' oil ^ >iitv^ ^i^\!i^ 



ELLIPTIC SECTION, 

of the generators through a and 6, as at p, q. This honzonia 

section and the proposed section plane intersect in a line the 





elevation of which is r\ the point in whicli p'q' cuts In', and the 
plan of tliia line cuts the circle pq in points r and /, projected 
from r', which are plana of points on the required curve of inter- 
section. 

!Now rotate the section plane r6uud hn, its horizontal trace, till 
it coincides with the horizontal plane: in elevation the {tointa 
n\ r', «,' travel over circular arcs to N', B', N^; in plan n, r, r,, n^ 
travel over lines perpendicular to Im to If, B, B^, N^, obtained 
by projecting N', R' and N^. 

These are points situated on the true outline of the curve of 
intersection, and any additional number of points can be obtuined 
in precisely the same manner. The curve is an ellipse having 
NN^ as a diameter and RB^ as a corrcBponding double ordinate, 
so tbatjyj?!, the diameter eoni\ig,a,te to NN' ^^caa at once be drawn 
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by biaecting ^OT^ in (7, cbrawing through C a parallel to RR^ or 
to Im^ and making on it CI) = CD^ = ao the radius of circular base 
of cylinder. That the curve is an ellipse may be proved similarly 
to Case L 



THE OBLIQUE CONE. 

Def. If a straight line pai^ always through a fixed point 
and the circumference of a fiixed circle^ and if the fixed point be 
not in the straight line through the centre of the circle at right 
angles to its plane, the surface generated is called an obliqiie cone. 

The fixed point is called the vertex and the line joining the 
vertex to the centre of the circle the axis of the cone. 

The section of the cone made by a plane containing this axis 
and perpendicular to the circular base, is called the principal 
section. 

The section made by a plane not parallel to the base, but 
perpendicular to the principal section, and inclined to the gene- 
rating lines in that section at the same angles as the base, is 
called a stilhcontra^ section. 

Problem 136. To determine the suh-corUra/ry section of an 
obliqtie cone (Fig. 139). 

Let o be the ceni»>e and oa the radius of the circular base, 
and let ov be the plan of the axis. Draw a ground line xi/ 
parallel to ov, and let v' be the elevation of the vertex on a 
vertical plane standing on xy. Project o to o', and the circular 
base to a'6', so that oV will be the elevation of the axis, and 
aV6' the outline of the cone; a'v'b' is evidently also identical 
with the principal section. 

Draw any line e^d'l making the angle a'e7=the angle v'Vy, 
and meeting v'b' in d' and xy in l, the angle e'd^v' is evidently 
equal to the angle vWb\ so that e'l may be taken as the vertical 
trace of the plane of a sub-contrary section, the horizontal trace 
of which must be the line Im perpendicular to xy. 



SUB-CONTRARY SECTION, 

Tate any horkontal sectioii aa j^'j' between i£ and e', the 
plan of 'which will be a circle oa. pq as diameter, p and q bein^ 




the projections of p' and 9' on the plan of the asis or central 
plane of the cone. Tbe plane of this section intersects the plane 
of sub-contrary section in a straight Hue, the elevation of which 
is the point j' in which p'q' intersects le, and the plan of which 
is rr, projected from r'. If rr^ meet the circle on py in r and 
r„ these will be plans of two points on the required curve of 
sub-contrary section, and if rr, meet^ in n, 

rn' = np.nq = Tq' . r'p' = ■r'd' . re; 
since a circle can be described round e'q'd'p'. 

Rotate the plane of section round its horizontal trace till it 
coincides with the horizontal plane of projection, and e, r' and 
it travel to E', Ji' and 1)' the corresponding positions in plan being 
/,■, Ji and R, and D their projections. These are of course points 
on the real outline of the required curve, and if S.H, meet Jl^, 



Jl.V^r: 



EN= 



, 2fJ) = ^<i:, 
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we have RN^ = EN. NB, 

or the locos of i? is a circle on ED as diameter, 

Le. the sub-contrary section of an oblique cone is a circle. 

It is evident that all sections parallel to the base or to the 
plane ^Im are also circles. 

Planes parallel to the base, or to a sub-contrary section, are 
called also Cyclic Planes. 

Problem 137. To determine the section of an oblique cone by 
a plane not parallel to a cyclic plane and not passing through the 
vertex (Fig. 140). 

Case I. Let the plane be parallel to a tangent plane of the 



Fiff. 140. 




cone, ie. let it be parallel to a generator and perpendicular to 
the plane containing that generator and the axis. 

17—2 
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Let a'v'h' be the elevation oi the coae, d the plan of the 
vertex the elevation of which is v', and ab the diameter of the 
circulaj' base parallel to the plane of the elevation. 

It ia oonTeoient to take the plane of section perpendioulflr to 
the plane of the elevation; so that its horizontal trace Im may be 
drawn perpendicular to xt/, and ita vertical trace must then he 
drawn parallel either to a'v' or to b'v', since the plane itself must 
be parallel to one or other of these generators — let In' parallel to 
a'v' be ita vertical trace. If Im cuts the circle on ab as diameter 
in d and rf„ these will be points on the required curve of inter- 
section, and if In' meets 6V in ii', n' will be the elevation of 
another |}oint, the plan of which will be n, the intersection of 
bv and the projection of n'. 

Draw any horizontal plane as p'q' between I and ih, meeting 
oV in p, h'v' in q and In! in r' ; this plane cuts the cone in a 
circle the elevation of which is p'q', and the plan of which is a 
circle on pq as diameter obtained by projecting p' and q' on av 
and bv respectively. It meets the section plane in a line the 
elevation of which is the point r', and the plan of which is the 
line 7^1 projected from r"; if this line meets the circle on pq in r 
and ?-|, these are the plane of two points on the required curve . 
of intersection and similarly the p]an3 of any additional number 
of points can be obtained. 

Rotate the section plane round its horizontal trace till it 
coincides with the horizontal plane of projection ; the point «' 
travels in elevation to N' and the point t' to K; in plan n, r, and 
r, travel along nN, rR and r,ff, perpendicular to hn till they meet 
the projections of N' and R' respectively, and d, R, N, E, and d, 
will he points on the real outline of the required curve of inter 
section. It ia a parabola having the tangent at M parallel to RR,. 

Proof. If A' bisects £ff„ KR'^p'i' .r'q'. 

Through Ji' draw h'n' parallel to p'q' meeting a'v' in A', t 

r'q' : /«' :; h'n' : h'v; 
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.-. pV.rV ! A'n'.rV :: AV : h'v', 
.-, Xfl* : AV . rV in a constant ratio, 

bnt r'a' = ilVcoatf, where ia the angle between JT^ and pq, 
and is conBtant ; 

.-. KB^=KIf multiplied by some constant, or the lociu of K 
is a parabola. 

Ctue II. Let the plane of section meet all the generating 
lines on the Bame Bide of the vertex (Fig. 141). 

Let a't/h' be the elevation of the cone, v the plan of v' the 
vertex, and ah the diameter of the circulai- base parallel to the 




ground line and therefore the plan of a'b'. lict the plane of 
aectioa be perpendicular to tie vertical p\a.ae o? ■ptQyujAOTi, «sA 
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draw ita horizontal trace Im perpendicular to xy and its verticid 
trace cutting a'v' in K, and h'v' in k'. Project h' to h on ac and 
h' to k on hv, then h and k are the plans of the points in which 
the generators through a and 6 meet the section plane, i.e. are 
the plans of two points on the required curve of iutei-section. 

Imagine the cone cut by any horizontal plane &s p'q' between 
li and k', the elevation of the curve of intersection will he the 
line p'q', meeting a'v' in p' and h'v' in g' and ^ in r'; and the 
plan wi!l he the circle on jiq au diameter, obtained by projecting 
p' on av and q on bv. The required plane of section cuta this 
plane of circular section in a line the elevation of which is r', and 
the plan of which is rr, projected from /. If jt, meets the circle 
on jMj in the points r and r„ these are the plans of two points of 
the required curve of intersection. Similarly the plans of any 
additional number of points can "be obtained. 

Rotate the plane of section round its hoi-izontal trace till it 
coincides with the horizontal plane of projection ; in elevation 
A', t' and k' travel to M', W, and K', and on plan A, r, r^ and k 
travel along hH, rll, r^R^, iK, perpendicular to lin till they meet 
the projections of H', R' and K'. The points S, R, K, R, are 
points on the real outline of the required curve of intersection. It 
is an ellipse having UK aa a diameter, and RR^ as corresponding 
double ordinate. 

Case III. Let the section plane cut both sheets of the cone 
(Fig. 142). 

Let aVb' he the elevation of the couo, v the plan of v' the 
vertex, and ab the diameter of the circular base parallel to the 
ground line, and therefore the plan of a'b'. Let the plane of 
section be perpendicular to the vertical plane of projection, and 
draw ita horizontal trace Im perpiendicular to ary, and ita vertical 
trace Ik' cutting b'v' in h', and a'v' in k'. Project A' to A on fir, 
and k' to k on av, then A and /; ai'e the plana of the points in 
which the generators through a and b meet the section plane, 
!. are the plans of two points on. the required curve of intersec- 
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tion. Imagine the cone cut by any horizontal plane as p'q ; the 
elevation of the circle in which this plane meets the cone will be 



Fig. 142 




the line 'pq meeting aV in p', 6V in q^ and Ik' in r , and the 
plan will be the circle on fq as diameter obtained by projecting 
yand ^ on av and hv respectively. The required plane of section 
cuts this plane of circular section in a line, the elevation of which 
is /, and the plan of which is rr^ projected from r. If rr^ meets 
the circle on 'pq in the points r and r^ , these are the plans of two 
points of the i-equired curve of intersection. Similarly the plans 
of any additional number of points can be obtained. 

Rotate the plane of section round its honzon.t«l twj^i^ (m t\VV 
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it coincideB with the horizontal piano of projection ; m elevation ~ 
h', r and k' travel to H\ H" and A'', and on plan A, r, r, and k 
travel along hH, tR, r^R^, kK perpendicular to Ini till they meet 
the projections of W, R and K'. The points H, Ji, R^ and K 
are points on the real outline of the required curve of intersection. 
It is an hyperbola having HK as a diameter, and RR, as corre- 
aponding double ordinate of the branch through //. 

The asymptotes are parallel to the generators of the cone 
which are parallel to the plane of section. If therefore f'lo' be 
drawn parallel to Ik' meeting xt/ in jc', and to' be projected to 
meet the circular base 06 in «iand "w,, thepians of the asymptotes 
will be parallel to vw, vw^. Bisect ftfc in c, and draw cW, cW, 
parallel respectively to vw an J vw^ , and meeting Ijn In TJ', IF, 
which will be points oa the asymptotes, and they can therefore 
be drawn through C the point of bisection of HE. 



Examples os Chapter IX. 

1. AVA^, an isosceles trinngle, obtuse angled at V, is the 
elevation of a cone. Shew that if F£ be drawn meeting AA^ in 
£, and snch that VB\' = AB..^A, (Ex.. 15, Chap. 11.) and any 
plane bo drawn having its vertical trace parallel to VJi, and 
horizontal trace perpendicular to AA^, it will cut the cone in a 
rectangular hyperbola. 

2. Given a cone and a point inside it determine the conica 
which have the given point as focus. 

[Draw an elevation a'v'b' on a plane parallel to the plane 
containing the axis of the cone and the given point, and let/' bo 
the elevation of the given point. The vertical traces of the re- 
quired planes of section must be tangents at/' to tlie circles 
touching a'v and b'v, and passing through/'. Two solutiona are 
generally possible.] 
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3. Shew that all sections of a right cone, made by planes 
parallel to tangent planes of the cone, a,ve parabolas, and that 
the foci lie on a cone having with the first a common vertex and 
axis. 

[Shew that the foci of parallel sections lie on a straight line 
throngh the vertex.] 

4. Find the least angle of a cone from which it is possible to cut 
an hyperbola, whose eccentricity shall be the ratio of two to one. 

5. Cut from a right cylinder an ellipse whose eccentricity 
shall be the ratio of the side of a square to its diagonal. 

[In the cylinder inscribe a sphere, centre C; determine a 
point X in the horizontal plane through the centre such that 

T 

^:^=the above ratio, where r is the radius of the sphere. The 

required plane of section must be a tangent plane to the sphere 
through the point X.] 

6. Shew how to cut from a given cone a hyperbola whose 
asymptotes shall contain the greatest possible angle. 

[The plane of section must be parallel to the axis, pp. 246 and 
241.] 

7. Cut from a given cone the hyperbola of greatest eccen- 
tricity. 

[The plane of section must be parallel to the axis, p. 248.] 

8. Different elliptic sections of a right cone are taken having 
equal major axes; shew that the locus of the centres of the 
sections is a spheroid, oblate or prolate, according as the vertical 
angle of the cone is greater or less than 90^ 

[Consider a series of sections perpendicular to a principal 
section of the cone. The centre is a fixed point on a line of 
constant length (the major axis), sliding between two fixed lines 
(the two generators of that section). It therefore traces out an 
ellipse which by revolution round the axis of the cone generates a 
spheroid.] 
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9. Different elliptic sections of a right cone are taken such 
that their minor axes are equal; shew that the locus of their 
centres is the surface formed by the revolution of an hyperbola 
about the axis of the cone. 

[Consider a series of sections perpendicular to a principal 
section of the cone. Take any section parallel to the base and 
divide the diameter of that section, so that the product of the 
two parts = h^ where h is the semi-length of the constant minor 
axis; the corresponding elliptic section must pass through this 
point of division, and all these points lie on a hyperbola, the 
asymptotes of which are the generators of the principal section 
taken (Prop. 1, p. 160).] 

10. Shew how to cut a right cone so that the section may be 
an ellipse whose axes are of given lengths. 

[The centre of the section made by the plane perpendicular to 
any principal section must be the intersection of the ellipse and 
hyperbola in which such principal section cuts the surfaces re- 
ferred to in examples 8 and 9.] 

11. Shew how to cut from a right cone a section of given 
latus rectum. 

[Any point F on 2l hyperbola described as in Ex. 9 may be 
taken as focus, and the plane of section must be a tangent 
plane at F to the sphere inscribed in the cone, and passing 
through F,"] 



CHAPTER X. 



CYCLOIDAL CURVES. 



When one curve rolls without sliding upon another, any point 
invariably connected with the rolling curve describes another 
curve, called a roulette. The curve which rolls is called the 
generating curve, and the curve on which it rolls is called the 
directing curve, or the base. 

Only a few of the simpler examples of roulettes are here 
given, the first being the most simple of all, viz. the cycloid. 

Def. The cycloid is the path described by a point on the 
circumference of a circle, rolling upon a fixed right line, in one 
plane passing through the line. 

In the construction this plane coincides with the plane of the 
paper. 

Pboblem 138. To describe a cycloidy tlie diameter of the circle 
being given (Fig. 143). 

lict AB be the diameter of the given circle, C its centre, and 
suppose that the tracing point is the point By and that at the 
moment A is the point of contact of the circle with the directing 
line. Draw the directing line XA Y a tangent at A to the circle. 
The tracing point B will evidently reach the guiding line at points 
JT and Y on opposite sides of A such that AX^AY=i\ie semi- 
circumference A By since each point of the semi-circumference 
comes down successively on a corresponding point of the line. 

The following geometrical construction gives an exceedingly 
close approximation to the length of the circumference of a 
circle : — ^From C, the centre, draw a radius CH making an angle of 
30* with the radius CB, and draw IIK perpendicular to AB meeting 
it in JT. At il, the extremity of the diameter through B^ draw a 
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tangent to the circle and on it make ^Z = 3 . AB. JTi will be 

Ffg. 143. 





very nearly the circumference of the circle and its semi-length 
may be taken for the length AX or A Y. 

[In the figure L doea not fall within the limits of the paper, 
hut if .^ A' is hisecteil ia h and M on a parallel to the tangent at A 
be made = 3 timea the radius of the circle, Kk may be taken as the 
semi-circumference.] 

Divide up A X into any number of equal parts (say 8) as at 
a', h', c',... and divide the aemi-circumference AB into the same 
number as at a, 6, c,,.. Draw a line through C parallel to X AY, 
which wiD evidently be the path of the centre of the circle, i.e. aa 
the circle roila along AX the centre will always be on tliia line; 
ftnddrawa'1,6'2, c'3... perpendicular to.ijr, the points 1, 2,3, &c„ 
being on the path of the centre. The point a will evidently come 
down to a', h to h', and so on ; and when a has come to a', the 
centre of the circle will be at 1 and the tracing point will be on a 
line making an angle with n'l equal to the angle aCB, which is of 
course equal to ACg, eince Aa —gB. Di'aw IG parallel to Cg and 
make \G=Cg, the radius of the rolling circle. G will be a point 
on the required curve. 

Similarly, when b has rolled down to 6', the centre of the circle 
will be at 2 vertically above b', the tracing point will be on a line 
making withi'3 an angle = the angle 5C5, i.e. =the angle AC/, or 
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it will be on a line 2^parallel to C7/*and at a distance from 2 equal 
to the radius of the circle. 

Similarly for the remaining points c^ d'y <&c. 

It will be noticed that the lengths 1(7, 2jF, <&c., may be deter- 
mined without actual measurement by drawing through g^f^ <&c., 
parallels to AX meeting the corresponding lines through 1, 2, &c., 
in the points Gy F^ &c., the figures ICgGf 2C/F are parallelo- 
grams and therefore in each case lG=:Cg, 2F= C/, and so on. 

The curve should be drawn free-hand through the series of 
points thus found, and the half loop corresponding to the circle 
rolling on -4 F may be found by the same construction or may be 
put in by symmetry. The line XS is a tangent to the curve at 
the point X, 

The length AX may be determined arithmetically by multi- 
plying the length of the radius AC hj 3 . 14... and may then be 
laid down by scale : the diagonal scales usually supplied with 
cases of mathematical instruments can conveniently be used for 
the purpose. In many works on geometry the length AX is 
determined by dividing up the semi-circle into any number of 
equal parts (say n) and laying off along AX the length of the 
ehord of one of the parts repeated n times. This method is radi- 
cally bad and should never be adopted : if the number of equal 
parts into which the semi-circle is divided is small it gives only a 
vesry rough approximation to the truth, while if the number is 
increased it is almost impossible to measure the length of the 
chord so accurately but that in repeating it n times an appreciable 
error will be introduced. A long length should in fact never 
be determined as the sum of a series of short ones. 

To draw the normal at any point of a cycloid. 

In all roulettes the normal at any point passes through the 
corresponding point of contact of the rolling and guiding curves. 
This point is called the Instantaneous Centre, The direction of 
motion of the tracing point will evidently at any moment be 
perpendicular to the line between it and the point about which 
the rolling curve is turning, i. e. the corresponding m'&ta2aX»'Mi<eiQVia» 
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centre, anil since the direction of motion at any point must co- 
incide with the tangent at that point, the normal mast pass 
through the instantaneous centre. 

In the figure, when the tracing point is at S the centre is at 3 
and c' is the instantaneous centre, so that Ea' is the normal at E; 
this is evidently parallel to eA, e being the point in which & 
parallel to AX through B meets the circle on AB as diameter, so 
that the normal at any point T may be thus constructed ; — 

Through P draw a parallel to the directing line A Y meeting 
the circle on AB in the point Q. The normal at P will be parallel 
to AQ, and since the angle AQB is a right angle the tangent at P 
will be parallel to QB. i 

If the normal at P meet the directing line in M and PM be ' 
produced to S so that PS = 2PM, S will be the centre of curvature 
at the point P. The evolute of the cycloid is two equal semi- I 
cycloids, the vertices being at X and Y and the cusp on BA 
produced at a distance from A = AE. 

Let the tangent at P meet the tangent at the vertex in 7", 
then the length of the arc BP of the cycloid is double the intercept 
TP of the tangent, i. e, double the choi'd BQ of the circla Hence 
the whole length of the cycloid ia 4 times the diameter of the 
generating circle. 

Dep. If, as in the cycloid, a circle rolls along a straight line, 
any point in the plane of the circle but not on its circumference * 
traces out a curve called a TroeJioid. 

Problem 139. To de»irihe a trochoid, l/ie diameter of tkf 
circle and the distance of tite tracing poiwi from its ceiiire being 
giixn (Fig. 14i). 

Let AB be the diameter of the given circle, C its centre, and 
CP the distance of the tracing point from the centre. 

Draw XAY A tangent to the circle, and aa in the last problem 
determine the length AX or .^ F equal to the semi-circumfereoce 
of the circle AB. Draw £78, the path of the centre, through G 
/«niUel to XAY, and through X draw X8 perpendicular toXi. 
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Divide C8 into any number of equal parts (8 in the fig.), and with 
coDtro C and radius OP draw a circle. The point P in which this 




circle cuts AB produced will be the vertex of the required curve. 
Divide the oemi-oircumference of the circle into the same number 
of equal parts Pg, gf, &c., as has been chosen for the divieion of 
the path of the centre. 

Drav \G parallel to Qg and gG parallel to AX : their intersec- 
tion 6 will be a point on the required curve. Similarly 2F paral- 
lel to CJ' and /F parallel to AJC will intersect in a point on the 
curve, and so on in succession. When B has come down to X the 
tracing point will evidently be at F, vertically below X on 8A' 
produced so that 8^,= CP; the tangent at i*, is parallel to AX. 

The construction is obvioos from that of the cycloid. 

In the figure a second trochoid is dr^wn generated by a point 
Q inside the rolling circle, to which the foregoing description 
applies exactly by the substitution of Q for P. 

To draw the TWTT/tal at anjf point of a trochoid. 

Consider for a moment the point F. When the tracing point 
i< at .F the centre of the rolling circle will be at 2 and the point 
of contact of the rolling circle and directing liue will be 2/' on AX 
vertically below 2; i.e. if will be the instantaneous centre, and 
therefore /'if will be the normal at^, since the direction of motion 
of F must be perpendicular to FIT. But FH ia '^e^.VeY \a JiV, 
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Bince the triangles F%H,fCA are in &il respects equal and arc 
similarly situated, and therefore the normal at any point R may 
be thus constructed :— 

Through E draw a parallel to the directing line meetiog the 
circle deacribed with C as centre and CP as radius in the point r, 
and the normal RM will be pai-allel to the line joining r to A, the 
lowest point of the rolling circle when its centre is C. 

To find Ohe centre qfcurvature at any point R*. 

Pind -Af, the position of the centre of the rolling circle corre- 
sponding to R. {K will of course he vertically above M.) Join 
RE and draw MN perpendicular to liSf meeting RS^ in JV. Draw 
iV'5 perpendicular to the guiding lino meeting RJt ia S. S will 
be the required centre of curvature. 

Def. The Epicycloid is the path described by a fixed point 
on the circumference of a circle rolling on the convex side of a 
fixed circle, both circles lying in the same plane. 

Problem HO. To describe an epicycloid, flie radii of the 
rolling and directing circles being given (Fig. 145). 

Let ho the centre of the directing circle, OA ita radios, 
AC the radius of the rolling circle, C, on OA produced, its centre, 
and let R be the other extremity of the diameter through A. 
Suppose B to be one position of the tracing point. Aa the one 
circle rolls round the other let the point B come down to JT 6n 
the one side of A and to Y on the other, X and F being on the 
directing circle. The arc A^ will necessarily be equal to Uie 
arc AY, and equal to the semi-circuml'erence of the roUlag 

These points may he thus determined : — 
Let the length of the semi-circumference AB he S, then 
S = 7r.AC, 

IT being the circular measure of two right angles. 

* The DonBtmction for the centre of coTTature of this and the CoUowing 

roulettes was givea by M. Savaiy in his Le^m d<( Slackitta & VEeolt 

Folylechniqur, and ia quoted by Williamson, Differential Calcutiu, Srdtd., 

p. 345, where its proof is given. 
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liCt be the oircalar measure of the angle mibtended by the 

Fig. I4S. 




arc AX (the length of vhich is ^S*), at the centre of the directing 
circle ; then 

S = B.AO=Tt.AC; 
.: $ : TT -.-.AC lAO, 
or if n is the nomber of degrees ia the angle AOX, 
n : 180° :: AC : AO, 

which determines ti. 

[In the figure A0=^3AC so that the angle AOX contains 
60*.] 

Draw the path of the centre of the lulling circle, Le. an ai-c 
with centre 0, and radius OC, and let OX produced meet it in 8. 
Divide up the arc C8 into any convenient number of equal parts 
(8 in the fig.) and draw the radii 01, 02... cutting the directing 
circle in a' b'.... Divide up the semi-circumference of the rolling 
circle into the same number of equal parts Aa, a&... : 
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As the one circle rolls on the other, the point a will evidently 
come down to the point «', b to !i' and so on : when a has come to 
([', the centre of the rolling circle will be at the point 1, and 
the tracing point will evidently he on a line making with o'l 
an angle equal to the angle aCB which is equal to the angle ACg. 
Hence an arc described with centre 1, and radina CB, will inter- 
sect an ai'c described with centre 0, and radius Off, in a point 
€f of the required curve, for the triangles G\0 and gCO are 
equal in all respects : — i.e. & is the position of the tracing point 
corresponding to a, being the point of contact of the rolling and 
directing circles. 

Similarly an arc described with centre 2, and railiiis CB will 
intersect an arc described with centre 0, and radius Of ia a point 
F of the required curve, and so on in succession for the point* 
3, 4, &c. 

The arcs gG,JF, i!co. will cut the corresponding arcs descrihed 
with the suoceaaive centres 1, 2, ic. in two points, but it is 
evident by inspection which of the points must be taken, viz. 
that on the side of the corresponding radius 01, 02, &c remote 
from OA. 

The radius J8 is a tangent to the curve at the point X, 

To draw the rwrmal at any point P of an epirct/cloid. From 
F with the radius AC ot the rolling circle describe an arc cntting 
the path of the centre ia J^. [It will do so in two points bot 
the one lying within the angle FOB must be taken.] This will 
be the position of the centre of the rolling circle when the tracing 
point is at P, Draw KO cutting the directing circle in M, the 
point of contact between the circles when the tracing point is at 
F: i.e. M is the itistmitaneous centre corredponding to F. 

Tlierefore FM is the norma,l at P. 

To find tJie centre and radius of ewrvature at any pottU F. 
From M the instantaneous centre draw MN perpendicular to 
PM meeting FK, the radius of the rolling circle when the tracing 
point is nt Fjio-JS', Then JVO (0 being the centre of the guiding 
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circle) will cut PM produced in S the required centre of cur- 
vature. 

Dep. The Hypo- cycloid is the path described by a fixed 
point on the circumference of a circle rolling on the concave side 
of a fixed circle, both circles lying in the same plane. 

Problem 141, To cleacribe a hypo-cycloid the radii of the 
rolling and directing circles being given (Fig. 145). 

OA is the radius of the directing circle, and its centre, AC 
is the radius of the rolling circle, and B' the tracing point when 
the centre is at C. The construction is identical with that for 
the epi-cycloid. In the figure the radius AC is equal to AC the 
radius of the epi-cycloid, and B* of course reaches the directing 
line at X and Y — the points F' and B' are the positions of the 
tracing point when the points h^ and d^ are the points of contact 
of the rolling and directing circles. 

Dep. When, as in the epi-cycloid, a circle rolls on the convex 
side of another, any point in the plane of the rolling circle, 
but not on its circumference traces out a curve called an Upi- 
trochoid. 

Problem 142. To deserve an epi-trochoid, tlie rolling and 
guiding circles , and the position of tJie tracing point being given 
(Fig. 146). 

[In the figure the tracing point is assumed outside the rolling 
circle; it might be inside it.] 

Let be the centre of the directing circle, OA its radius, 
AC the radius of the rolling circle; C, on OA produced, its centre; 
let B be the other extremity of the diameter through -4, and F on 
CB produced be one position of the tracing point. As in the 
epi-cycloid determine an arc AX or AY oi the guiding circle equal 
in length to the semi-circumference of the rolling circle, so that 
B comes down to X and Y as the circle rolls round : ie. construct 
angles AOX and AOY each containing n degrees where 

„=180''4S. 
AU 

[In the figure AO^^SACso that n = 60.\ 
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Draw the path of the centre of the rolling circle, i.e. the 
circular arc with centre 0, and radius OC, and produce the 




radius OX to meet it in 8. Divide up (78 into any convenient 
number of equal parts (71, 12, &c. — (8 in the figure), and divide 
up the semi-circle drawn through P, with centre (7, into the same 
number Pg^ gf^ &c. With centre 1, and radius equal to (7P, 
describe an arc, and with centre 0^ and radius Og^ describe a 
second arc cutting it in G, G will be a point on the curve. 
Similarly with centre 2, and radius equal to CP, describe an arc, 
and with centre 0, and radius Of, describe a second arc cutting 
it in F, F will be a point on the curve, and so on in succession 
for the points 3, 4, &c. 

The arcs gG, fF, &c. will cut the corresponding arcs described 
with the successive centres 1, 2, (kc. in two points, but it is 
evident by inspection which of tlie points must be takeu, viz. 
that on the side of the corresponding radius 01, 02, &c. remote 
from OA. 

The radius 0X% is a normal to t\i^ cvxjt^^ ^t ihs ^oint P^. 
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To draw the normal at any point R of an epv-troclwid. 

Find ^the corresponding position of the centre of the rolling 
circle, Le. with centre 7?, and radius equal to (7P, describe an arc 
cutting the path of the centre in K, [It will do so in two points, 
but the one must be taken lying within the angle ROB.^ 

Draw KO cutting the directing circle in M, M will be the 
instantaneous centre corresponding to R, Therefore RM is the 
normal at R. 

To find the centre and radius of curvature at any point R, 

From M the instantaneous centre draw MN perpendicular to 
RM meeting RK (K being as above) in iV. Then, if is the 
centre of the directing circle, ON" will cut the normal RM pro- 
duced in S, the required centre of curvature, 

Def. The HypO'trocJwid is the curve traced out by any point 
in the plane, but not on the circumference of a circle, rolling 
on the concave side of a fixed circle, both circles lying in the 
same plane. 

Problem 143. To describe a hypo-trochotd^ tlie directing and 
rolling circles, and the position of tlie tracing point being given 
(Fig. 146). 

[In the figure the tracing point is inside the rolling circle, 
but by the above definition this is not a necessary condition.] 

OA is the radius of the directing circle, and its centre, AC 
is the radius of the rolling circle, and Q the tracing point when 
the centre is at C\ The construction is identical with that for 
the epi-trochoid. 

Companion to the cycloid. 

Dep. If a line NE (Fig. 147) be drawn perpendicular to a 
fixed diameter AB of a circle, meeting it in iV, and the circle 
itself in e, and if NE be made equal to the arc Be, the locus of 
the point E is called the Companion to the Cycloid. 

Problem 144. To describe the companion to tlie cycloid, the 
generating circle being given (Fig. 147). 

C is the centre, and A B a, diameter of tT[ie given eVicXe. Ttox^M^ 
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A draw XAT a tangent to the given circle, and on it make 
AX = AT = the semi-circumference. (Prob. 138.) Divide AY 



4^_ ^,.-j-^^,^,.^,.H2^,.^,.^^..:g^ 

into any convenient number of equal parts as at a', b\c\,. and 
divide the semi-circumference AB into the same number of equal 
parts as at a, b, c... 

It will be observed that the lettering proceeds from A in the 
one case, and from B in the other. 

Through a, h\ c'... rule perpendiculars to -4F, and through 
a, 5, c... rule parallels to AY, The intersections of corresponding 
lines dja D, E^ F .., are points on the required curve. 

The construction is obvious. 

To draw the tangent ai any point P, 

Draw PM parallel to AX meeting the circle in p, and the 
diameter -4 jB in Jf. Make Cm on CB = Mp, and join m to K 
the extremity of the diameter perpendicular to AC. The tangent 
at P is parallel to mX. The curve has parallel tangents at 
points equi-distant from CX, 

To find the radius of curvature at any point P. 

It is easily proved analytically that p = — y^ v^ , where p is the 

radius of curvature, m and M are points correspouding to P as 
above, and a is the radius of the generating circle. 



CYCLOIDAL CURVES. 279 

Make Km^ on KC = JTm, and draw iri^R perpendicular to KC 
meetiDg Km in i?, also make Kk on KG = CM. Through m^ 
draw m^8 parallel to kE meeting KB in 8, and Ks will be the 
length of the required radius of curvature. Make FS on the 
normal at P = Ks, and S will be the centre of curvature at P, 

Evidently Ka : KB :: Km^ : Kk, 

KR.mK 



or K8 = 



CM ' 

mK^ 



but KR : Km :: Km^ : CK, or Zi? = 



1 3 






Examples on Chapter X, 

1. Shew that if the diameter of the rolling circle be half 
that of the directing circle, the hypo-cycloid becomes a straight 
line. 

2. Shew that if the diameter of the rolling circle be half that 
of the directing circle any hypo-trochoid becomes an ellipse. 

3. Shew that if AOB be a diameter of the guiding circle, and 
P any point on it, the hypo-cycloids described by the circles 
having AP and BP as diameters, and P as tracing point, are 
identical. 

4. -4 is a fixed point on the circumference of a circle of 
radius R, The points L and M are taken on the same side of 
A such that arc AL = 7n, arc AM, where m is a constant. Shew 
that LM will always touch the epi-cycloid described with a circle 

of radius r (= r ) rolling on a circle of radius p = i? — 2r, the 

\ m+1/ ^^ ^ ' 

point A being the centre of tlie loop, and the centre of the 

guiding circle coinciding with that of the given one. 

[As a numerical example take R = 3|, m = 4.] 
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5. -4 is a fixed point on tlie circumference of a circle of 
radius B, The points L and M are taken on opposite sides of A, 
such that arc AL = m. arc AM, where m is a constant. Shew that 
LM will always touch the hypo-cycloid described with a circle of 

radius r = =- rolling under a circle of radius p = i? + 2r, the 

m — 1 r 1 

point A being the centre of the loop and the centre of the guiding 
circle coinciding with that of the given one. 

6. Shew that the radius of curvature of an epi-cycloid at 
any point varies as the perpendicular on the tangent at the point, 
from the centre of the fixed circle. 

7. Shew that the evolute of the epi-cycloid described with 

guiding circle of radius a and rolling circle of radius 6 is a similar 

a* 
figure, the radii of the fixed and generating circles being ^ and 

8. Shew that the evolute of the hypo-cycloid is a similar 
figure, the radii of the fixed and generating circles being 



a» 



a- 26 



and ^ respectively. 



[To make a practicable figure h must be much smaller 
than aJ] 

9. If a parabola rolls on another equal parabola shew that 
the locus of the focus of the rolling one is the directrix of the 
other. 



CHAPTER XL 



SPIRALS. 



When a line rotates in a plane about a fixed point of its 
lengthy and a point travels continuously in the same direction 
along the line according to some fixed law, the path of the moving 
point is called a spiral. The fixed point is called the pole; a fixed 
line in the plane passing through the pole from which the position 
angle of the moving line may be measured is called the initial 
linej and the line drawn from the pole to any point of the curve is 
called the radivs vector of that point. 

After rotating through four right angles the revolving line 
conies back to the position it occupied at starting, but there is of 
course a different value for the length of the radius vector, and since 
the position angle may increase without limit, so too does the value 
of the radius vector. Spirals consequently extend to an infinite 
distance from the pole, and consist of a series of convolutions 
round it. 

Cases of mathematical instruments usually contain a diagonal 
scale, the unit of which is half-an-inch, and on which lengths can 
be read to two places of decimals. In the numerical examples 
which follow, this scale is intended to be used. 

Dep. In the Spiral of Archimedes the length of the radius 
vector is directly proportional to its position angle. 

Let r be the length of the radius vector of any point, 6 the 
angle which it makes with the initial line ; the above definition is 
expressed symbolically by the equation r = aB, where a is any 
numerical cojiatant 
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In this equatloa S is the oircular measure of the position angle, 
and therefore r-a vbea b unity, Le. when the number of 
degrees in the position angle is 57-2957... i.e. corresponding to this 
angle measured from the initial line, the tracing point is at a 
distance of a units (inch or any other that may he chosen) from 
the pole; whea r = O,0-Q,or the initial line iB the position of the 
revolving line when the travelling point is at the pole. 

Pboblei£ 145. To describe the spiral of Arehimedeg, the poU, 
two points on the curve, and the unit of tlte curve being given 
(Pig. 148). 

Let be the pole, P and Q the two points on the curve which 
we will suppose to be on the same convolution; and let OQ be 




greater than OP; let 6 be the angle between OP and the initial 
line, and the length L the given unit. 
0P = a6 

0Q = ol,6%Q0P)-, 
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therefore OQ - OF = a x circ. meas. of QOF 

OQ-OP 
circ. meas. of QOF ' 

OQ — OF can be measured by scale, the number of degrees in 

the angle QOF can be measured by a protractor and its circular 

measure can be obtained from a table of the circular measures of 

OF 
angles, and the numerical value of a thus calculated: then^= — , 
° a 

the length OF being of course measured on the same scale as that 
used for determining OQ — OF, which gives the circular measure 
of the angle between OF and the initial line, and the correspond- 
ing number of degrees can be obtained from the table. 

To take a numerical example : 

Let the unit of length be ^ an inch. Suppose 

0Q = 2, 

OF =15, 
and the angle QOF = 60°, the circular measure of which is 

3-14159... 



3 



= 1-0472... 



2-1-5 -5 .^^ 

^ _- ^ •4-77 

1-0472 1-0472 

then ^=-4^=3-14 

•477... 

the number of degrees corresponding to which may be taken 180°. 

The initial line will therefore be the line OA, If the tracing 
point after one complete revolution of the generating line cuts OF 
again in P' we have 

OF = ae 

and OF = a(0+ 27r), 

therefore OF -0F= 2ira, 

Successive points on the curve may at once be found thus : — 
Construct an angle ^0/? = angle QOF'y with centre and radius 
OP describe an arc cutting OQ in. p] on OQ ^to^u^^^ \Mika 
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Qr= Qp and with centre and radius Or describe an arc cutting 
OJi in £ a point of tlie curve. 

Bimilarfy if F.OS = POQ, and Qs on OQ produced = 2Qp, an arc 
described with centre and n^dius Os will cut OS in 5 a point of 
the curve. (In the figure S coincides with A on the initial line.) 

In like manner points can be found nearer the pole than P by 
constructing angles on the side of OP remote from Q equal respec- 
tively to POQ, 2P0Q, SPOQ, &c., and diminishing the Kidii 
vectores by the constant difference pQ, 

To draw the tangent at any point of the curve. 

A known expression for the angle which the tangent at any 
point makes with the radius vector is ^=tan~^— , Le. the tangent 

of the angle is the radius vector divided by the given constant of 
the curve, 

Therefore to draw the normal at any point Q, on the radius 
OG at right angles to OQ measure a length OG - a, the constant 
of the curve, and QG wUl be the noi-mal at Q, for evidently 



tan OGQ - 



OG 



Hence if a circle be drawn with centre 0, and radius = o, n 
mala at all the points on the curve can at once be drawn by merely 
joining them to the corresponding points in which such circle e aJM, I 
the perpendicular radii. 

The initial line is a tangent at the pole. 

If p is the radius of curvature at any point 

p : J a' + r' :: tt' + i-" : 2a' + r', 
ao that p can be calculated without much difficulty, 

Pboblem 146. To describe the spiral of Archimedea, the pdk, ' 
the initial line and the constant of the curve being given {Fig. 149). 
Here a is given in the equation r — ad. Let be the pole, 



and OA the initial lint 
A a =-239. 



t being the Icngtii 
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Determine some convenient length of radius corresponding to 
a multiple {n) of 4 right angles ; say the greatest distance to which 



FIS.149. 



it is proposed to draw the curve. In the figure e.g. A is taken at 
angular distances of 8 right angles from the initial line (i.e. n = 2), 

so that OA = -239 x iir 

= •239x4x314159... 

= 3*60 units. 

Draw OD at right angles to OA and divide up the quadrants 
formed at into any number (m) of equal parts (in the figure m = 3) 
and draw the radii OB, OC, &c. through the points of division. 
Divide OA into 4 . m . w equal parts. In the figure therefore 
OA is divided into 24 equal parts. Then arcs drawn through the 
successive points on OA with centre will intersect the corres- 
ponding radii in points on the curve. The point F in the figure of 
course bisects OA, and after one complete convolution has been 
found the curve can be completed by measuring from B, (7, &c. 
on the successive radii a constant distance BQ, CR, &c. =AP, 

THE RECIPROCAL OR HYPERBOLIC SPIRAL. 

Dep. In this curve the length of the radius vector is inversely 
proportional to its position angle. 
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The equatioa to the curve may tiierefare be written - = otf , 

where r is the length of any radius vector, B the circular measure 
of the angle it makes with the initial line, and a a numerical 
constant. 

When ^ = 0, r is therefore infinite, and r diminishes as in- 
creases, but the curve does not reach the pole for any finite value 

of ft Corresponding to the value tf = 1, r = - ; i.e. the radius 

vector making 57*2957... degrees with the initial line is -units 
long. 

A line parallel to the initial line and - units distant from it, is 



a 



an asymptote to the curve. 



Problem 147. To draw the reciprocal spiral^ the pole^ the 
initial line and the unit and constant of the curve being given 
(Fig. 150). 

Let be the pole and OA the initial line. In the figure a = ^ 
the unit being the length L. 






Flg.160. 
Asymptote 




I ''"^13 



12 
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Draw 04 perpendicular to OA and with as centre, and - 

as radius describe a circle 4, 8, 12,... and divide it up into any 
number of equal parts, as at 1, 2, 3... 

Draw the line OB making 57 '2957... degrees with OA and 
cutting the circle in B ] B will be a point on the curve. 

Determine the length of radius vector corresponding to any 
convenient division of the circle — say the radius making 45° with 
the initial line — i.e. determine 

14 24 

^■"a'^'S-UlSQ"' 

Draw the line 02, and produce it to (7 making 0(7 = 7*63 units. 
C will be a point on the curve. As the angle doubles the radius 
diminkihes one half; so that if OG is bisected in d, the length Od 
will be the length of radius vector making a right angle with the 
initial line, i.e. D on the line 04, OD being equal to Od, is another 
point on the curve. 

Bisect OD in e and make OE onOS-Oe; E will be a point 
on the curva 

OE is also of course = \0C. 

Similarly OF the radius corresponding to — 2Tr is \0E or 

G the point on the curve corresponding to B = ^.-~ is at a 

IT 

distance § of OG from 0. OH the radius corresponding to ^ = 3 . - 
is of course \0G or ^ of 00. OK the radius corresponding to 
tf = 6 . J is lOH. 

OM the radius corresponding to ^ = f . -r is 1 00, and ON" the 

4 

radius corresponding to tf = 5 , j is \0M or \0G» 
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In the second convolution 

IT 

OP on OCy i.e. corresponding to tf = 9 . ^ is \0C^ 
OQ on on „ „ „ =10.j is^OC, 

OE on OH „ „ „ -11. j is^OC, 

OS on OiT „ „ „ = 12 . ^ is ^00, 

and so on, and similarly any additional number of points can be 
obtained. 

In the figure OV bisects the angle AOG and therefore 

0V==2.0G, 

W bisects the angle ^OC and Tr= 2 . OG. 

To draw the tangent at any point p. 

Draw the radius Oq of the circle described with centre and 

radius - perpendicular to Op. pq will be the tangent at p. 
a 

To determine the centre and radius of curvature at any point p. 
Draw the normal pm perpendicular to the tangent pq and 

meeting qO in m. On pq make pr=Oq = -, and pn = mq, Tlien 

a 

718 drawn through n parallel to rm^ meeting pm in 5, determines s 

the required centre. 

THE LITUUS. 

In this curve the radius is inversely propoi-tional to the square- 
root of the angle through which it has revolved. Its equation 
is therefore 

r 

or as it may also be written 
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The radius therefore diminishes as the angle increases and 
is of infinite length when 6 = 0: it never vanishes however large 
may be, so that the spiral never reaches the pole^ but makes an 
infinite series of convolutions round it. 

Problem 148. To draw the LUutm, the pole, the initial line 
and the unit and constant of the curve being given (Fig. 151). 

Let be the pole, and OA the initial line. In the figure a — \ 
the unit being the length L. Draw OG perpendicular to OA, 

IT 

and determine the value of r corresponding to ^=o, i.e. to ^ 

being the circular measure of a right angle. 
In the figure 

Make Oc on OA equal to this length, and make OB on AO 
produced equal to unity on the scale adopted. A mean pro- 
portional between OB and Oc will evidently be the required 
length OC, i.e. a semi-circle on Be will cut OC in C, a point on 
the curve. 

Draw radii OG, OR bisecting the quadrants COB, DOE. 

Trisect Oc in e and g, and take two parts measured from 
as Og. A mean proportional between OB and Og will be equal 
to the length OG at which the curve cuts the bisector OG of the 
right angle COB, 

Bisect Oc in d, A mean proportional between OB and Od 
will give the leugth of the radius vector OD corresponding to 
$ = v. 

Divide Oc into five equal parts, and take two of them from 
as Oh, A mean proportional between OB and Oh will give 
the length OH of the radius vector corresponding to 
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A mean proportional between OB and Oe (|rd of Oc) gires 
OE the length corresponding to tf = -^ . 







Similarly a mean proportional between OB and fOc would 
jnvft /OjJ' the radius corresponding to O^^tt, and a mean pro- 
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portional between OB and \0c would give OF corresponding to 
B = 2ir, but this is more easily determined by making it equal 
J0(7, for since the square of the radius is inversely proportional 
to the angle, the radius diminishes ^ as the angle increases four 
times. 

For the same reason the length OJ on HO produced will be 
20D since the angle AOJ=^ of two right angles. 

Draw the angle AOP to contain 57. 29... degrees; the arc 
subtending this angle is equal to the radius, i.e. corresponding 
to it, ^ = 1, and therefore OP the corresponding radius must 

contain - units (in the fiffure OP = 3). 

2 
Bisect the angle AOP by OQ^ and make 0(^ - -^ (in the figure 

Oe=Vl8 = 4-24...). 

§ is a point of contrary flexure in the curve, i.e. at that point 
it becomes convex towards the initial line, the radius of curvature 
being infinite. 

Bisect the angle AOQ by OE^ and make OR = twice OP ; R 
will be a point on the curve. 

'B\sQctAOR hy OS, and make OaS^ = twice OQ ; S wHl he & 
point on the curve. 

In the second convolution the following table gives the values 
of r corresponding to successive values of differing by 45", and 
similarly for the third convolution. 

If 2 be taken as the numerator of all the fractions the suc- 
cessive denominators evidently differ by unity. 

The values of r may of course all be calculated arithmetically 
instead of being obtained geometrically from the calculated vali 
of one of them. 

19—2 
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To draw the tangent at any point. 

A known expression for the angle which the tangent at any 
point makes with the radius vector is 



* = *^^"(-iO^ 



tan<^ = --r-a=-2a 



rV 



The value of tan ^ for any point can therefore easily be 
calculated numerically, and the corresponding number of degrees 
obtained from a set of tables; the angle then being plotted by 
means of a protractor. The minus sign in the above expressions 
denotes that <^ is always greater than a right angle when measured 
on the side of the radius. It becomes more and more nearly a 
right angle as the angle increases. At the point Q corresponding to 

^ = ^, <^ = 135^ 

The tangent may be constructed geometrically, though not 
very conveniently, thus : — 

we have tan «^ = — 



r'a' 



r» 
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where OP is the radius corresponding to unit angle. Determine 

a length I such that 

OB : OP :: 20P : I, 

so that l = 20P'f since OB is unity on the scale adopted ; 

I 

.', tan q> = 5 . 

r 

The value of r* is known, because it is some definite fraction of 
Ac, At G on the curve for example it is the length Og, From 
the point at which the tangent is required measure any convenient 
fraction of the length r' along the radius vector, from the ex- 
tremity draw a line perpendicular to the radius, and measure on 
it the same fraction of the length I, and the required tangent will 
pass through the point thus obtained. 

In the figure Gm is ^Og, and mn is \l, then Gn is the 
tangent. 

Owing to the rapid diminution of r' as the angle increases 
the method very soon becomes impracticable. 

If p is the radius of curvature at any point, and r the corre- 
sponding radius vector, 

p : J 4: + a*r* :: r (4 + aV*) : 2 (4 - a*r*). 

Tlie Loga/rithmic or Equiangular Spiral, 

In this spiral the radius increases in a geometric while the 
angle increases in an arithmetic ratio. The angle of revolution 
is therefore proportional to the logarithm of the length of the 
radius vector, whence it derives its first name ; it is called equi- 
angular because in it the tangent at any point makes a constant 
angle with the radius vector. 

This constant angle is called the angle of the spiral 

The equation to the curve is generally expressed in the form 

e 
r = a , 

where a is some constant on which the form of the curve de- 
pends. From it evidently 

logr = 6 log a \ 



LOGARITHMIC SPIRAL. 



0, r muat eTidently be of unit 
must cut the initial line at unit 



and sinca the logarithm of 1 
length when 6 = 0, i.e. the cm 
distance from the origin. 

If this condition 13 not fulfilled the equation to the curve is 
of the form r-ba where b is another constant, and in this form 
the initial line must be taken so that it cuts the curve at a distance 
b from the origin. 

The known constant value ij> of the angle which the tangent 
ua vector is 
1 



at any point 


makes 


vith the ra 


where e is tl 


e base of Napieri 


such that 







logarithm 



tan A = , ^_ 

The value oflog,„8 is 043*294i8. 

From the definition of the curve it follows that any radius 
vector is a mean proportional between the two at equal an- 
gular distances from it on opposite sides. This property gives 
the best method of constructing the curve geoniotrically when 
the pole and two points are given or determined. 

Problem 149. To draw a logarithmic spiral, tlie vaivt tjf the 
constant in tits equation, and t/ie unit of the curve being given 
(Fig. 162). ^ 

Let the equation be r = 1 . 15|*, the unit being the length L. 

Take the pole, and OA the initial line — the curve will cut 
this line in the point M at nnit distance from 0. 

Suppose the revolving line to have made one complete revo- 
lution, 80 tlint it again coiuci<lea with OA ; the correepondin 
value of 6 will be the circular measure of four light angles 
i.e. IV or 2(3'U159...) = 6-28318. 



SPIRALS. 

The corresponding value of r is given by 

log r= 6-28318 log (M5) 
= 6-28318 X -0606978 
= •381376 j 
. •. r = 2 -4 1 very nearly ~ = ON, 
and i\r is a second point on the curve. 

FIg.I52. 
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Make OP on MO produced a mean proportional between OM 
and ON'y and P will be a third point on the curve. Through 
draw QOp at right angles to OM, make OQ a mean proportional 
between OP and ONy and Q will be a point on the curve. 

Similarly if the curve cuts QO again in R, OR : ON :: ON : OQ 
which determines R, To do so evidently all that is necessary is 
to draw NR parallel to PQ or perpendicular to QN, and thus a 
series of points lying on two lines perpendicular to each other, 
and passing through the pole can be determined. 

It is of course easy to interpolate points between those of 
the original series ; for bisect the angle TOR by the line OS, and 
make OS a mean proportional between OT and OR, and on SO 
produced make OF a mean proportional between ON and OQ, 
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S and V will be points on tie curve. 

Draw Otr at right angles to OS, sod make OW a. mean pro- 
portional between OS and OV (i-e. on ,SV describe a semi-circle 
cutting OITin W), and IT will be a point on the cnrve. Then 
a aeries of points on the lines OS and If can be obtained bj 
drawing, aa shewn by the dotted lines, parallels to SIT and TTI' 
alternately. 

The angle between any taii-gent and its radius vector is 
by the equation 

_, •43429448 

■43429448 
"■ *^"*= -0606978 

= 7-155, 

whence ip -- 82° nearly (more exactly 81°,58'). 

The tangents can therefore be drawn at all the points foumi 

by drawing lines through them making this angle with the radiu 

The dotted part of the curve arises from negative values of 
the angle of rotation; it never reaches the pole. 
Centre of Curvature. 

The centre of curvature at any point S can easily be deter- 
mined when the angle between the radius and tangent is known. 
Draw the normal SO, and from the pole draw OC perpendicular 
to OS the radius vector; C will be the required centre. 

PaoBLEM 160. To describe an equiangular spiral, t/ie pole 
and two points S and K an t/ie curae being ffiven (Fig. 153). 

Let OS=r^, OX=r„,Rnd the angle EOS^a. (In the figure 
05= 3-3, Oi:= 2-78, and A'O.S'= 1-22173... =tha c.u. of 70° ) 

The angle of the spiral may be determined from the following 
equation — 

alog,„€ _ 1-22173X-43439 _-...,. 
■^"logr.-logr,"" -5185139- -4440448" '' 
whence ^ = 82° nearly. 
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log.o « = T^ = -^^1^ = -0609, 



The constant a of the curve is then given by 

log^, c _ '43429 
tan<^ "" 7-124 

.'. a = 1*15 very approximately. 

Taking OK as the initial line the equation to the curve may 
be written r=^r/i , 

Draw OJ at right angles to OK and on it take a length OJ 

equal to rfi^^ ie. determined from the equation 

log 0J= log r^-\-jy log a 

= -4440448 + 1 -5707 X -0609 = 3-47. 
We have now two points on radii at right angles to each other, 
and other points can at once be found by the preceding problem. 

Any number of points on the curve can be found without 
determining either a or <^ by making each radius a mean propor- 
tional between the two at equal angular distances from it. Thus 
the radius bisecting the angle KOS must be a mean proportional 
between OK and OS, and the radius making an angle 2a with OK 
must be a third proportional to OK and OS, 

Points at equal angular distances can easily be found by 
Problem 8, when the lengths of two radii separated by that angu- 
lar distance are known. 

In practice ^ should always be determined, and tangents 
drawn at all the points found, because these tangents are of great 
assistance in tracing the curve through the points. 

Problem 151. To inscribe a Logarithmic Spiral in a given 
pa/rcUlelogram (Fig. 153). 

Let A BCD be the given parallelogram, a the circular measure 
of its acute angle. [In the figure AB = 3, AD = 4, the unit being 
the length L, and the angle BAjD contains 75**, so that its circular 
measure is 1"309...] 

Let p and q be the perpendicular distances between the oppo- 
site pairs of sides, p being greater than q. 
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In the fig. 'p = 3-86, and q = 2-89. 



Fig. 163. 

I =:- 







If <f} be the angle of the spiral, it can be determined from the 
equation 

tan fp = -. \: , 

log^-logg' 

or with the above dimensions 

1 -309 X -43429 



tan €t> - :5gg5g73 _ -4608978 

= -_5i^ = 4-284, 
•1257 ' 

,*. <f} contains 77° very nearly. 

Next determine the number (iV suppose), the log. of which 

_ TT log e 
tan</> ' 

. . ^, X 1 ^r 3-1416 X -43429 
i.e. m the present case log iv = ttoqT 

= -3185, 
.-. from a table of logs iV-- 2*08. 

Divide the perpendiculars p and q so that one portion shall be 
to the other :: 1 : iV, and lines drawn through these points of 
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division parallel to the sides of the given parallelogram will inter- 
sect in the pole of the required spiral. In the figure the per- 
pendicular Cc is divided by making Cd on CB = unity on any 
convenient scale, and cfa = 2*08 on the same scale, then dm parallel 
to ec divides Cc at the point m in the required ratio. Similarly 
Aa is divided in n, and nO and mO perpendicular to Aa and Cc 
respectively intersect in the required pole. 

The InvohUe of the Circle, The Evolute of a Curve has already 
(p. 91) been defined as the locus of the centres of curvature, and 
considered with respect to its Evolute the curve is called the 
Involute of its Evolute. If an inextensible string be imagined to 
lie in contact with the evolute and to be kept stretched while 
gradually unwound from it, a certain fixed point on the string will 
describe the corresponding involute. The free portion of the 
string will be a tangent to the evolute at the point it quits it, and 
a normal to the involute at the point reached at the moment by 
the tracing point. 

Problem 152. To draw the Involute of a given circle to pass 
through a given point (Fig. 154), 

1st. Let the given point be on the circle. Let C be the 
centre and AB a, diameter of the given circle, and let -4 be a point 

Flg.I54. 




3 4 5 7 I> 



INVOLtJTE OF CIRCLE. 



3 



on the involnte. Draw the tangent at A, and on it determine s 
length AD equal to the ci re ii inference {see p. 267). Divide AD 
into any convenient number of equal parts Al, 1. 2,...ifec., and the 
circumference into the same number AV, V2'.... Draw tangents 
to the circle at 1', 2'... 

If we imagine a string unwound from the circle starting from 
Jj^when ita point of contact i3 1', i.e. when the free portion of the 
string ia a tangent to the circle at 1', the length of the free portion 
will of course be equal to the arc AV, or to the length ill of the 
straight line AD. Make VE on the tangent at 1' equal to Al, 
and £ will therefore be a point on the curve. Similarly make 2'/' 
on the tangent at 2' equal to A'2, and F will be a point on thii 



2nd. Let the given point be P. Thtt)ugh P draw a tangent 
to the given circle meeting it in p. If A ia the point where the 
required involute through P would meet the circle and d be the 
circular measure of the angle subtended at the centre by the arc 

Ap we have 8 = — T7r~ r '^i* tli ^ length of the arc Ap vn uat be the 
line Pp ao that if the lengths Pp and AC be measured on any 
scale the numerical value of & can be calculated, and the corres- 
ponding number of degrees obtained from a table. This of course 
determines A and the constracbion reduces to the first case. 

As the distance from the pole increases and the points found on 
the curve get further and further apart, others can be determined 
between those of the original series by bisecting the corresponding 
arcs of the circle and divisions of the straiglit line AD, as shewn 
atM. 

Tangents to the circle are of course normals to the involute, 
and the centre of curvature at any point is the point of contact of 
the tangent drawn from that point to the circle. 

The involute of the circle iii the locus of the intersection of 
tangents drawn at the points where any ordinate meets a c 
and the correspondiug cycloid. 
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Examples on Chapter XI. 

1. Draw a spiral of Archimedes to touch a given line, the 
pole O and the constant (a), and unit of the curve being given. 

[If r is the length of rad. vector to the point of contact of the 
given tangent, and p the length of the perpendicular on it from 
the pole 

Construct therefore a rectangle equal to the sum of the two 
rectangles 



;)x|,and;>xy^a"+| 



(Prob. 18.) 



The last expression is of course the length of the hypotenuse of a 
right-angled triangle, the sides of which are a and ^ , and is con- 

sequently always greater than ^ . The negative sign in the above 

equation therefore gives an imaginary result. A mean propor- 
tional between the sides of the rectangle constructed as above is 
the required length r.] 

2. Draw a spiral of Archimedes to touch a given line PT at 
a given point P, and to have a given pole 0. 

[Through P draw Pa perpendicular to PT, and through 

draw Oa perpendicular to OP meeting Pa in a. The length Oa is 

the unit of, and is proportional to, the constant of the curve, and 

the initial line is at an angle PDA from OP given by 

OP 
circular measure of POA = -rr- .1 

Oa ■* 

3. Draw a reciprocal spiral, the pole 0, and two points P, Q 
on the curve being given. 

[Compare problem 145. Let OP = r, OQ = r^ of which let r be 
the greater ; the angle POQ = a, and the angle between the initial 
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line and OP = 0, then 

- = aO, 
r 

11 I r — r, 

= act, or a = - . . 

r^ r a rr^ 

The value of a can be obtained from a table of the circular 
measures of angles, and if a fourth proportional I be determined to 

r — r^, r and r^ 1 



a 



= at, 



which determines a. Any convenient scale can be used for measur- 
ing I and the unit of that scale will then be the unit of the curve ; 

then 0-- X - , the length of r being measured on the same scale. 

The initial line can then be drawn.] 

4. Draw a reciprocal spiral, the pole 0, a point F on the 
curve and the tangent at that point being given. 

[Draw OT perpendicular to OP meeting the tangent at P in 

T, OT = - , so that the constant of the curve is known. If the 
a 

circular measure of the angle between the initial line and OP is 6 

0P~ OT ' ^^ OP' 
and the initial line can be drawn.] 

5. Draw the Lituus, the pole and two points P and Q on 
the curve being given. 

[Let OP = r, OQ = r^f r being greater than r^; the angle 
POQ = a, and the angle between the initial line and 0P= 6. 

Then - = aj0, 



— = a Jo + a, 
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7-"tf = r^ {0 + a), 



or = a '^' 



r^~r*' 



Take a fourth proportioual I to 

^i> ^ + ^1 and ^ — ^i> 

then « = a^^ 

and can be calculated, the lengths r^ and I being measured on any 
convenient scale.] 

6. Draw an equiangular spiral to touch three given lines ABy 
BCy CA in three given points P, §, R respectively. 

[On PR as chord describe a segment of a circle containing an 
angle equal to the external angle between the tangents AB and 
CA, This is a locus of the pole. Similarly on PQ as chord 
describe a segment of a circle containing an angle equal to the 
external angle between the tangents AB and BC which will be a 
second locus. The pole is thus determined.] 

7. Draw an equiangular spiral of given angle {<f>) to touch 
three given lines AB, BC, CA. 

[Suppose the spiral is to touch BA and BC produced. 
Through B draw a line dividing the angle ABC so that the 
perpendicular {p^ dropped from any point on it on AB is to the 

perpendicular {p^ dropped from the same point on BC as 1 : a* 
where a is the constant of the required curve, and a is the circular 

measure of the supplement of the angle ABCy i.e. — = a*. 

a is of course the number whose logarithm is 

0-43429448 x cot <^, 

and can therefore be obtained from a table of logarithms. The 
line so drawn is a locus of the pole. Similarly draw a line through 
A dividing the angle between BA produced and AC, so that 
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^ = a , where g'l and q^ are perpendiculars on ABy AC respectively, 

and B is the circular measure of the angle BAC. This line will 
be a second locus of the pole which is therefore known.] 

8. Draw an equiangular spiral, the pole 0, and two tangents 
TP, TQ being given. 

[Draw perpendiculars p^ , p^ on jTP, TQ from of which let p^ 
be the greater ; then 

loga = -^^-2 ^-^ = log^o^ . cot <^, 

where a is the constant of the curve, a the circular measure of the 
angle between the tangents alternate with that in which lies, 
and <^ the constant angle between the tangent and radius vector. 
<^ can therefore be determined from a table of logarithms] 



CHAPTER XII. 

MISCELLANEOUS CURVES. 

The Ha/rmonic Curve or Curve of Sines, 

In this curve the ordinates are proportional to the sines of 
angles which are the same fractions of four right angles as the 
corresponding abscisssB are of some given length. It is the curve 
in which a musical string vibrates when sounded. 

Problem 153. To draw the Ha/rTnonic Curve, tlie length and 
amplitude of a vibration being given (Pig. 156). 

Let A£ he the given length, AO the given amplitude. With 
centre on BA produced describe a semi-circle 4^14', and divide 
it up into any convenient number of equal parts. Bisect AB in 
(7, and divide up AC and CB into the same number of equal parts 
chosen for the semi- circle. Draw the successive ordinates la, 
16, &c., and from the corresponding points on the semi-circle draw 
parallels to AB meeting the ordinates in a, 6,... &c., which will 
be points on the curve. The length from A to C is half a wave 
length which will be repeated from C to J5 on the other side of 
AB. C is a point of inflection on the curve, the radius of curva- 
tare there becoming infinite. 

To draw the tangent at any point P. 

Through P draw pPM parallel to ^jB, cutting the semi-circle 
in jpj and make PM=AC. Draw pm perpendicular to OA 
cutting it in w, and make Mm' on ifP= Om^ Through M draw 
MN perpendicular to PM or AB, and on it make Mg= 3.14... 
on any convenient scale. On MP make Mk = unity on the same 
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scale, and draw m'ilT parallel to kg cutting if A"' in N. N will be a 
point on the tangent at P. 



lO 

Ik 



E« ,- 



%A'' 




The lines corresponding to vtiN will of course be parallel for 
all points on the curve, so that the points h and g need only be 
found once. 

A parallel to "kg through the point 6 (the quadrisection of CA) 
cutting ^T in T determines AT and CT^ the tangents at A 
and C. 
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OvcbU of Caaaini, 

When a point moves in a plane so that the product of its 
distances from two fixed points in the plane is constant, it traces 
out one of Cassini's ovals. The fixed points are called the focL 
The equation of the curve is therefore rr^ = k', where r and r^ 
are the distances of any point on the curve from the foci and 
^ is a constant. 

Corresponding to any given foci an infinite number of ovals 
may of course be drawn by varying k. 

Problem 154. To describe an oval of Cassini, the foci F and 
F^ and the constant k of the curve being given (Fig. 156). 

Draw a line through F and F^ and bisect FF^ in C : through 
C draw BCB^ perpendicular to FF^^ and with F as centre and 




radius = k describe an arc cutting BCB^ in B and B^ . B and B^ 
will evidently be points on the curve. 

Draw FK perpendicular to FF^ and make FK=ky and on 
CF make CA and CA^ each = CK. A and A^mVLb^ '^QvcA.'a. ^\:^^\^ft 



!, for 



CASSINIS OVALS, 
GA'^GK' ^CF'-\-FK\ 



.-. CA' - CF' = i-- = (GA + CF) (OA - OF) ; 
Ijut CA + CF^F^A and CA-CF^FA, 

.-. FA.F.A^h'. 

With centre F and any radius greater tlian FA and lesa than 
i^'^i describe an arc (iZ> cutting FA in <f. Through A" draw Kd, 
perpendicular to dE and cutting FF^ in ifj. A circle described 
■with centre F^ and nwlius Fd^ will cut the arc dD \a. D,a, point 
on the curve. 

Evidently by symmetry D^, the intersection of area of the 
same radii as the above but struck from the opposite foci as 
centres, will also be on the curve, and ao also will be the inters 
sectiona on the other side of AA^. Similarly any number of 
points may be found. 

An alternative method may he adopted as soon as two points 
Buch as A and D, not very far apart, and the two corresponding^ 
poiiita J., and D^ are found. If two series of terms in geo- 
metrical progression are found, FA and FD being successive terms 
of the one and FAi and FD^ successive terms of the other 
(Problem 8), circles struck with the corresponding terms of 
each as radii and with the opposite foci as centres intersect in 
points of tlie curve, the radii increasing from the one focus and 
Jimiiiisliing from the other. This is shewn in the figure, and thin 
construction moreover enables at once any number of ovsIb to be 
drawn, the intersection of any two circles of oppcKiite series 
being taken as a starting point, and the successive intersections 
giving succeeding points. The second cui've drawn in the figure 
is an example of this. 

It may be noticed that s. circular ( 
focus coincides very closely with the t 

To draw t/ie tavigiml at any paint P. 

The angle FPG which the normal at any point P makes with 
the focal chord FP is equa.\ to the angle which the other focal 



irc with centre at the 
ival at the vertices A 
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chord F^P makes with the chord CP drawn from P to the 
centre. 

TJie Gisaoid of Diocles. 

This curve, named after Diocles, a Greek mathematician, 
who is supposed to have lived about the sixth century of our 
era, was invented by him for the purpose of constructing the 
solution of the problem of finding two mean proportionals. The 
curve is generated in the following manner: — 

In the diameter ACB of the circle ABBE (fig. 157) make 
AN- BMy and draw MQ and NR perpendicular to AB, and let 
MQ meet the circle in Qy then AQ and NR intersect in a point on 
the curve, i.e. the locus of this intersection is the Cissoid. 

^ ..,.., RN QM J AM. MB . .,.„. 

By smiilar triangles -j-^ = -^-=7. = ^ — ytt > smce AQB is a 

•^ ° AN AM AM 

right angle; or if we call RN=i/, AN = x, and the radius of the 

circle a, 

y _ J(2a-x)x _ / X 

X 2a -x ~V2a — as' 

which is the equation to the curve referred to rectangular axes 
with A as origin and AB as axis of x. 

Pboblem 155, To describe the Cissoid corresponding to a 
circle 0/ given diameter (Fig. 157). 

Of course the above description is really a construction for 
the curve, since by it any number of points can be determined. 
The curve may also be described by continuous motion thus : 

Draw a diameter AB of the circle, and the tangent at B. 
If ^ is a point on the curve, this tangent will be an asymptote. 
Through C, the centre of the circle, draw a parallel to the tangent 
at B of indefinite length, and make AO on CA produced equal to 
A C. Cut a piece of paper to a right angle as ahc^ and on one side 
of it mark off from the angle the points d, c, making hd=dc—AC, 
the radius of the given circle. If the paper be now placed 
so that the edge ba passes through 0, and the point c is always 
on ECDy the point d will be on the cuxvg, and \yj \clq>n\sv% \^ 
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the positions of any number of points can easily be marked off 
on the paper. The curve is evidently symmetrical about AB, 



Fig.l67. 




there is a cusp at A, and D and Ej the extremities of the diameter 
perpendicular to AB, are points on the curve. 

To draw the tangent at any point P, 

From P, with radius AC^ mark off L on the diameter ECD, 
Through L draw LO parallel to AB, and through draw OG 
parallel to PZ, meeting LG in G^ G will be a point on the 
normal at P, and the tangent is therefore perpendicular to PG. 

It may be noted that the area included between the curve 
and the asymptote is three times the area of the generating 
circle. 

The problem of finding two mean proportionals between two 
given quantities a and h is, to find two quantities m and n 
such that 

m'^an and w" = m5, 

or that rn^^a^h and n^ = ab'. 

By means of the cissoid corresponding to the circle, the radius 
of which is equal to a, the smaller of the given quantities a and b, 
the first term m can easily be found thus : 
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Make CS on the diameter DGE^h. By hypothesis S will 
always fall beyond E. Draw BS cutting the cissoid in K. Then 
AK will cut CS in a point ^ at a distance from C equal to the 
required quantity m, Le. CT*='m^ = a'b. For draw the ordinate 
Kn, By similar triangles 

CT AG ^-,3 JTw" 3 

, (7^ W BC 
and - , =5 — =s . 

Kn Bn 2a^An' 
XV r# JCn 

but ^71 is the x and JTti is the y of the point Kf and it has been 
therefore already proved that 



a" 



2a -An ' ^^i] 



8 



a'^^CSa^ 



2a— An 
= a'b. 

When m is found the second mean proportional n can be found 

by similar triangles, for 

a : m :: n : b. 

If CS or 5 be made equal to 2a, m will be the length of the 
side of a cube, the volume of which is twice that of a cube of side 
a, since in this case m^ = 2a\ 

Th& Conchoid of Nicomedea, 

If through a fixed point a straight line POp be drawn 
meeting a fixed right line LM in R, and RP, Rp be taken each 
of the same constant length, the locus of P and p is called the 
conchoid. 

If CD be drawn perpendicular to LM meeting it in A, and 
OA^a, RP=b, and AOR^B, 

OP^OR^RP^-^^^b. 

cosc^ 
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Also Op = OIi — Rp, since we go in tho positive direction fi'oi 
to U, and ia the negative from E io p; 

so that tho polar equation of the curve, being the pole and AD 
the initial line, will be 

{r ± I) cos B = a. 

Froblgu 156, To draw tJie ConcJioid, the conslanis a and b 
heinff given (Fig. 158,) 

Dvaw the line OS, and make OA on it = a, and AD, Ad each 
= b. 



—""''''''^^^^ V\ 


2r--_ 


^ ' ' — ~V-!I'n 


r 



I 



Through A draw LAM perpendicular to OA ; LM will be an 
asymptote of the curve. Draw any line OP through meeting 
LM in E, and on it make Rr = Rp=^ b. 

By definition P and p will be points on the curve, aiid 
similarly any additional number of points may be determined. 

The curve is evidently symmetrical about OD. 

If 6 is less than a, the form of the curve ia that shewn by the 
dotted lines. 

When b = a the point ia a cusp on the curve. 

To draw the nonnalat any point Q. 

Let OQ meet LM in r; draw rO perpendicular to LM ami 
OG i)erpendieular to OQ intersecting in G, which will bo a point 
on the required normal ; for the line OQ is moving so that it 
aiiva_ys puBSea through Tf\ule a fixed ^oint on it ia travelling along 
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LM ; i.e. at the moment tlie line is moving along OQ (or turning 
about some point on 00)^ and also along LM (or turning about 
some point in tG\ i.e. G is the centre of instantaneous rotation. 

The Witch of Agnesi. 

Let AB (fig. 159) be a diameter of a circle, iOfa line per- 
pendicular to AB meeting it in iV and the circle in if . If P be 
taken on iOf produced so that 

AB~ AN' 

the locus of the point P is the curve called the Witch. 
If a be the radius of the circle we have from the above 

PN^ _MN' _ BN _ 'la-'AN 

4a* " aS'^" AN" AN ' 

or putting AN^Xy and PN=y, 

x}f = 4a* {2a - »), 

which is the equation to the curve referred to rectangular axes 
with A as origin and AB axis of x. 

Problem 157. To describe tJis Witch of Agnesi corresponding 
to a circle of given diameter (Fig. 159). 

Let AB be the given diameter, C its centre ; draw the tangent 
at B^ and through A draw any number of lines AE^ AF,,,.kc.f 
cutting the circle in ^, F, &c., and the tangent at B in e,f.,. 
&C. Lines drawn through E and e respectively parallel and per- 
pendicular to the tangent will intersect in §, a point on the curve ; 
similarly lines through F and /intersect in E, and so any number 
of points can be determined. 

The construction is obvious from the definition of the curve. 

The curve is symmetrical about AB and cuts the diameter per- 
pendicular to iljS at distances from the centre equal to the diame- 
ter ; the tangents at these points pass through B, 

If CB be bisected in D and DK be drawn perpendicular to AB 
meeting the curve in X, iT is a point of inflection on the curve. 
The tangent to the circle at -4 is an asymptote to tld-ei c,\xr^^. 
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To draw the tangent at any point T, 

Through T draw tTv parallel to AB meeting the tangent at B 
va. t ajid the asymptote in v. Drav Aw perpendicular to At meet- 





ordiaate through C, the centre of the circle in u 
at r is parallel to vto. 
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THE CATENABY. 

The curve in which a heavy inextensible string, freely sus- 
pended from two points, hangs under the action of gravity, is 
called the Catenary. If the mass of a unit length of the string is 
everywhere constant, i.e. if the string is of uniform density and 
thickness, the curve in which the string hangs is called the 
Common Catenary. 

Investigation of the conditions of the statical equilibrium of 
the string gives for the curve of the common catenary the well- 
known equation 



y=| {.« + «"«}, 



the axis of y being a vertical line through the lowest point of the 
curve, and the axis of a; a horizontal line in the plane of the string 
at a distance c below the lowest point, c is the length of string, 
the weight of which measures the tension at the lowest point, and 
e is the base of Napierian logarithms. 

At a distance c from the origin measured along the axis of x, 
the corresponding value of y is 



at a distance 2c it is 



I K +«-'}. 



"{«•+«-'}, 



2 
and so on ; and if we make e the unit of length the corresponding 

values of y are i {*' ■*■ *'}> 

and so on. 

The third column of the following table gives the value of - 

c 

at the corresponding points along the axis of x as shewn by the 

fii-st column 

6 = 2-718281828... Iogel0 = 43429448.., 



TilE CATENARY. 



^{l'234O5 + -77880) 1'03H2 



^ 



J (1-6487 + -60653) 


1-127G 


J (2-1 17 4-47144) 


1-294422 


J(27182S + -36788) 


1-54308 


J(T-389 + -13534) 


3-76217 


^(■20-0855 + -0m87) 


10-0676... 


J {54-598 + -018316) 


27-308... 


draw (/cs common eaten 


iry, the unit e 



Problem 158. 
given. 

Example 1. {c = OA) fig. 

I>raw the tiorizontal line Ox and the vertical liae Oy. On Oy 
measure OA=c. A will be the lowest point of the curve. Set off 
from along Ox lengths Oa= ah — bd = c, and draw the ordina^tes 
through a, h, d... parallel to Oi/. 

On the ordinate through a measure from a a length ap^ = (the 
number in third column of above table opposite X'^e) x 
rS4308 X c (e.g. if c is ^" it ia only necessary to measure offoa > 
diagonal Bcale of half inches a length 1-54). p, will be a point on 
the curve. Similarly on the ordinate through 6 measure I 
(number in column 3 opposite a; = 2c) K c, ia 3-76317 x c. p, will 
be a point on the curve. Similarly for ordinate through d. 

Points can of coui-se he found between A and j), by using tiw 
fractions of c given in the table. 

Example 2. (c = OA) fig. 161. 

The points p,, p^, 71,, p^ on the ordinates through n, b, d, t, 
where Oa = ah = bd^ds = Jc, 

are given hy the table : the nest point furnished by the tsfak 
would be oil the oidinate tivtwi^ j",'«\iera e/— Oe. Points ea 
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)rdinates between e and f may be found without calculation as 
tollows : 




d ac 



Any three equidistant ordinates (y„_i, y,, y„+i) are connected 
jy the relation 

Hrhere k is some constant, i.e. if €g = de 



9Pi = 



_ep^'-^k' 



dp. 



8 




4 



S18 THE CATENARY. 

Construct the right-Eingled triangla AOm, with hypotenose 
Am -api, the ordinate at distance Oa-de — eg from origin: the 
length Om is tlie value of the constant k. 

If /)j5j be drawn parallel to Ox and meetiag Oi/ in g,, 
jn^jl' — ^p,\' + ^'i 
BO that the required length g-j's '^^^ ^^ determined by taking a 
th d proport onal to dp^ and wiy,, 

b m WIv if gh -eg = Oa, 

ep^ : vuf^ : ; mq^ : hp^; 

or, sinco ek = be, hp^ may be de termined from 

bp, : tn^q, :: m^q^ : hp^, 

where m, is a point on Ox such that Am, = hp 

To draw the tangent at any point (p^ say). 

With centre and radius OA describe a circle ; through p^ 
draw p^q^ parallel to Ox and meeting Oy in q^. The tangent at p^ 
will be parallel to one of the tangents which can be drawn from q^ 
to the above circle. 

From g, the foot of the ordinate at p^, draw gt perpendicular to 
the tangent at p^ meeting it in (. gt = OA, the c of the curve, and 
p^t is the length of the arc of the curve between p^ and the lowest 
point, i.e. p^i ~ arc Ap^. 

To determine tlie centre and radiia of curvature at any point 
(asp,). 

Draw the normal at p, meeting the horiKontal axis Ox in (!. 
On the normal make j>jiS=p,C <S wiU be the required centre, 
and Sp, the radius of curvature. 

Problem 159. To draw a catenary, the vertex A, t/ie axis Ay 
and a point Q being give7i (Fig. IGl). 

The following method is approximate only, but gives tolerably 
close results provided the depth of A below Q does not excoed 
two-thirds of the distance of Q from Ay. 

Find on Ay the centre (F) of the circle passing through A and 
^, and determine the leng& ot ttiB circular arc AQ, i.e. from a 
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table of the circular measure of angles get the circular measure 
corresponding to the number of degrees in the angle AFQ and 




multiply this number by the length FA measured on any oon- 
Tenient scale, [In the figure AFQ contains 64", the circular mea- 
sure of which is 1'117, and FA - 5, the unit being J inch ; the 
length of the circular arc AQ ia therefore 5-585 units,] From Q 
set off downwards on a parallel to Ay drawn through Q the length 
QL = the circular arc AQ as above determined, and let the horizon- 
tal through A meet QL in k, and make LIf on Q produced through 
L a third proportional to twice Qk and kL ; i.e. take 
LN- : kL :: kL : 2.qk. 

N will be a point on the axis Ox of the required catenary, ie. 
e is determined for the required curve. 

[iVis easily determined by inflecting from L\/o Ak produced a 
Iraigth Lk, Ktwice Qk; produce k^L to n makmg Ln=ltL. 



r 



THE CATENARY. 

i will Tjo & point on the required aiiB of Om; for by the 

similar trianglea Lkk^, Ll/'n, 

LK : Lh :: I^ : Zi, :; Xi : 2 . Qh.\ 
Tho conatruction is based on the afiaumption that the length of 
the arc of ii catenary near the vertex does not sensibly difl'er from 
the circular arc passing through its centre and etti-emitiea ; and 
the point N is determined so tLat the tangent from it to a circle 
with centre Q and radius QL shall be eqaal to Sk. 

Problem 160. To draw a catenary, a poirU of gitspevMon P, 
the tangent PT al tJiai point, and Uie depth PE of the loop being 
given (Fig. 161). 

Draw the horizontal through K meeting PT in R. 

On Fli produced make RT = RK, and draw TN^ perpendicular 
to PT meeting PK in iV,. 

KN^ = the unit c for the required curve. PT is the length of 
the arc between P and the lowest point, and a known expression 
for its length is 

where x~ AK. Also 

PN^ + PT _ ^_ 
or - log e = log PJIf, + rf - log c, 



I Jogs 

which determines the vertex A. 

Pboblem 161. To draw a catenary, (lie axis Oy, a point P 
on ilie curve, and the tangent PT being given (Fig. 161), 

Through P draw PN^ parallel to Oy, and PM perpeudicular 
to Oif meetmg it in U, Let ti\o aa^* TPN^= B, and if /T ia 
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= length of arc between F and A the vertex, we have if TI^^ is 
perpendicular to FT^ 

/Pit PM\ 

and PiV^j = ^]€<'+c « L 

PM 
.-. PiTj (1 + COS ^) = C.€% 

but c = riV^, = Pir,sinfl, 

e . e ^ ^ ,fl 

.*. cos^=sm^€* ore** =cot^, 

.-. — logc^logcot^i 

Ilogc 
log cot - 

By meaas of a table of logarithms, the value of c can be 
calculated, and when the length N^T is known, the points N and 
T are of course easily determined. 



THE TRACTORY OR ANTI-PRICTION CURVE. 

The involute of the Catenary is called the Tractrix or Tractory. 
Since in the catenary (fig. 161) gt drawn from the foot of the 
ordinate at any point P, perpendicular to the tangent at P, meets 
it in a point t such that Pt = arc of catenary measured from the 
lowest point, t is evidently a point on the involute of the catenary 
and ^ is a tangent to the involute. Also tg is constant (p. 318) 
and equal to OA, and therefore the Tractory \a a curve such that 
the intercept on its tangent between the point of contact and a 
fixed right line is constant. This fixed length is called the 
constant of the curve. 

E. '1\ 
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The eqiiation of tbe tractory may be written 

) is the axia of ]/, ON the axis of x and OA = t 



where OA (fig. 1 
the GonEtaut of the g 



To draw a Traetory the contlant t being given 



Pkobleu 1 
(Fig. 162). 

Describe the catenary corrcHponding to the unit t = OA 
(Problem 158). 




In the figure since ON •= OA, QJV the ordinate of the catenary 
= 1-543... X OA, and so for other points. 
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Draw QP the tangent at Q (p. 318) and NP perpendicular to 
QP and therefore parallel to Op, P is a point on the tractrix as 
already shewn, and similarly other points can be determined. 

The centre of curvature at P is of course the point Q, 

The line ON is an asymptote to the curve, and by the revolu- 
tion of the curve round ON a solid is generated, the form of 
which has been adopted for the foot of a vertical shafb working 
in a socket or step. This pivot is known as Schiele's Anti-Friction 
Pivot. The theoretical advantage of the adoption of the form in 
this case is that the vertical wear of the pivot and step is every- 
where equal. 



INVERSE CURVES. 

Dep. If on any radius vector OP drawn from a fixed origin 
0, a point F be taken such that the rectaogle OP . OP' is con- 
stant, the point F is called the inverse of the point P; and if P 
describe any curve, F describes another curve called the inverse 
of the former, with respect to the pole 0. 

Let be the pole and P, Q two points on any curve, and let 
F\i Q b® *^® inverse points, then by definition 

OP . OP, = OQ . OQ, = k^ suppose. 

A circle can therefore be described round PQQ^P, and hence 
the triangles OQP and OP^Q^ are equiangular. (Euc. iii. 22.) 

''' P[Q\~'OQ~ OQ.OQ~ k' • 

Since the angle OQ^P, = the angle OPQ, it follows that when 
Q moves up to and coincides with P so that PQ becomes the 
tangent at P, Q^ moves up to and coincides with P^, and Q^P, 
becomes the tangent at P^, and the angle OP^T^ between OP, and 
Q P, produced is equal to the angle OPQ, so that the tangents to 
a curve and its inverse at corresponding points make equal angles 
with the radius vector but on opposite sides of it. 

21—2 



/"«TTr 


■S« " ' ^ -jr (1 + ■ oos «), 


of the form r' 


= A con e + B fba equation to the Lioia<; 


A.lH. 


■^Ji^-.l- /^-T. 



Sz4i THE LUIACJON. 

2Vie Limagon, The inverse of an ellipse or hyperbola with 
iTispoct to a foGua is called a lima^on. The polar efiuation to an 
ellipse or hyperbola, the focus being the pole and the major axis 

the initial line, is r = — . ^ ^ , where a and b are the major and 

miuor axes of the ellipse or the transverse and conjugate axes of the 
hyperbola, and e ia the eccentricity of the curve (pp,99 and 154). 
If r be produced to a length r' such that )V = A' (Def. p. 333), 
the above equation becomes 



which i 



the positive sign being taken for an hyperbola, negative for an 
ellipse, and B--7^ &o that ^ = e the eccentricity of the conic. 

Hence the constant for the Inverse being given, the values of 
A and S for the lima^n corresponding to any jiarticular conic 
can be calculated — and conversely the equation to the Lima^n 
being gi^'en, and also the constant k, the particular conic of which 
it is the inverse may be determined by eoUing the above two 
equations for a and b. 

Evidently A ia less than S in the inverse of the ellipse, and 
gi'eater in the inverse of the hyperbola. 

Problem 163, To describe a Limaron, the eqital'ian to tfu 
curve being given (Fig. 1G3). 

Let the given equation be r = A coa S -h B. 

Draw a circle of diameter OD = A, and on DO set off from B 
on each side of J) lengths DM, Dm each equal to J7, M and m 
are evidently the points corresponding to the values of $, zero and 
180°, being the pole; i.e. OD must be the initial line. 
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Throngh draw any line whatever cutting the circle in Q. 




On it from Q on each side of ^ set off lengths QP, Qp each equal 
to A P and p will be points on the curve ; 

for OP = OQ + QP = ODooB DOQ + QP 

and Op=QP-OQ = QP~ODcobDOQ 

^QP + OD cm (180 + DOQ) 



lihe in thia case of course corresponding to the radius Op. 
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Similarly, by drawing a series of lines throngh and setting 
off on them from the points where they cut the circle, the constant 
length B any number of points can be determined. 

In the figure the outer curve with plain letters is the inverse 
of an ellipse, and the inner one with suffixed letters the inverse 
of an hyperbola. 

The values of the constants are -4 = 2'1, 

B for the outer curve = 2*4, 

B „ inner „ = '84, the unit being the length t 

Hence corresponding to the value ^ = 1'7 we have 

1-7 , 

1-7 
and 2*4 = -T8-<3t> 

whence a=3 and 6 = 1*46 the semi-axes of the ellipse of which 
the figure is the inverse ; and corresponding to the value ^' = 9 
we have 

•84 = ^ 

whence a = 2"03,- 

6 = 4-66, 

the semi-axes of the hyperbola of which the inner curve is the 
inverse. 

To draw the normal at a/ay point F of a Idmagon. 

Through D draw DG parallel to OP, meeting the circle on OD 
as diameter again in G, which will be a point on the required 
normal. 

To find the centre ofcwrvature at any point P. 
On OP as diameter describe a semicircle, and draw QF perpen- 
dicular to OP meeting it in F. On PGy the normal at P, make 
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Pv = PV and draw vX parallel to GY meeting PF in X On 
PV make Pg = 2 , PG and draw Gx through G parallel to Pg and 
= PX, gx will intersect PG in «, the other extremity of the 
diameter of curvature at P, so that S the required centre is the 
point of bisection of Pa. 

Proof. It is easily shewn analytically that if p is the radius 
of curvature at P, 

_ {A^ -4- 2AB cos e 4- B"}^ 
^■" 2A^-¥ZABco^e-\-B' ' 

where A and B ai*e the constants of the curve and 6 is the 
angle DOP. 

But A^ + 2AB coa O + B'^ PG', 

and .-. A' + AB cose = PG' -(B' + ABcoa 0), 

PG^ 

••• P'2.PG^^{B'-hABcoa0)' 

But Qr=OQ.QP = ABcoBe, 

and Pr = PQ'+Qr = B' + ABcoHey 

PG^ 
•'• ^~"2P6?*-PP' 

By construction PX : PV \: Pv i PG, 

and Pv = PV, .-. PX. PG = PP, 

_ PG^ 
''' ^"^PG-PX' 

i.e. 2p : PG :; 2PG^ : 2PG-PX, 

or 2p : 2p-P(y :: 2P6^ : PX, 

but P8 : Ga i: Pg : GX, 

le. Ps iPs'-PG :: 2P6^ : PZ, 

.-. P«=2p. 

The limagon is an epi-trochoid, the diameters of the directing 
and rolling circles being equal. 
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The Inverse of a Parabola is called a Cardioid, i e. a Cai*dioid 
is a Limagon in the equation of which the constants A and B are 
equal. 

Its equation is therefore r = -4 (1 + cos 6), 

The inner loop disappears in this case, and the origin is a 
cusp on the curve. 

Problem 164. To describe a Ca/rdioid, the equation to tJts 
cwrve being given (Fig. 164), 

Let the given equation b6 

r = -4(l+cos^). 



Flg.i64. 




Draw a circle of diameter OD = A and on OD produced set off 

DM^A. 

M is evidently the point on the curve corresponding to zero 
value of tf, being the pole; i.e. OD must be the initial line. 

Through draw any line whatever cutting the circle in Q, 
and on OQ produced make QiP = OB z=A, P will be a point on 
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the curve, for 

0P^0Q-\-QP^0Dco^D0Q+QP = A{\+co^6). 

Similarly, aoy number of points on the curve can be ob- 
tained. 

To draw the normal at any point P, 

Through £> draw BG parallel to OF meeting the circle again 
in G, ^ is a point on the required normal. 



THE LEMKISCATE OF BEBNOULLI. 

The inverse curve of the Rectangular Hyperbola with respect 
to its centre is called a Lemniscate. 

The polar equation to the rectangular hyperbola, the centre 
being the pole, and one of the axes the initial line, is 

r" cos 2$ = a\ 

If any radius vector OP, being the centre, is produced to 
P' so that OP .OP' — h^y where h is any constant, P will by 
definition be a point on the inverse. 

If OP — r, OF = /, this may be written 

r»/* = A;* or /" = -!cos2tf: 

a 

the polar equation to the lemniscate may therefore be written 

r' = jS:'cos2ft 

The lemniscate is a particular case of the ovals of Cassini, the 
distance between the foci being J^K and the product of the focal 

distances of any point of the curve being -^ . 

Pboblem 165. To describe a lemniscate, the constant of tlie 
carve hemg given (Fig. 165). 

Draw any two lines OB, Oh at right angles to each other. 
On OB make OA = OA^ = the constant K o£ tke exrcN^. A wv^ A^ 
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are evidently points on the curve corresponding to the values of 




Of zero and 180^ On Ob make Oa= OA, and with as centre, 
and ^a as radius, describe a quadrant of a circle £b. 

Draw any line OD through meeting the circle in D, and 
draw J9iV perpendicular to OA meeting it in iV. With A as 
centre, and ON as radius describe an arc cutting Ob in p, and 
make OF, OP^ on OD each = Op, P and P^ will be points on the 
curve. 

Similarly any additional number can be determined. 

The curve passes through the origin for r — when 20 = 90®, 
and liaes drawn through making 45" with OA (the initial line) 
are tangents to the curve at 0. 

Proof, The equation to the curve may be written 
r' =K' (2 cos' ^ - 1) or '^^ = cos' 0, 



but 



cos'2)Oir= 



OJS 



OD 



ON'w 

2Z' ' 



which by construction it does since 
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Between tbs values 90° and 270° for 2$, cos 2d is negative, 
and conaequeutty no real values for r exist. 

The length OQ correa[)onding to an angle AOQ = 30' is J05, 
and the tangent at Q is parallel to 0£. 

To draw the tangent and normal at any point. 

The angle 0P& between the radius vector OP and the normal 
PG is twice the angle POA. Considered as one of Casaini's ovals 
the foci are at J' and J", where OF-- OF^ = ^OB, and the normal 
may of course be draWn in the manner given for those curves, 
ie. by making the angle FiPG = angle OPF. 

FbobIjEU 1(]6. Given two points A and 0, and a line OS 
through one of them, to determine the locus of a point P moving so 
that tlie angles which OP makes vnfA PA and with a parallel to 
OB through P, sJiaU he equal (Fig. 16G). 

On OA as diameter describe a circle, and through draw a 
perpendicular to 0£. 
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With as centre and any radius less tban OA, describe a 
circle culting the cii'cle on OA ia a and a,, and the perpendicular 
through in 6 and 6,. 

Draw Aa meeting parallels to OB throngh 6 and 5, in P 
and P,, and draw Aa^ meeting the same parallels in Q and (?, . 
I', Q, P^ and Q^ will he points on the required locus, for the 
triangles ObQ, Oafi, e.g. are equal in all respects. 

Similarly any additional namber of points can be determined 
as shewn. 

The curve extends to an infinite distance on both sides of 0, 
and has an asymptote parallel to OB on the opposite side to A 
and at the same distance from OB as ^ ; or if A]!}" be drawn 
perpendicular to OB and NX on it be made equal to AK, the 
asymptote passes throngh X, 

The internal and external bisectors of the angle AOB are 
tangents at to the two branches of the curve passing through 
that point. The tangent at -4 is inclined to OA at an angle OAT 
- angle AOB, and parallels to OB at distances from it ~ OA are 
tangents to the curve. The points of contact Z and M of these 
last are determined by drawing LAM perpendicular to OA. 
At some point beyond M tlie cui-ve becomes convex to the 
asymptote. 

This problem ia a solution of the question : — to find the point 
on a spherical miiTor, on which a ray from any point A must 
impinge in order that it may be reflected parallel to a giveit 
direction. 

For if bo the centre of the mirror, the circulai- arc repre- 
senting the section of tlie mirror by the plane passing through 
A, 0, and the Hue OB through parallel to the given direction, 
will of course cut the curve in points such that the incident and 
reflected rays make equal angles with the normals at those points. 
In other words the problem is to find the point P ona, given circle 
at which the lines AP, PB, A being a given point and PB being 
parallel to a given line make equal angles with the normal at P. 

The whole curve in such a case need not be drawn, i 
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is easy to find points on the curve in the neighbourhood of the 
part of the mirror required and to draw an arc of the curve 
through them. 

Problem 167. Given three points A, J5, C, to determine the 
locus of a point P moving so that the angles which PC makes with 
PA and PB are always equal (Fig. 167). 

Let AG he greater than BG, On AG and BG as diameters 
describe circles, and with centre G and any radius not greater than 



Flg.l67. 




BG describe an arc cutting the circle on AG in a and a^, and the 
circle on BG in h and h^. The lines Aa, Aa^ will intersect both 
the lines Bh and Bh^ in points on the required locus. Only three 
of the intersections are shewn in the figure, viz. the points P, Q 
and i?, the fourth not falling within the limits of the paper. 
Similarly any additional number of points can be determined as 
shewn. 

The curve extends to an infinite distance on both sides of the 
line AB, and has an asymptote parallel to the line joining G to the 
centre point of AB^ and which cuts AB between A and D the 
foot of the perpendicular from G on AB at a distance DE from 
J9, which may be thus determined. 
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Let J5C = a, AC = h, AD^m, BD^n and CD=h. 
It can be shewn analytically that the length 



DE=m-n 



m-n\^ + 2h\' 



On DA make DF=DB, therefore AF^m-n. 

Draw FG perpendicular to AB meeting BC in ff, so that 

FG = 2DG=2h', 

Draw GK perpendicular to AG meeting AB in Z", so that by 
similar triangles 

AF : AG :: AG : AK; 

.-. AG\^ = AF.AK. 

In the figure K is beyond the limits of the paper, but if -4 G^ is 
bisected in g, and gk is drawn perpendicular to -46^' meeting AB 

ink^Ak^ lAK and therefore AG\^ = 2.AF,Ak. 
The above expression for BE therefore becomes 

Draw CL perpendicular to AG and make GL = CB so that 

AU = a V h\ 

On -45 make Al= AL, and through ? draw ?if parallel to 
KL meeting ^Z in M. (In the figure AL is bisected in Z so 
that kL^ is parallel to KL,) By similar triangles 

AM : Al :: AL : AK or ^ Jf =-. ^^^^ = M' 



ul^ 



i.e. AM will be the required length DE, The asymptote can 
then be drawn through E parallel to the line joining C to the 
middle point of AB, 
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The internal and external bisectors of the angle ACB are 
tangents at C to the two branches of the curve passing through 
that point. 

The tangents AT, BT^ at A and B make angles CAT, CBT^ 
with CA and CB equal respectively to the angles CAB, CBA. 

This problem is a solution of the question : — to find the point 
on a spherical mirror on which a ray from A must impinge in 
order that it may be reflected to B] — for if C be the centre of the 
mirror, the circular arc representing the section of the mirror by 
the plane passing through A, B and G will of course cut the curve 
in points such that the rays from A and B make equal angles 
with the normals at the points. In other words the problem is 
to find the point P on a given circle at which the lines AP, BF, 
A and B being given points make equal angles with the normal 
at P. 

The whole curve in such a case need not be drawn, since it 
is easy to find points on the curve in the neighbourhood of the 
point required and to draw an arc of the curve through them. 

Magnetic curves. 

The locus of the vertex of a triangle described on a given 
base and having the sum of the cosines of the base angles constant, 
is called a magnetic curve. 

li ABhe the given base, and P a point on the locus, we must 
therefore have cos FAB + cos FBA = k, and corresponding to 
different values of k, we get a series of curves passing through 
A and B, These represent the lines of force in the plane of the 
paper due to a magnet whose poles are the points A and B. 

The greatest value of k is 2, since the numerical value of the 
cosine of an angle is never > 1, and k may have any value between 
Oand2. 

Problem 168. To draw a magnetic curve, the base AB and 
the constant k being given (Fig, 168). 

On AB as diameter describe a circle AEQB, and on AB take 
a point M such that 

AM=^k.AB. 
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Draw any line through A cuttiog the circle in Q, and mike 
AqonAM'^AQ. 




With centre B, and radius BR^Mq des 
the circle iu E. 

BR will intersect AQ \a P a. point on tlie required curve, for 
co85J7'-4? and cos J5P = ^^; 



T, .T, < nr. AQ + BR A<j+ qU , 

SimUarly, any additional number of points can be obtained. 
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The tangents at A and B may be determined by considering 
that when F moves down to B the angle BAF becomes zero, and 
its cosine = unity ; 

.-. cosABT=k-l. 

In the curve marked 1 in the figure k = ^f 

3 » "J = J> 

4 „ A = i, 

>» » «' » '*' — IB"* 

For curve number 2 therefore M coincides with B^ 

„ 3 „ if „ C, the centre 

of the circle on AlB. 

For curves Kos. 4 and 5 if is at if, and Jf^ respectively 
bisecting and quadrisecting AC. 

Corresponding to the value 2 of ^ we get the diameter AB 
itself for the locus, and corresponding to the value zero we get the 
pToductions of the diameter to the right and left of AB. 

Each curve cuts the diameter of the circle perpendicular to 

AB 
AB at a distance from AorB= -r- . 

K 

The chain-dotted curves in the figure are equi-potential curves 
(see next problem) and cut all the lines of force or magnetic 
curves at right angles. 

JEqtiipoterUial Cv/rvea. 

If the lines of force due to a magnet, in any plane passing 
through its poles, are cut normally by a series of curves, these are 
known as equi-potential curves, and by revolution round the line 
joining the poles they generate equi-potential surfaces. 

If A and B are the poles of the magnet, and the length 
AB = Cy the distances of any point F on one of the curves, from 
A and B are known to be connected by the relation 

AF BF^c 
B. 22 



8S8 EQDI-POTENTIAL CCSTE. 

vhero k ia Gonstant throughout the partdcolar ourre couddered, 
i.e. the equation to the series of corves may be written 

r r, c* 
where r aad r, denote tlie distances of a point from A asd S. 
The v&lae of £ of couiae varies from curve to cottb of the 



Froblbh 169. To draw an eqvi-poUniial mmte, ihe poles A 
and B and the contlant k being given (Fig. 169). 




At the point K we evidentlj have 

A£+BK=c, \.«. r-vr =c or r, = o- 
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which, combined with the equation 

1 1 k 



r T^ c ' 



determines the value of r and r^ . 
We evidently have 



r c T^ c — r 



c - kr 1 
or - — 



cr c — T 



or €^-{2 + k)cr + k^ = 

a quadratic to determine r or AK, but the smallest of the two 
roots is the only admissible solution. 

At the point L we have £L — AL = c, 

i.e. r, - r = c or r, = c + r. 

Ilk 
The equation = - becomes therefore in this case 



r 


r, c 




1_^ 
r c 


1 c -- kr 

= or = 

c + r cr 


1 
e +r' 



or 

and one of the roots of this equation is the length AL. 

To find any points on the curve ; on AB determine a length 

ilO such that A0 = ^ , ie. take 

k 

AO : AB :: 2 : k. 

Through draw any line Oa and on it make Oa = OA ; set off 
on aO on each side of a equal lengths aq, aq^ ; and through a 
draw op parallel to Aq meeting ii^ in p and also drawop, parallel 
to Aq^ meeting AB in p^ . Then Ap and Ap^ are corresponding 
values of r and r^ for a point on the curve and therefore a circle 
described with centre A and radius Ap will intersect a circle 
described with centre B and radius == Ap^ in points F and F^ on 
the curve. 
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The distances og, aq^ must be taken within certain limits^ 
since the length Ap which depends on aq cannot be greater than 
AL or less than AK. These limits can evidently be determined 
by drawing through A a parallel to Ka meeting aO in f^ and 
similarly drawing Ag parallel to a line through a and point I on 
AB such that Al=iAL. The points q must then be taken 
between/ and g. 

In the figure, the value of k for the curve marked 1 is f , 

>> i> » n ^ » *> 

f> » » >> •* >• J> 

» » M >» ^ »i t» 

and the corresponding values of AK and AL are 

fori, ^Z = |, ^Z=c.^^^^ 

„ 2, ilir=|(3-V5), ^Z = |(V6-1), 

„ 3, .lZ = |(5«yi7), ilZ=c 

„4, ilir=|{9-V65}, ilZ = |(Vl7-l). 

These values can of course be determined arithmetically, or 
graphic methods may be employed. 

Proof. From the similar triangles Opc^ OAq 

Ap OA I >c r\A 1 1 ^ + ^ 

aq Oq l-^aq Ap l,aq 

from the similar triangles Oap^^ Oq^A 

Ap^ OA I I I'-aq, 

aq, Oq^ l-aq^ Ap^ ^ . «^i ' 

. 112. 
Ap Ap^ I 
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2c 
but I by construction = -jt ; 

Ilk 

or -4p aJ^d JjE?j are corresponding values of r and r^. 

It may be noticed that the line corresponding to Oa of 
curve 1, is, for No. 3 the line oa^, the distance between A and 
the intersection of AB and oa^ being 4 . AB ; that the limits, 
between which points corresponding to q must be taken are/j and 
g^, and that the point JR on the curve corresponds to 8 and s^ 
on ottj, a^r being parallel to As and a,rj to As^; so that 

AR = Ar and BR = Ar^. 

The eqm-potential curve corresponding to zero value of ky is 
the perpendicular to il^ through its centre point. 

THE CARTESIAN OVAL. 

This curve owes its name to Descartes who first discussed its 
properties. M. Ohasles, Mr Cayley, Mr Casey and others have 
since devoted a good deal of attention to it. A short discussion 
of the curve, treated geometrically, will be found in Chap. xx. of 
Williamson's Differential Galculua, 4th Edition, from which the 
following is mainly taken. 

Def. The locus of a point moving so that the sum or differ- 
ence of its distances each multiplied by some constant from two 
fixed points, called the foci, is constant, is called a Oartesian 
ovaL 

If F, F^ are the two fixed points, P the moving point, and 
FP=r, FP^^r^ and FF^ = c, the equation of the curve may be 
written in either of the forms 

7W± ^i = mc (1), 

or r^Mr^^K (2), 

where K is some given length and M may be assumed to be less 
than unity. 
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Problem 170. To draw a Cartesian ovcU, the foci cmd caruiants 
of the cu/rve being given (Fig. 170). 

Let ^1 and F^ be the given foci, axid the length F,F^ = c,. 
The line joining F^y F^ is called the axis. 



Flg.l70. 




Let the distance of any point P on the curve from F^ be 
denoted by rj, and from F^ by r^, and suppose the equation of the 
curve to be written in the second of the above forms, ie. 

r^^Mr^ = K. 

On the line joining the foci, make F^X^K, and through X 
draw a line XY making any convenient angle with the axis. 
On XY determine a length XY such that 

XY : F,X :: I : M. 

With centre -^i and any convenient radius less than F^X 
describe an arc pp^ cutting the axis in p^^ ; draw p^k parallel to 
F^Y meeting XY in k, and with centre F^ and radius = Xib 
describe an arc cutting the former in p; p will be a point on the 
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but p^X^K-r^y 

and Xk : p^X :: XY : ^^Z :: 1 : if, 

i.e. Z^ or r. = * 



if 



Similarly any additional number of points may be deter- 
mined. 

« 

Again with centre F^ and any convenient radius greater than 
F^X describe an arc Qq cutting the axis in q. Draw qm parallel 
\X) F^Y cutting YX in m, and with centre F^ and radius = Zm 
describe an arc cutting the former in Q. Q will be a point on the 
curve, for 

but Xq^r^-Ky 

and Xm : Xq :: XY : F,X :: 1 : if, 

r —K 
ie. Xm or r,= *-^>— . 

The curve consists of two ovals one lying wholly inside the 
other, the point p belonging to the inner, and Q to the outer. 

The radii F^, F^Q must be taken within certain limits which 
may be determined thus : — 

To find the poinls in which the curve cuts the axis. 

Let the inner curve cut the axis in v and v^y and the outer in 
Fand V^. 

We have 
or ^=-V> 



r 
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1 


■ 


the positive sign referring to the inner curve, 


and the' 


negktii 


sign to the outer. 








At V and 7 we have 








r, + c. 


= r^, 




^ 


ie. F^v + c, = F^v 


M ■ 




J 


F,v(l^M) = 


K-M.t„ 


J 


■ 


which determines F^v, and 




■ 


■ 


F,F+c,^F^V 


FJ-K 
M ■ 


^ 


1 


or F,V{l-M) = 


E + lH.c,, 




1 


which determines F^V. 




M 


J 


Again at v, and V, we have 




1 


■ 


r, + r^ 


",. 


1 


H 


Le. i'.-y, + -F,o, = c. = 


-.'.^^ 




1 


/■.^.(l-ifj 


^K~M.c„ 




1 


which determinea f jVi , and 






1 



FJ,+FJ=e=l 



FJ-K 



or F,V,(\-\-M)=K-\-M.e„ 

which determines F^ V,. 

The radii for points on the inner oval must be greater than 
F,v and less than F^v^ , and for points on the outer greater than 
F^7^ and less than FJ. 

Geometrical properties of the Curve. 

The curve is evidently symmetrical about the axis. 

Draw any line through F, cutting the curve in P and Q {on 
the same side of F^); describe a circle round the triangle PQF^ 
cutting the axis again in F,, then F,P .F,Q = F^F,. F,F,; bat 
F^P . F^Q ia conKtant, for 

F^' = F^\' + c,'-2F,P.c,.co 



F,F-Kr 
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and F^P and F^Q are the roots of this equation, so that their 

product = —^j — TpT^ ^^^ ^ constant. Hence F^ is a fixed point 

and it possesses the same properties relative to the curve as F^ and 
F^; iR other words F^ is a third focus. This may most con- 
veniently be shewn from the equation of the curve in the form 

where r^ is the distance of any point on it from F^ , r, its distance 
from F^ and F^F^ = c^y and n>m>l. Let F^F^ = c^ and denote 
the distance of a point from F^ by r,. 

It is easily seen that the triangles F^PF^ and F^F^Q are 
equiangular; 

FO FF .FO FP 

•• F,F~F,P F^F~F^P' 

.-. the equation nF^Q - Z. FJ^ = m. F^F^ 

may be written 

n . i^'j/; - Z . F^P =-m,F,P, 
i.e. m. I*! + ^. rj = w.C3 (3), 

which shows that the distances of any point on the inner oval 
from F^ and F^ are connected by an equation similar in form to 
(1) and consequently F^ is a third focus of the curve. 

In like manner since the triangles F^QF^ and F^FJP are equi- 
angular, the equation 

n.F^P + l.FJ'=mF^F^ 

gives n.F^F^ + LF^Q = m,F^Q, 

or fjvr^-l .r^ = n,c^ (4), 

or the same holds for the outer oval. 

Oombined with the previous result, this shews that the con- 
jugate ovals of a Cartesian referred to the two internal foci are 
represented by the equation 

mr,=fc^j = w.c (5), 
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and referred to the two extreme foci by 

Similarly it is easily seen that referred to the middle and 
external foci, they are represented by 

nr^-mr^= ±foj (6), 

where Cj = F^F^ . 

Taking the equation (5) referred to the two internal foci, 
it may be written 

m m 
or r^d^ A ,r^ = B where A and B are constants. 

With centre F^ and radius = B describe a circle DE. 

[Evidently comparing equations (1) and (2) we may take 

n = ly l=My m = 



F,F,' 



SO that B or -c, = ^KF,F^, 

i.e. B : F,F^ :: F,F^ : K.] 

Let any line through Fj^ meet it in i> and the curve in P and 
Q, Let DF^ meet the circle again in F, 

Now PI) = B-FF^=A.PF^y 

QD = F,Q-B = A.F^Q; 
.-. F^Q : F^P :: QD : DP, 
so that F^D bisects the angle PF^Q, 

Produce PF^ and QF^ to intersect F^F in Q^ and P^. The 
triangles PF^D and P^F^E are similar and 

P,E _PD . 
•• F^P^- F^P ^' 

and consequently the point P^ lies on the inner ovaL So also the 
point Q^ lies on the outer. 
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Again, smce FJ) bisects the angle FFJ^^ * 



FJP.FJi=^FD,Bq^FJ)Y 



= A\F^P.FJQ + Ffi\\ 



or {l''A')F,P.F^Q = F^D\% 

F P F L 
and by similar triangles -^ = ^-^ ; 

.-. {\-^A^FjQ.FJP^ = F,D.F^E, 

Le. the rectangle under Ffi and FJP^ is constant ; a theorem due 
to M. Quetelet. 

If the curve has been constructed from the two internal foci, 
the external focus can easily be determined, for the angle F^P^F^ 
= the angle F^PF^ = F^F^Q, i. e. the angle F^P^Q = the angle F.F^Q 
or a circle through F^P^Q passes also through F^ 

To draw the tangent and normal at any point P. 

Let F^P meet the circle DF (of radius as previously described) 
in 2> and let FJD meet the circle through PQF^F^ in R. Then 
i? is a point on the normal at P and also on the normal at Q. 

They may also easily be drawn without using the circle DE, 

The equation of the curve referred to the extreme foci has 
been shewn to be 

nr^^lr^=^mc^. 

On PF^y PF^ measure lengths PZ, Pilf proportional to n and I 
respectively, i. e. make PL : PM :: n : I. 

Bisect LM in G and G will be a point on the normal at P, 

The normal at Q may be constructed in exactly the same way, 
one of the two lengths being measured on the corresponding focal 
radius produced. 

Similarly lengths on PF^ , PF^ proportional to m and I deter- 
mine the normal at P from vectors drawn from the internal foci. 
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ELASTIC CURTES. 




In tlie widest sense of the term, an elastic carve ie the figure 
tusnmed by the longitadinal axis of an origmallj strai^t bar onder 
anj system of bending forces. It is here restricted to the figure 
taken hy a slender flat spring of anifonn section when acted upon 
by a pair of eqoal and opposite forces. 

The essential property of the curve nnder these conditions is 
that the radius of eurvalttre at any point t» inversily proportional 
to the perpendieida^ distance of thai point from the line of action 
of theforaet. lis equation ma; therefore be written 

Pi/ = «*> 
where p is the radius of cnrvatore at any point, y the distance of 
that point from a fixed line in the plane of the curve and a con- 

A vety close approximation to the form of the curve can be 
easily drawn by considering it as formed of a aeries of circular 
arcs — the appropriate radius far each being determined. 

Pkobleh 171. To draw an elastic curve the constant of tlut 
curve and the distance of the eartreme point of the loop from the line 
oj" action qftlte/orceg being given. 

Ist. A bent bow (Fig. 171). 

Let AS be the line of action of the given forces, CD the 
maximum ordinate of the curve from AB. From any point D in 
A£ draw DC perpendicular to AB and on it make 2>C = the giveai 
maximum ordinate. From C inflect to AB a, length GE = tike 
given constant of the curve and draw £0, perpendicular to CS 
meeting CD in 0,. Evidently CD : CE :: CE : 0,0, so that 0, 
is the required centre of curvature at and may be taken as the 
centre of a circular arc extending to a reasonably short distance 
on either side of C, draw it say to F and since FO, is the normal 
at F the centre for the adjacent arc must be taken on FO, . Draw 
FG parallel to AB meeting OD in G and on DA make DB = CE 
= the given constant of the curve. HK perpendicular to GH 
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meets CO^ in a point K such that 

QD : DH :: DH : DK; 

F»£.I7I. 
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ia DK\a the required radius of currature at F, and therefore if 
FO^ on FO^ be made equal to DK^ 0^ may be taken as the centre 
of a circular arc extending to a reasonably short distance from F 
as to Z. Any number of successive centres may similarly be 
determined. 

2nd. An undulating figure crossing AB dX any number of 
intermediate points. 

a. Let the given constant of the curve be greater than the 
fWA'TiTniiTn ordinate (Fig. 172). 

Divide the given length AB into a number of equal parts 
oorresponding to the number of required undulations and at the 
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centre of one such segment of the line draw CD perpendicular to 
AB and equal to the given Tnaximum .ordinate, from C inflect to 




AB a length CE equal to the given constant and draw EO^ per- 
pendicular to GE meeting CD in Oj. 0, will be the required 
centre of curvature at G for evidently GD : GE :: GE : CO,; 
and a circular arc may be drawn through G with centre 0, and 
extending to a reasonably short distance on either side of C7 as to 
F, The centre of the adjacent arc must lie on FO^, Draw Ff 
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parallel to AB meeting CD in / and on DGy DB respectively 
make De = De^ = CE, Through e draw em^ parallel to fe^ , meeting 
AB in m^ and Dm^ will be the required radius of curvature at F 
for evidently Df : De^ :: De : Dm^, i.e. py = a' where y is the 
ordinate of F. On FO^ make FO^ = Dm, and 0, may be taken 
as the centre of the arc adjacent to CF, Similarly any number 
of additional centres may be determined — supposing the second 
arc extends to Gy draw Gg parallel to AB, em^ parallel to ge^ and 
on GO, make GO^ equal to Dm^, 0, will be the centre of curvature 
at G, As the radius of curvature at ^ is infinite the portion AH 
may be drawn tangential to the adjacent arc. 

p. Let the given constant be less than the maximum ordinate 
<Fig. 173). 

Divide up ^^ and draw CD the maximum ordinate as before. 
On CD describe a semicircle and in it make CE equal to the 

Fig.i7a. 




given constant: draw EO^ parallel to -4^ meeting CD in 0^ the 
required centre of curvature at C, The rest of the construction 
is exactly similar to the above. De = De^ = CE. Ffia parallel to 
AB and em, parallel to /e^ determines Dm^ the radius at F. In 
the figure G is taken on EO^ so that g coincides with 0^ and em, 
parallel to O^e^ determines Dm, the radius of curvature at G. 
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3rd. The points A and B coinciding, which may give, with an 
endless spring, a figure of 8 (Fig. 174). 

On CD describe a semi-circle; in it make CD equal to the 
given constant and draw EO^ perpendicular to CD meeting it in 



FIg.l74. 




0^ which will be the required centre of curvature at (7. Make 
Be = Dej = CE, De^ being perpendicular to DC, and successive 





Flg.l76. 







"to. 
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centres may be determined precisely as before, the curve at D 
being drawn tangential to the adjacent arc. 

4th. In figs. 171 to 174 inclusive the forces are directed to- 
vxjurda each other. When they act in directions from' each other 
the spring may form one or more loops, with the ends and inters 
mediate portions meeting or crossing ABy as shewn in fig. 175, 




E. 
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ng ana 



the construction for wliich h exactly similar to the preceding 
which is lettered to correspond, 

5th. If the forces are directed from each other at the points 
A, B, in two rigid levers AD, BE to which the spring ia fised at 
D and E, the spring forms one or more looped coils lying alto- 
gether at one aide of the line of action AB (fig, 176). 

The general method of construction is the same as before, but 
the radius of each arc corresponding to its central portion instead 
of to one extremity has been dotermined. 

Let GF be a maximum ordinate ; on it describe a semi-circle 
and in the semi-circlo make GH equal to the given constant ; draw 
HO, peipendicular to CF meeting it in 0, the centre of curvature 
at C. Draw GO^ parallel to GF and at a distance from it equal 
to one-half the desired length of the loop of the curve, and on it 
make Gh = CH the given constant; make (?A, on AB equal to 
Git, Take any convenient point K at about the ceritre point of 
the intended second arc of the curve and draw Kk parallel to 
AB meeting CO, in h, then hiii^ drawn through h parallel to AA, 
determines Gra, the required radius of curvature at K. Take any 
convenient point L on the arc struck through C and join it to 
the centre 0,; make iO, on LO, = Gm^, and 0, will be the n-- 
quired second centre. Similarly any additional number of centres 
can be determined. 
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When a point A r 
wai'da a second point Z 
locua of J. is called a " 



so that it : 
in motion ii 
5 of pursuit.' 
The problem was first presented ii 
path described by a dog which nins to o' 

The velocities of the two moving points must of courae be 
known, and the required locus can then be easily traced to any 
required degree of appioximsAwu by supposing the direction of 



M 



s continually directed 
L some known 



1 the form— To find the 
■ertake its maater. 
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motion to be constant for a short interval and then to be suddenly 
deflected. 

Pboblem 172. A moves in a straight line from A to B with 
constant velocity, and C starts from C with constant velocity double 
that of A and is constantly directed on A, To find the curve of 
pursuit (Fig. 177). 

Set off from A along AB any convenient equal distances -41, 
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12, 23,... While A advances from ^ to 1 suppose (7's motion to 
be directed on c the centre point of ^1. Then when A arrives 
at 1, (7 will be at the point D on Cc such that CD = twice Al — 
while A advances from 1 to 2 suppose (7's motion to be directed 
on d, the centre point of 12; then when ^ is at 2 (7 will be at 
the point JE on Bd such that 2)^ = twice 12, and similarly any 
number of successive points can be determined. 



Examples. 

1. Draw a Harmonic Curve given the length AB of a vibra- 
tion and a point F on the curve. 

[From P draw PiT perpendicular to -4^ meeting it in N, If 
a is the amplitude of the vibration Pi\r= a sin 0, 

and : 27r :: AJtSr : AB, 

FN 



.*. a = 



. 27r.AN' 
sin 



AB 
which determines a, 

AN . 
The expression 2ir . -j-^ is the circular measure of the angle, 

the sine of which can then be obtained from a trigonometrical 
table.] 

As a numerical example take -4^=10*8, AN'=1'75, FN'=1'67, 
a then equals 1 '96 very approximately. 

2. Draw a Cassini's oval, the foci F, F^ , and a point F on 
the curve being given. 

[Take a mean proportional (k) between the focal distances 
FF, F^F, h is the constant of the curve. Prdb. 154.] 

3. Draw a Cassini's oval, the foci F, F^ and a tangent FT 
being given. 

[Bisect FF^ in C and draw CT perpendicular to FT meeting 
it in T. From one of the foci F draw a line meeting CT in Q 
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and on CF^ describe a segment of a circle containing an angle 
equal to the angle GQF (Prob. 30) and cutting FQ in p. The 
locus of p "will intersect the given tangent in its point of contact, 
and the question reduces to the preceding. The line FQ must be 
drawn within certain limiting positions in order that the circle 
may meet it in real points.] 

4. Draw through a focus ^ of a lemniscate a line which shall 
cut the curve at a given angle a. 

[Let C be the centre and F^ the second focus. On CF^ 
describe a segment of a circle containing an angle ^ — ^> ^^^ 
meeting the curve in P, FP will be the required line.] 

5. Given the centre (7, direction of axis C-4, and a point P, 
on a lemniscate, draw the tangent at the point. 

[Draw CB perpendicular to CA, and GT (between GB and 
GP) making the angle ^C^= angle AGP. Bisect GP in D and 
draw DT perpendicular to GP. T will be a point on the tangent 
at P.] 

6. Describe a lemniscate with given centre C, given direction 
of axis (7-4, and to cut a given right line at a given angle. 

[The direction of a tangent is obviously given. Through G 
draw a line parallel to this given direction, and the angle between 
this line and (7-5, perpendicular to (7-4, is three times the angle 
AGP^ where P is the point in which the required tangent 
meets the given line.] 

7. Describe a lemniscate, with given centre (7, given direction 
of axis (7-4, and to pass through a given point P. 

[Draw the tangent and normal at P. Ex. 5. Let the 
normal meet GA in G. Biaect the angle GPG by PD meeting 
GA in D. Through P draw lines making equal angles with Pt> 
and cutting off equal distances GF^ GF^ on GA. (Prob. 19.) F 
and F^ are the foci of the required curve.] 
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8. oJ, a'oS' are two lines at right angles to each other and 
a'a = ah' = \ ah. ah moves round in the plane of the two lines til! 
h coniea to h' and a to a', the centi'o point c of ah moving always 
along ca and a certain point d of ab describing a circular arc 
round h'. Determine the position of d and draw the loci of h and 
a throughout the motion. 

9. A pendulum 5" ioog vibrates uniformly in an arc of 40". 
A fly starting at the bottom crawls at a uniform speed to the 
top, arriving there in the time taken by a forward and backward 
swing of the pendulum. Trace the course of the fly. 

10. A train is running in a straight line at 10 miles an 
hour. The door (30" wide) of one of the carriages is opened 
with uniform angular velocity till it stands at right angles to the 
direction of motion in |^ a second and closed again in the same 
time. Draw the curve traced out by a point on the edge of the 
door. Scale, I = 1 foot {Harmonic Curve). 

11. BD is a line If" long. Draw AB, DC perpendicular to 
BD and each 2" long, the points A and C being on opposite sides 
of BD. Consider these lines aa three bars jointed at B and D, 
and free to turn in the plane of the paper about the points A and 
C as centres. Trace the locus of" the centre point of BD. 

[The complete locua is a figure of 8, the central portion being 
very nearly straight lines.] 

13. C is the centre of a cirele, A and B are points outside 
the circle and in its plane. A double string is wrapped round 
the circle and the free loop is led ofi" so that one portion passes 
round A and the other round B. Shew that any fixed point on 
the loop describes an hyperbola as the striog is unwound by the 
rotation of the circle. 

As a particular example take GA = 2", CB = 2", diameter of 
circle ^", and one position of the tracing point 1^" from A b 
3 j" from B. 



CHAPTER XIII. 

SOLUTION OP EQUATIONS. 

Graphic methods may be applied to the solution of alge- 
braical and trigonometrical equations, and in certain cases the 
process is much simpler and more expeditious than the arith- 
metical or analytical one. This is particularly the case with 
certain statical questions in which a positiQn of equilibrium is 
defined by two angles for which two equations are given. " The 
equation for either variable which results from eliminating the 
other may be one of high degree, the approximate solution of 
which by the methods of the Theory of Equations would be very 
troublesome. In such cases it is often possible to obtain a 
solution sufficiently accurate for practical purposes by construct- 
ing curves corresponding to the equations and taking their points 
of intersection*." 

For example, to find 6 from the equation 

csin (2^ -a) =asin 6 (1), 

c, a and a being given constants. 

If we trace the curves r = a sin 0, 

r = c sin (2^ — a), 

then at their points of intersection the equation (1) is satisfied — 
the same origin and initial line being of course taken in tracing 
both loci 

* Minchin's Statics^ 8rd Edition, p. 49. 
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At first a rough tracing only is necessftry, the object of this 
rough preliminary tracing being merely to tind the jilacea in the 
neighbourhood of which the curves really intersect. Then devote 
Tery special care to the tracing of the curves in these indicated ' 
neighbourhoods and in these alone. We shall thus get a value 
or values of the imknown variable accurate within certain narrow 
limits of error due to the draughtsmanship and possibility of 
measuring given quantities. This ia as exact a solution as the 
graphic method pure and sim^jle enables as to obtain, but by 
analysis a further step can be taken. We have obtained a near 
value (say <u) of 6, which does not quite satisfy (1), but tu + S 
does, where S is a small unknown quantity. If we write lu + fi 
for 6 in (1) and then, 8 being very small, put cosS = 1, sin S = S, 
we have 

c sin (2u) -a) + 2c cos (2«. - a) x S = O sin m -t- a cos m x S, 



2ccos<2o,-a)-c.cos..' 
so that S and therefore lu + S, or a still nearer value of ^, is known. 

In genera!, if we have to solve F{6)=/{6}, i.e. any given 
function of fl = to some other ^ven function, we may tmce the 

and get an approximate value u of d from their points of inter- 
section as above. Then the correction 8 is given by the equatimi 

*■(«)+ Si- (.)./M + s/-M, 
_ /(.)-i-M . 
"- r\.) -/■{,)• 

the dashes denoting the differential coefficients of the original 
functions. 

iTaMWjpfe.-— Solve the equation 2*= 5 sin 6. 

»•= 2* represents an equiangular spiral, (Prob. 149), 

r=5sinS represents a circle of diameter 6 units, pausing 

through the origin and its centre on line through the origin per- 

jjendiculap to the initial line. 
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Let o) be the circular measure of the angle between the initial 
line and the radius "drawn from the origin to a point of inter- 
section of these curves, then 

2«" — 5 sin 0) 



8=^ 



5 cos u) - 2" losr 2 ' 



o«' 



<u will be an approximate solution of the original equation ; and 
CD + 8 a more exact one. 

Problem 173. To solve the quadratic equation 

a;«-2J[a; + 5" = 0(Fig. 178). 

Draw two lines Oa, Oh at right angles to each other, and on 
one of them make Oh = B, 

With h as centre and A as radius describe an arc cutting Oa 
in a, so that Oa = Ja'^B' ; and with centre a and radius ah 



P4. 
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5—^: — Al^ 



describe arcs cutting Oa in d and d^. Od and Od^ are lines 
representing the two values of x in the above equation. If the 
numerical values of the roots are required they must be measured 
of course on the same scale which has been used for laying off the 
lengths A and B, 

If A is numerically less than B the roots become imaginary, 
and the graphic method is not applicable. 

As a numerical example we may take the equation to deter- 
mine the length AK in problem 169. 

Here -4^ is one of the roots of hr^ — 2 + k\cr + c' = 0, 

, 2 + k c« 

or r ^j — c . r + T^ = 0, 

k k 
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which is of the above form if A= ^ ^^^ and JB^—=, 

Suppose k = ^ then -4 = -^ and JB = ^e. 
where c is a given length. 

Make Oe in fig. 178 = this given length c. 

On Oa, Oh, take 0/= Q/j , then /f^ represents J 2 the length 
Q/* being the unit ; make OF on Ob =ff^* 

With centre f^ and radius = 2.0/* describe an arc cutting Oa 
in Gy. then OG represents a/S, the length Of being the unit. 
Through e draw a parallel to FG meeting Oh in 6. 

Since evidently Oh : Oe :: J 2 : ^3, 

Oh = the constant 5 of the equation. 

7c . 

With centre h and radius = -^ describe an arc cutting Oa in 

o 

a, and with centre a and radius ab describe arcs cutting Oa 

in d and c?j. Oc?, Od^ represent the values of r in the equation, 

Oe 
and the particular value of AK in Problem 169 is Od = -^. 

Problem 174. To solve the quadratic equation 

a?-¥2Ax + B^=0. 

The solution is exactly the same as that of the last problem, 
but both roots are negative. 

Problem 175. To solve the quadratic equation 

a:*- 2^0; -^ = (Fig. 179). 

Draw 2 lines Oa, Oh at right angles to each other and on 
them make Oa = Ay Oh = B\ 

then ah = JA"" + B\ 

With centre a and radius ah describe an arc cutting Oa in d 
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and d^. Od, Od^ represent the roots of the equation, but the 
smaller one must be taken with negative sign. 

A may be greater or less than B, 



P-. 
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e 



Problem 176. To solve the quadratic equation 

The solution is identical with that of the last problem, but 
the greater root must be taken with negative sign. 

As a numerical example take the equation to determine the 
length AL in Problem 169. 

r^ -^^ cr — l-j-A =0 so that A=- and B = -p , 

suppose k = \, ,\ Oh I c '.: J2 : 1. 

Make Oe = c\ bisect Oe in a and make Oa^^ = Oa so that 

ofltj : Oa :: ^2 : 1. 

Make OF on Oh = aa^^ and through e draw eh parallel to aF ; 

then Oh = B. 

With centre a and radius ah describe arcs cutting Oa in. d 
and d^ . Od is the positive root of the equation, and is the length 
AL in curve No. 3 of Problem 169. 
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a cos ^ + 6 sin ^ = c. 



PsobleM 177. To solve graphically the equation 

a cos 6 + 6 sin ^ = c (Fig. 180). 

Draw 2 lines at right angles to each other as AO, AB, Make 
AO = a and AB = h on any convenient scale. Describe a circle 
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round OAB (its centre will of course be at the middle point of 
OB) and with centre and radius OD — c describe an arc cutting 
it in B, the angle AOD is the required angle 6. 

[In the figure a =2*5, 6 = 1*3, c = 2-65, the unit being the 
length Z and ^ = 47 -5^] 

OD c 



Proof, 



cos BOD = 



OB^ OB' 



cob{AOD'AOB) = ^-^, 
cos AOD cos AOB + sin AOD sin AOB = 



cos AOD -^^ ^ sin AOD-^ = -^^, 



OB' 



.-. AOD = e. 

The second point D^ in which the arc described with centre 
and radius c would cut the circle gives when c is greater than a a 
second solution, the angle AOD^ being the value of 6 in this case. 

When c is less than a so that i>, falls between and A the 
second solution corresponds to a cos O—b sin 6 = c. 
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Problem 178. A and B are ttjoo fixed points and P a va/riahle 
pointy the position of which is defined by the angles PAB (= 6) and 
PEA (= ^)/ draw the locus represented by the equation 

sin 6 + sin <f> = a, 

where a is constant, \a may he either positive or negative hut 
its numerical value cannot he greater than 2.] (Fig. 181.) 

On AB make BG = a . AB, and describe a semi-circle on AB. 
Draw a Hne Ap meeting the semi-circle in p and on BA make 



Bh = Bp. With centre A and radius = hC describe an arc cutting 
the semi-circle in q, and draw Bq cutting Ap in P, P will be a 
point on the required locus. Similarly any niunber of points can 
be determined. 

If a is greater than unity, i.e. if BC is greater than AB^ the 
locus will meet AT, BT^ drawn perpendicular to AB, in points T 
and T^ determined by inflecting AR, BR in the semi-circle each 
equal to AG and drawing BR, AR^ meeting AT, BT^ in T and T^ 
respectively. BT, AT^ are tangents to the required locus at T 
and T^4 Lines drawn from A to points between R^ and B do not 
intersect the locus in real points. 

If a is less than unity, i.e. if BG^ is less than AB, the curve 
passes through A and B and the tangents at those points can be 
drawn by inflecting BV, AV^ in the semi-circle each equal to BC^. 
AV, BV^ are tangents to the required curve. In the figure the 
value of a for the upper curve is f and for the lower j. There 
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TWO UNKNOWNS. 



are similar branches on the other side of AB corresponding to 
negative values of the angles. 



Proof. 



1.6. 



sinPJ[^ = ^, and sin P^ii --= ^-L 
An Ad 

. . . , pB-^-Aq Bb-hbO BC 
sm ^ + sin ^ = - — . .> = — r-r — = -m = a. 



AB 



AB AB 



Pboblem 179. To determine values of r cmd 6 which aimvl- 
tomeously satisfy. the equations 



r^ cos2$ = a'..,{l), and r,sina — = b.sina,.,(2), 

wliere 6 is the angle between the radius vector r and a faced riglU 
line and a, b and a are constants. 

Equation (2) may be written v = ^ , so that r and b are 

evidently sides of a triangle the opposite angles of which are a 
(or TT — a) and a — 0» 

Let OA (fig. 182) be the fixed straight line from which 6 is 
measured, the origin. On it make OB = b and through B draw 
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BP makiug an angle a with the positive direction of the initial 
line. BP is the locus represented by (2)^ for P being any poyit 
on it OP = r and BOP = 0, so that 

OP sin OBP sin a 



OB BinBPO sina^ 

To find points on the second locus. Make OA = a; when 6 = 0, 
r = ± a so that the curve passes through A, and ^ ^ on the other side 
of O such that OA^ = a would be a second point on the locus. 
The curve is symmetrical about OA because negative values of 
give the same r as the corresponding positive values. Through 
O draw any line Op and make the angle ^10© = twice the angle 
A Op. Draw AQ perpendicular to OA meeting OQ in Q, then 

OA 
cos 2.A0p = 777) ) and .*. ifp is a point on the curve 

or Op' = OA . OQ. 

Make Oq on OA = OQ and on Oq describe a semi-circle cutting 
AQ m p^ and make Op= Op^. Similarly any additional number 
of points on the curve may be determined, and at the points P 
and Pj where the line BP intersects the curve the same values of 
and r hold for both. 

As the angle A Op increases the line OQ will not intersect 
AQ within any reasonable distance; the length OQ may however 
be determined by bisecting or quadrisecting OA and taking the 
intersection of the ordinate through the point of division with 
the line corresponding to OQ — the distance of which from will 
be the half or quarter of the diameter of the required semi- 
circle. The length Or, for example, corresponding to the radius 
vector OP is one-fourth the diameter of the semi-circle which 
determines Tj^on AQ and so the length OP^ 

The only portions of the second locus which it is necessary 
to trace, are of course those in the immediate neighbourhood of 
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a cot (^ — a) + 6 cot (^ - /8) = c. 



the points where it cuts the line, and a trial or two readily 
shews whereabouts the radii Op should be drawn. 

The second locus is a rectangular hyperbola with centre 
and transverse axis 2a, and if this were recognised from the 
equation, the ordinary method of drawing an hyperbola might of 
course be adopted. 

Problem 180. A and B o/re two fioced pomta and P a variable 
pointy wliose position is defined by the angles FAB {=0) and PBA 
(= ^), what locus is represented by tlie eqiiation 

acot(0''a)-\'b cot (^ — j8) = c, 
where a, b, c, a, P are constants ? 

Equations of which the above is the general form frequently 
occur in statical problems, and therefore a knowledge of what it 
represents and how it is liable to modification may be useful 
(Fig. 183). 

Draw ACf BO making with AB the angles BAC = a and 
ABC = p. The required locus is a conic circumscribing the tri- 

F/g.l83, 




angle ABC^ the tangents to which at those points are easily 
drawn. 

The distance of any point T on the tangent at C from BC : its 
distance from AG produced ; : 6 sin a : a sin j8. 
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li Ap on AC =b and pn be drawn perpendicular to AB, 

pn = b sin a, 

and if Bq on £C = a and qm be drawn perpendicular to AB, 

qm = a sin )8. 
jT can therefore be determined by drawing parallels to BG and 
^C at distances =jpn and qm respectively. 

The tangent at A divides the exterior angle at A so that the 
distance of any point t from AG : distance from 

AB : : a : (a cot a + 6 cot )8 + c) sin a. 

The length given by this last term is easily obtained, for if the 
angle mAB (fig. 184) = a, and Bm perpendicular to Am = a, 
Am = a cot a, draw Bk parallel to Am and make JcBG = p^ and Gk 
perpendicular to Bk = 6, 
then Bk or mn — h cot )8, 
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make nl=c, I being taken on the same side of ti as il if o is 
negative and on the opposite side if c is positive and the length 
Al = a cot a + 6 cot )9 ± c ; from I draw Is perpendicular to AB and 

The tangent at A is determined by drawing parallels to ^C, 
AB respectively at distances a and Is intersecting in t 

Similarly the tangent at B divides the exterior angle at B so 
that the distance of any point t^ from BG : its distance from AB 

:: b : (ocota + 6cotj3 + c)sinj3. 

The conic is therefore completely determined. 

E. 24 
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If acota + 6cotj3 + c = the tangents at A and £ evidently 
coincide with the line AB, and the locus becomes a straight line 
through Cy identical with the tangent at C in the general case. 

If a and j3 both equal zero, i.e. if the equation is 

a cot + 6 cot ^ = 0, 

the locus is a right line, which may be constructed as shewn in 
the next problem; for the point C is evidently in this case some- 
where on the line AB, and the tangents at A and B again coincide 
with the line AB. 



PR0BLE3ff 181. To solve the equaiions 

acos0 + 6cos^ = c 

k cot 6 + 1 cot ifi = m,.., 

where a, 6, c, k, I, m ctre constants (Fig. 185). 

The second equation represents a right line which may be 
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(1). 

(2). 




drawn as follows : Draw any straight line AB and produce it to 2> 

so that AB iBB ::l-k: k, and dmw DC so that cot(7i)J9= =^ , 
i.e. ifI>E = m, EG==l-k. 

[On any line through B make Bd=k, da = l, and draw dD 
parallel to Aa, This determines B, Make I>E=m and JSO per- 
pendicular to DHy = aB. 
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At any point p of the line we have, if pAq = 0, pJBq = <l>, 

cot = — , cot 6 = — , 
pq ^ pq' 

and we want to shew therefore that 

k , Aq + l, Bq = m,pq (a); 

. *. (a) may he written k{Aq-\- Dq) = I (Dq - Bq), 

i.e. k,AD = LBI), 
which by construction it does.] 

To find points on the locus represented by (1). With the 
points A and B as centres describe two circles S and T of radii 

-, AB and - . AB respectively. Draw any common ordinate ^LQ, 

meeting aS' in Z and T id. ^; then the lines AL and J5iV intersect 
in a point, P, on the required locus ; for 

AQ + QB = AB, 

or AL cos e ■{• BJ}^ cos <fi = AB, if BAL ia 6 smd ABJ!^ ia <l}, 

or - , AB . cos ^ + - AB cos A = AB, 

c c ^ 

which is the given equation. 

If the line DC meet the curve in R and R^ the angles RAB, 
R^AB are the required values of 6, and the angles RBA, R^BA 
those of <^. 

There is a precisely similar loop on the other side of AB, 

In the particular case in which a = 6 the locus is the Magnetic 
Curve. (Prob. 168.) 

Fboblem 182. To find 6 <md <fiJrom the equations 

n h 

-r—p.-^- — r = c...(l), and cos ^ = A; cos 6... (2), 
sin ^ sin ^ ^ ^ ^ \ / 

where a, h, c, k a/re constcmts (Fig. 186). 
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a 



^ sin sin ^ 



= c and cos = k cos <^. 



Take two points A and J5 such that AB = a-hb; make AO = ay 
OB = b and draw 0/) perpendicular to ^i^; with A as centre and 
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c as radius describe a circle, and draw any radius AC meeting 
OD in L; inflect BJ-LC (J being on 02>); then P, the point of 
intersection oi AG and BJ is a point on the locus represented by 
(1), the angles 6 and <f> being ALO and BJO respectively. 

There is a precisely similar loop on the other side of AB, 

Again the equation cos = h cos <^ gives sin PAB = h . sin PBA 
or PB = h . PA, i. e. P is the vertex of a triangle on a given base 
AB and with sides in a given ratio (Problem 17), i.e. the locus 
represented by the second equation is a circle whose diameter 
QQ^ is the line joining the points which divide AB internally 
and externally in the ratio 1 : Aj; ie. 

AQ '. QB :: \ I h 11 AQ^ : Q^B. 

The values of $ and <^ which satisfy both equations are those 
belonging to the points of intersection of this circle and the 
previous curve. 
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Examples. 
1. Solve the equation = ^ . 



X 



[Trace the loci y = sin a? (harmonic curve) and y = - (a straight 

line through the origin) : the values of x corresponding to their 
points of intersection are solutions.] 

2. Solve the equation sin x = ax + b, 

[The intersections of the harmonic curve y = sin a: and of the 
straight line y = ax + b where a and h are constants.] 

3. Solve the equation 2* = 5 sin ^. 

[The intersections of the equiangular spiral r = 2 and of the 
circle r - 5 sin ^.] 

4. Find $ and <^ from the equations 

tan<^ = 7itan^ (1), 

acos ^ = 6cos<^ + c (2), 

where a, 6, c and n are given constants. 

[The 2nd equation represents a locus identical with (1) of 
Problem 181, attention being paid to the usual conventions as to> 
sign. 

The 1st equation represents a right line perpendicular to AB 
(fig. 185), the base of this locus, and meeting it in 2) so that 

AD = n. BD.] 

5. Find 6 and <^ from the equations 

I cos +n cos <^ = a — m cos a, 
I sin O — n sin <l> = m sin a 
where I, m, n, a and a are constants. 

[Draw two lines AB, AC including an angle a, and ma 
AB = a and AG^m, With centres B and C and radii =«» 
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respectdyely describe arcs intersecting in D on the same side of 
BC as AB. Let CD meet AB in E, BED is the required value 
of and DBE that of <^.] 

6. Determine from the equation 

a cos X . cos (X + 2^) = c . cos (a + 6) 

where a, c, X and a are given constants. 

[The locus represented by the right-hand side of the above 
equation is a circle of radius c, the origin (0) being the extremity 
of a diameter, and the initial line making an angle a therewith. 

To draw the locus represented by the left-hand side : — draw a 
line through the origin making an angle X with the initial line, 
and on it measure a length OL = a. Draw LN perpendicular to 
the initial line meeting it in ^ so that Oiir=acosX. With 
centre and radius ON describe a circle. From any point Q 
on this circle draw QM perpendicular to OL meeting it in M, 
Draw OP bisecting the angle NOQ and make OP — OM. P will 
be a point on the second locus, and any additional number of 
points may be similarly determined. Let the two loci intersect 
in Xy and the angle between OX and the initial line is the 
required angle OJ] 

This equation defines the position of equilibrium of a uniform 
rectangular board resting in a vertical plane against two equally 
rough pegs in a horizontal line. 



THE END. 
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